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Preface 



This monograph considers problems of optimal control for partial diflFerential equa- 
tions of elliptic and, more importantly, of hyperbolic types on networked domains. 
The main goal is to describe, develop and analyze iterative space and time domain 
decompositions of such problems on the infinite-dimensional level. 

While domain decomposition methods have a long history dating back well 
over one hundred years, it is only during the last decade that they have become 
a major tool in numerical analysis of partial differential equations. A keyword in 
this context is parallelism. This development is perhaps best illustrated by the 
fact that we just encountered the 15th annual conference precisely on this topic. 
Without attempting to provide a complete list of introductory references let us 
just mention the monograph by Quarteroni and Valli [91] as a general up-to-date 
reference on domain decomposition methods for partial differential equations. 

The emphasis of this monograph is to put domain decomposition methods in 
the context of so-called virtual optimal control problems and, more importantly, to 
treat optimal control problems for partial differential equations and their decom- 
positions by an all-at-once approach. This means that we are mainly interested 
in decomposition techniques which can be interpreted as virtual optimal control 
problems and which, together with the real control problem coming from an un- 
derlying application, lead to a sequence of individual optimal control problems 
on the subdomains that are iteratively decoupled across the interfaces. This task 
can be accomplished in a very general way that applies to elliptic, parabolic, and 
hyperbolic or Petrowski-type systems. 

While this is already a formidable task, we also develop a general theory for 
systems of partial differential equations on multi-linked or networked domains; 
see the introductory chapter for extensive motivation. It is obvious that from a 
physical point of view, any domain decomposition of a multi-link system should 
respect the structural elements as individuals coupled at multiple interfaces. Thus 
it is the decoupling of multiple interface conditions or, in other words, a nonover- 
lapping domain decomposition procedure, that one is seeking. The engineering 
terminology for this approach is ‘substructuring’. 

As the overall requirement of decomposing, optimizing and simulating sys- 
tems described by partial differential equations on networked domains is beyond 
the scope of any in-depth treatment in a single book, in this monograph we have 
concentrated on the infinite-dimensional level. However, the philosophy outlined 
above, and made more transparent in the introductory chapter, recommends this 
selection. Indeed, once the decomposition into local optimal control problems is 
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established and the convergence of the corresponding scheme guaranteed on the 
infinite-dimensional level, the implementation in parallel of numerical techniques 
for standard optimal control problems on standard domains is a separate and 
independent task. The infinite-dimensional algorithmic procedures can thus be 
seen as a general framework which is completely independent of any discretiza- 
tion scheme. We therefore develop not only the convergence of those schemes in 
an infinite-dimensional framework but also prove a posteriori error estimates with 
respect to the matching conditions along multiple interfaces. After local discretiza- 
tion, and after incorporating discrete a posteriori error estimates with respect to 
finite-dimensional approximations of the local equations into the former ones, the 
basis is laid for a parallel and adaptive numerical treatment of optimal control 
problems involving partial differential equations on networked domains. Moreover, 
the iterative domain decomposition techniques may be used as preconditioners of 
global-local type. 

In order to stay within a common theoretical framework, in this work we con- 
sider optimal control problems for elliptic and hyperbolic problems only. Elliptic 
problems, apart from their natural physical significance, are also more accessible 
at the theoretical level and are used for introductory expositions. Moreover, after 
a semi-discretization in time, hyperbolic systems may be viewed as sequences of 
elliptic problems. We further limit our considerations to linear problems, since 
a nonlinear theory of domain decompositions of optimal control problems is not 
available on a general level at this time. In addition, for the sake of clarity and 
convenience, we consider mainly control problems without control or state con- 
straints. Let us remark, however, that at the expense of some additional technical 
complexities, one may develop domain decomposition algorithms for all of the ex- 
amples considered in this book when control constraints are present. Moreover, in 
Chapter 8 we exhibit a domain decomposition procedure for a state constrained 
optimal control problem arising from a problem of exact controllability. 

Another selection we have made is to consider, in the case of hyperbolic 
systems, only final value optimal control problems, that is, problems in which the 
goal is optimal steering of a trajectory from a given initial state to a neighborhood 
of a specified target state at a specified time. This choice is motivated not only by 
important physical and engineering applications, but also by the fact that domain 
decomposition methods for such problems are technically more challenging and 
far less studied than, for example, domain decomposition methods for trajectory 
tracking problems, which have been considered extensively in the literature. For 
exactly the same reasons, we generally restrict our attention to boundary controls 
as opposed to distributed, or locally distributed, controls; the latter are easily 
handled by the same theoretical framework that we develop for boundary control 
problems, and with fewer technical complexities. 

Although, as stated, we do not concern ourselves with the numerical im- 
plementation of the algorithms that we develop at the infinite-dimensional level, 
some selected numerical tests are displayed in order to illustrate the efficacy of the 
methods. 
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Outline of the Book 

In Chapter 1 we give a somewhat detailed introduction to the field of domain 
decomposition, the state of the art and the scope of this monograph. 

In Chapter 2 we give an introduction to some basic ideas typically used in 
the field of domain decomposition. The material presented is highly selective and 
is not intended to give a survey of all general concepts of domain decomposition. 
Rather we have selected those methods and ideas which admit an interpretation 
as optimal control problems in a wide sense. 

We will deal almost exclusively with problems on an infinite-dimensional 
level. The first part of Chapter 2 is devoted to dynamical problems on one- 
dimensional domains. We discuss the wave equation and the diffusion-advection 
equation in an unbounded domain as exemplary models, and describe the most 
basic decomposition method going back to Schwarz [95] for elliptic problems with 
overlapping domains. Even on this simple level, the analysis clearly reveals basic 
features (see [27] and also [24], [25], [26]). For instance, for the wave equation 
one may develop optimal interface conditions such that the iterative domain de- 
composition procedure terminates after a few steps. Those interface conditions 
correspond to transparent boundary conditions which admit complete transmis- 
sion of data across the interfaces, with no reflections taking place. Typically, how- 
ever, this desirable property cannot be realized via local- in- time boundary op- 
erators across the interface. Similarly, optimal but nonlocal interface operators 
may be constructed for the diffusion-advection equation such that the iterative 
domain decomposition procedure terminates after two steps. Also discussed are 
finite termination and convergence properties for overlapping and nonoverlapping 
decompositions of bounded one-dimensional domains. It turns out that for the 
one-dimensional wave equation with transparent boundary conditions at the outer 
boundary, it is possible to achieve finite termination with local operators. As is 
to be expected, such is not the case for diffusion-advection equations. A conse- 
quence of this discussion is that a general concept of how to construct domain 
decomposition procedures for nonoverlapping domains begins to appear. 

In Section 2.3 some basic concepts for elliptic domain decomposition methods 
are reviewed. The reader is referred to [91] for an excellent textbook on this ma- 
terial, also with respect to numerical realizations. The classical Dirichlet-Dirichlet 
method and a Neumann-Neumann method are considered. In both cases the de- 
sired transmission condition across the interface can be rewritten as a Steklov- 
Poincare type equation. These variants of the Steklov-Poincare equation may also 
be interpreted as a controllability constraints. This point of view is not typical in 
the domain decomposition literature but has been promoted by J.-L. Lions and by 
the authors of this monograph. Once this interpretation is accepted, many meth- 
ods which have been developed in the area of optimal control of partial differential 
equations can be applied. 

Subsections 2. 3. 3-2. 3. 7 provide a detailed analysis of the most basic algo- 
rithm given by P.-L. Lions. The approach that we follow there will be repeated 




Preface 



xii 

frequently in this book: we first describe the method, then give an easy to access, 
two domain proof of convergence for the unrelaxed iterations. We then general- 
ize to multi-domain splittings and present interpretations as standard iterative 
schemes, such as a Richardson iteration, and give a posteriori error estimates. A 
more explicit treatment of multi-link serial decompositions is then given and the 
iteration discussed in the context of preconditioned iterations. 

Chapter 3 is devoted to partial differential equations on graphs. The concept 
of linear differential operators of a general vector- valued Sturm-Liouville type on 
graphs is introduced, after which domain decomposition procedures, which are 
motivated by the methods and ideas of Chapter 2, are derived. Convergence of 
the iterations, which are again seen to be canonical Richardson-type iterations, is 
then established. The last section of Chapter 3 is devoted to hyperbolic problems 
on graphs, corresponding domain decomposition methods, and their convergence 
properties. 

While Chapters 2 and 3 focus on domain decomposition methods without 
Teal’ controls. Chapter 4 initiates the discussion of domain decomposition methods 
for optimal control problems for partial differential equations. In order to fix the 
ideas, the relatively simple, but nonetheless fundamental, elliptic case is treated. 
First distributed controls, and then boundary controls, are considered. It is shown 
that the distributed case can be handled by direct application of the methods 
developed for elliptic problems without control. However, this simple connection 
ceases in the case of boundary controls. Nevertheless, the basic methods can be 
extended to this situation as well. After a discussion of the convergence of the 
iterates we provide, for the first time, a posteriori error estimates for the procedure 
of domain decomposition of an optimal control problem. The derivation is strongly 
motivated by the work of Otto and Lube [90] . 

Chapter 5 is devoted to domain decomposition of optimal control problems 
for partial differential equations on graphs. Once again we start with the basic el- 
liptic case and discuss distributed as well as boundary control problems. Domain 
decomposition procedures are formulated and convergence of the corresponding 
iterative schemes is established. We then proceed to develop and analyze a do- 
main decomposition procedure for optimal final value control problems for linear 
hyperbolic equations on graphs. 

Chapters 6 through 9 are devoted to the study of domain decomposition 
of optimal control problems for (primarily) hyperbolic partial differential equa- 
tions in space dimension greater than one. This enterprise starts with Chapter 6, 
which deals with the domain decomposition of optimal final value control problems 
for general wave equations with absorbing (dissipative) boundary conditions, this 
choice being motivated by the spatial domain decompositions in Chapter 2. First 
of all the model problem is introduced and well-posedness questions are consid- 
ered in detail. In particular, time and space regularity results are developed. The 
section on well-posedness is followed by a description of a general time domain de- 
composition procedure which is reminiscent of those devised by J.-L. Lions et al. 
[75]. The method is also motivated by the spatial domain decomposition method of 
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Chapters 2 to 5. The time domain decomposition procedure is formulated, and its 
convergence is proved. Then pointwise-in-time and uniform a posteriori error esti- 
mates are developed. Following that analysis, decomposition of the spatial domain 
is considered. Once again, convergence of the iterative procedure, and a posteriori 
error estimates, are provided. The last section of Chapter 6 concentrates then on 
the possible combinations of time and space domain decomposition procedures. 

Chapter 7 is devoted to domain decomposition of optimal final value control 
problems for the dynamic Maxwell system with a dissipative boundary condition 
known as the Silver-Miiller condition, which is in fact the first-order local approx- 
imation to a transparent boundary condition. The flow of the presentation is the 
same as in Chapter 6 and results analogous to those established there are obtained. 

In Chapter 8 we reconsider general wave equations, but this time with a 
conservative boundary condition. The lack of dissipativity in the boundary con- 
dition causes a loss of regularity so that, in particular, when considering optimal 
final value control the deviation of the final state from the target state must be 
penalized in a weaker norm than previously. This leads to an optimality system 
that differs from that occurring when dissipativity is present. While this has little 
effect on the analysis of our time domain decomposition algorithm, it necessitates 
significant changes in the spatial domain decomposition algorithm and its analysis. 
Once again, appropriate convergence results, and a posteriori error estimates, are 
established. 

In addition, in Chapter 8 is presented a spatial domain decomposition proce- 
dure for the optimality system associated with the problem of exact controllability^ 
that is, the problem of minimum norm control of a trajectory from a given initial 
state to a prescribed target state. It is shown, in particular, that an appropriate 
domain decomposition for this optimality system is obtained in the limit, as the 
penalty parameter goes to infinity, of the domain decomposition algorithm asso- 
ciated with optimal final value control to the target state, discussed earlier in the 
chapter. 

Chapter 9 is concerned with domain decomposition of elliptic equations 
(without control), and hyperbolic equations (with control), on 2-dimensional poly- 
gonal networks in n-dimensional space. The discussion parallels that of Chapters 
3 and 5 dealing with such systems on graphs, but with an unavoidable increase in 
technical complexity. 
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dation through grant DMS-9972034. The second Author was partially funded by 
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Chapter 1 
Introduction 



In this monograph we consider problems of optimal control for partial differential 
equations of elliptic and, more importantly, of hyperbolic type on networked do- 
mains. The main goal is to describe, develop and analyze iterative space and time 
domain decompositions of such problems on the infinite-dimensional level. 

In order to better understand this enterprise, we first of all describe some 
typical examples of engineering applications which genuinely lead to a mathemat- 
ical modeling involving partial differential equations of various types on complex 
domains which, in turn, can often be directly identified as, or more generally, can 
be interpreted as networks. 

We may consider flexible structures consisting of strings, cables, shells, beams 
and plates that are coupled at mechanical joints. These structures can be frames 
or skeletons, such as in buildings, bridges, off shore structures etc., or they can be 
mechanisms which admit not only local but also global motions. Most of mechan- 
ical structures are mixtures of the two types as in flexible robots, space stations 
and satellites, antenna systems, aircraft, cars, ships, etc. 

Typically one is faced with requirements such as stability and operability. In 
the first case one has to react by some controls, which may be physically realized 
in various ways (Piezo-elements, magneto-restrictive devices, semi-active elements 
and many others) to measurements taken by various sensors in order to remove 
unwanted perturbations from the system. This task is usually achieved according 
to some feedback policy. In the second case, one seeks optimal performance, e.g., 
tracking of a desired system behavior. This requirement is typically dealt with 
by an open- loop strategy. In a real environment, in particular under real-time re- 
quirements, open-loop and closed-loop control strategies are mixed. The unwanted 
behavior is viewed as a perturbation of the entire system and may be periodic or of 
a general global nature, for instance the periodic change in the temperature of the 
ISS-station while orbiting the earth, or wind loads, fluid structure interactions, 
etc. in other contexts. On the other hand, the behavior may be local in space 
and/or time, such as occurs in a docking maneuver or from an impact by some 
space material. In both cases the impacts will ultimately spread over the entire 
structure and may cause it to enter an unoperational state. 
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There is a long history of problems of this type where a dramatic failure was a 
result of not properly modeling the system. As a consequence, systems may fail to 
properly react to controls because of lack of resolution. Optimal control problems 
for such flexible structures have been discussed in the engineering literature for 
more than 30 years. But is only during the last 15 years that the fully continuum 
mechanical structural elements, represented mathematically as partial differential 
equations, have been taken into account on a systematic basis. This development 
came along with the tendency to reduce the weight of the structural constitutives 
of such complex systems. Thinner and lighter structures exhibit many more and 
particularly large modes of oscillations. Thus PDE modeling and optimal control 
of PDE modeled connected systems appeared as a major challenge of the 1990’s. 
See the monograph of the authors together with G. Schmidt [61] for an account 
of the state of affairs until 1994. 

Once the modeling of flexible multi-link structures is understood, many 
other applications which are extremely important in civil engineering, ecology 
and medicine can be seen to immediately fall into the same general framework, 
namely, partial differential equations on networked domains. In order to illustrate 
the scope of this theory, let us mention in particular the problems of flood manage- 
ment and the control of sewer or irrigation systems. These are systems of hundreds 
or thousands of open channels or closed pipes that constitute a network carrying 
the flow of water. The flow is modeled by the shallow- water equations with source 
terms due to friction. The equations are systems of hyperbolic conservation laws 
with nonlinear driving forces, that are sometimes subject to diffusion. The controls 
consist of valves, gates, weirs and pumps located at various nodes of the network. 
The control objective is to operate those instruments according to physical, legal 
and economic constraints such that certain flow requirements are met in specified 
links. In flood management, for example, one has to avoid overflows in cities and 
purification plants; in irrigational systems one has to supply a specified amount of 
water, etc. A very similar problem occurs in the management of gas pipeline net- 
works, traffic flow problems on road networks, neuronal networks, the blood vessel 
system and root dynamics, just to mention a few more challenging applications. 
Problems of this type have been considered in the engineering literature for a long 
time. However, as resources become more and more expensive, and as the open 
global economy allows for an increasing number of different providers operating 
on the same networks, the dynamics also on the local level becomes more and 
more important. As a result, applied mathematics is left with a grand challenge: 
to make a difference. 

The point to be made with respect to this book is that most of these applica- 
tions are driven by hyperbolic equations on network-like structures. Indeed, when 
operating a multi-link flexible mechatronic system, or a water or gas network near 
its actual working conditions, linear hyperbolic equations on networked domains 
arise from linearization around trajectories. Such systems, in turn, are the objects 
discussed in this book. 
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For ongoing research on nonlinear hyperbolic networks see Leugering and 
Schmidt [71], Coron et al. [13], Gugat and Leugering [33], Gugat, Leugering and 
Schmidt [34] and Gugat [31]. These papers are concerned with water flow in net- 
works and corresponding optimal control problems. The work by Gugat, Herty, 
Klar and Leugering [32] is devoted to control problems concerning traffic flow on 
road networks. 

Once the mathematical analysis had been made available, the demand for 
numerical simulation of such uncontrolled and controlled systems became more 
dominant. Obviously flexible structures, general infrastructures or complex biolog- 
ical systems with several hundred or even thousand structural elements cannot be 
numerically simulated on a very fine spatial and time- wise scale as the dimensions 
easily approach any technical limitation. Therefore model hierarchies and model 
reduction and, in particular, decomposition methods have been the main focus 
of research in recent years. In particular, real-time requirements for the controls 
strongly enhanced this development. Consequently, domain decomposition meth- 
ods, going back to the work of Schwarz [95] at the end of the nineteenth century, 
have been reintroduced and further developed. We are currently approaching the 
15th annual conference on Domain decomposition methods for partial differential 
equations^ and the vast number of individual contributions precludes any attempt 
to give proper credit. We just mention the recent monograph by Quarteroni and 
Valli [91] as a general up-to-date reference on domain decomposition methods for 
partial differential equations. 

It is obvious from the physical point of view that such decompositions should 
respect the structural elements as individuals coupled at multiple joints. Thus it 
is the decoupling of multiple joint conditions or, in other words, a nonoverlapping 
domain decomposition procedure one is seeking. The engineering terminology for 
this approach is ‘substructuring’. 

Even though decomposing a complex structure, by whatever means, into sim- 
ple, more standard pieces is itself a formidable task, the challenge increases when 
it comes to the problem of decomposing optimal control problems for such struc- 
tures. The ultimate goal is to break the globally defined optimal control problem 
into a collection of smaller, standard, optimal control problems on substructures 
for which standard software is available. 

Typically in continuous control systems, optimal controls are determined via 
optimality conditions which, in turn, can be expressed as coupled forward and 
backward running equations, still defined on the entire structure. As parallelism is 
the governing criterion, a decoupling of both the forward and the backward running 
problems separately does not lead to a complete and parallelizable decoupling. 
Therefore, a decoupling of the entire optimality system appears to be necessary. 
However, if one decouples an optimality system, the result is not necessarily an 
optimality system by itself. In other words, such a decoupling does not necessarily 
lead to decoupled optimal control problems on the substructures. 

Therefore it is natural to investigate methods that achieve these simultane- 
ous requirements, that is, the substructuring of the system and decoupling of the 
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optimization problem. The design and analysis of such methods is the goal of this 
monograph. The challenge as a whole is prohibitive with respect to a comprehen- 
sive presentation in the given space and time frame. Moreover, the theory is still 
far from being complete. 

Much is known for elliptic problems on simple domains which admit a natu- 
ral decomposition. Benamou and Despres [10] and Benamou [6], [7], [8], [9] where 
probably the first to consider this kind of procedure. They employed a simple but 
powerful nonoverlapping adaption, due to P.-L. Lions [82], of the classical Schwarz 
overlapping domain decomposition procedure. In the same proceedings, Glowinski 
and Le Tallec [29] observed that Lions’ algorithm could be interpreted as a saddle- 
point iteration of the Uzawa-type corresponding to an augmented Lagrangian 
formulation of the problem. By this interpretation a domain decomposition pro- 
cedure, without any underlying optimal control requirement, falls naturally into 
the framework of optimization. Starting from an elliptic optimal control problem 
Benamou and Despres (loc. cit.) observed that the corresponding optimality sys- 
tem could be reformulated as a complex ‘‘elliptic” system with the real part of 
the solution being the direct solution and the imaginary part corresponding to the 
adjoint solution. Once this observation was made, P.-L. Lions’ method for domain 
decomposition could be applied. Even though this observation holds only in the 
very special case of distributed controls, it has triggered much of the research in 
the directions outlined above. 

However, the methods which evolved from this starting point do not apply to 
multiple nodes or junctions between more than two subdomains. Moreover, in the 
dynamic case the results do not cover the important final value control problem 
which genuinely appears for relaxed controllability constraints. 

The extension of nonoverlapping domain decomposition methods to systems 
of partial differential equations of hyperbolic type took place only in recent years. 
See papers of the authors of this monograph and their collaborators [64] , [66] , [65] , 
[67], [68], [69], [57], [52], [53], [54], [55], [58], [59], [60]. 

Parallel to this development, J.-L. Lions and O. Pironneau [76], [77], [79], 
[81], [80] and J.-L. Lions [1] (see also [14], [42], [78]) reconsidered the problem 
of overlapping and nonoverlapping domain decomposition from the general point 
of view of optimization. They realized that the interpretation of the P.-L. Lions’ 
method as the result of an optimization procedure could be generalized to other 
domain decomposition techniques such that a general concept of virtual controls, 
that is, controls that are responsible for the realization of transmission conditions 
between the subdomains, could be formulated. For Robin type boundary condi- 
tions as transmission operators across the interfaces, which are typical of the P.-L. 
Lions- type procedures, this observation had been made already by Benamou [8] 
and, for networks, by Leugering [68]. The concept of virtual controls, in turn, trig- 
gered a more recent development in the field based on the observation that general 
domain decomposition problems, nonoverlapping as well as overlapping ones, can 
be formulated as optimal control problems for partial differential equations. See 
also Gunzburger et al. [36], [38], [19], [37], and Gunzburger and Heinkenschloss [35] 
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for a penalty method. Therefore, methods that have been developed with respect 
to optimal control of partial differential equations can now be applied to decompo- 
sition problems. On the other hand, as soon as domain decomposition procedures 
are interpreted as virtual optimal control problems, they are genuinely amenable 
to optimal control methods for partial differential equations with real controls, 
that is, with controls entering via the physical model. This is because, as stated 
above, the decomposition procedure and the optimization involving the physical 
process can be handled simultaneously. The controls that undergo optimization 
during the entire process have just a different interpretation. In this sense we can 
speak of an all-at-once approach. 

The more classical procedures would either tend to first decompose the sys- 
tem and then optimize, or to first optimize on the global system and then decom- 
pose. In both cases the decomposition would naturally take place on the discrete 
level. 

Decomposition of domains thus adds yet another aspect to the more classi- 
cal controversy that is still actively discussed, namely, whether one should first 
discretize and then optimize or the other way round. The current tendency, even 
though in particular cases one strategy can be seen to be superior to the other, 
is to use an all-at-once approach in which discretization, decomposition and op- 
timization are intrinsically coupled. There is currently little theoretical basis for 
the numerical success that can be observed in various applications. We hope that 
this book will be helpful in remedying that situation. 

While on the discrete level we are faced with an abundance of methods and 
their corresponding analyses of convergence, the infinite-dimensional case is far 
less understood. See however Quarteroni and Valli [91] and the references therein. 
When it comes to the analysis of domain decomposition methods for optimal 
control of partial differential equations the literature becomes very sparse. See the 
papers [16], [7], [10], [65], [66], [64], [67], [53], [54], [55], [69], [68], [57], [78], [79], 
[81], [1], [14] and the references therein. 

As domain decomposition procedures of nonoverlapping type originate from 
a decomposition of transmission conditions across the interfaces between adjacent 
subdomains, the matching of such transmission conditions can be expressed as 
certain boundary operator equalities involving the so-called Steklov-Poincare op- 
erators. Virtual controls are then used to achieve exact matching. This is equivalent 
to the classical notion of exact controllability. On the discrete level the correspond- 
ing Schur-complement equation is analyzed. Whenever exact matching is relaxed, 
the virtual control problem turns into a problem of approximate controllability or 
into a quadratic optimal control problem. This approach again finds its analog on 
the discrete level in so-called inexact methods. After solving subproblems on the 
local level of the subdomains, a global interface problem is established and solved 
either by direct solvers or in an iterative way. While for a long time iterative 
methods have been favored over noniterative ones, the recent work of Hackbusch 
[40] on elliptic problems provides new alternatives. However, the all-at-once ap- 
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proach which we consider is genuinely iterative in nature, having natural discrete 
analogues. 

In this monograph we consider such methods on the infinite-dimensional level. 
Because of space limitations, we have elected to not include convergence results 
on the discrete level and refer instead to forthcoming publications. Obviously, the 
infinite-dimensional analysis provides the basis for the finite-dimensional analysis, 
as the proper space setup for the latter is governed by the infinite-dimensional 
problem. 

In order to make the focus even narrower, we consider mainly (1) linear, 
second-order, problems of elliptic or hyperbolic types on 1-dimensional and 2- 
dimensional networks; (2) transmission problems for second-order hyperbolic equa- 
tions in spaces of any dimension; and (3) transmission problems for the time- 
dependent Maxwell system in space dimension 3. In general, we do not discuss in 
this work systems of order greater than 2, for example, fourth-order problems that 
occur in modeling mechanical structures involving elements such as elastic beams 
and plates. An exception, however, is found in Section 6.3.4 where a time domain 
decomposition procedure is discussed for the dynamic Kirchhoff plate equation. 
See also Leugering [65] and Leugering and Rathmann [70] for results on domain de- 
composition of optimal control problems for Euler-Bernoulli and Rayleigh beams. 
Methods similar to whose discussed in this book are also available for parabolic 
and diffusion-advection problems on networked domains, however with different 
convergence properties. See Fischer and Leugering [22] for domain decomposition 
results in problems of optimal control for diffusion-advection and transport dom- 
inant equations in the context of root dynamics. 

As methods of domain decomposition of optimal control problems for partial 
differential equations are intrinsically motivated by the necessity of simulations, 
where parallelism and also adaptivity play key roles, we also focus on a posteriori 
error estimates with respect to the mismatch of transmission conditions. Indeed, 
one may interpret the partition into subdomains as a coarse grain discretization 
of the problem by introducing interfaces or by interpreting the natural nodes in a 
network as coarse grid points. On the other hand we have the local problems on 
the subdomains, or on the edges of the underlying graphs. If those local problems 
are discretized by some methods, their corresponding a posteriori error estimates 
can then be combined with those obtained on the coarse interfacial level. The 
resulting estimates would then govern the convergence and, in particular, any 
adaptive regime. This two-level paradigm (see also [91]) can be used to enhance 
convergence properties, because any iteration on the interfacial level will provide 
global information on the entire domain, or the entire network, respectively. This 
global information is then used to obtain the local solutions in parallel. Therefore 
the methods considered here can also be seen as preconditioning methods of a 
global versus local nature. The latter interpretation, in turn, triggered the most 
recent development in this area, namely time domain decompositions. See J.-L. 
Lions, Maday and Turnici [75], and Maday, Turnici [84] for first-order in time 
equations, and the authors in [57] for hyperbolic problems. 
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In this work, a posteriori error estimates are developed only on the continuous 
level although, at least for the time domain decomposition procedure discussed 
in Chapter 6, similar estimates hold also at the discrete level; see [58]. Let us 
also mention Otto and Lube [90], [83], [4], where a posteriori error estimates are 
obtained in the elliptic case, however without (real) control. 

The book is organized in a way that readers with a background in functional 
analysis and partial differential equations will have self-contained access to the 
theory presented. For those individuals. Chapters 2 through 5 provide the basic 
ideas, fundamental methods and basic convergence proofs. We have chosen a de- 
scriptive style in the sense that the models, methods and the corresponding ideas 
of proofs are successively developed. The corresponding sections will typically end 
with a summary of results in the form of a Theorem. This presentation is chosen 
in order to make it easy to follow the flux of ideas. 

The second part of the book, even though strongly motivated by the material 
of the earlier chapters, is mainly directed to specialists and is itself largely self- 
contained. After reading the first part of the book, a nonspecialist should also 
be motivated and able to follow the material in Chapters 6 through 9. These 
latter chapters are organized in a somewhat different style, where results on well- 
posedness, convergence and a posteriori error estimates are formalized as theorems 
with subsequent proofs, in order to have precise statements of results and complete 
proofs that are readily accessible to researchers. 




Chapter 2 

Background Material on 
Domain Decomposition 



2.1 Introduction 

In this chapter we present some basic concepts of domain decomposition for partial 
differential equations. We do not attempt to provide a general introduction to that 
area, which has undergone a dramatic development in recent years. Rather we want 
to focus on those methods that we view as natural candidates to be extended to 
optimal control problems. 

We begin the discussion in Section 2.2 with simple and standard one-dimen- 
sional dynamic problems, the wave equation and the diffusion-advection-reaction 
equation on an unbounded interval; see Section 2.2.1. We consider the basic form of 
domain decomposition methods, namely, a Schwarz- type iteration on overlapping 
domains. The simple arguments proving finite-time and super-linear convergence 
of these methods, for the wave equation and the diffusion equation, respectively, 
are provided. It turns out that, upon vanishing of the overlaps, convergence is lost. 
This is indicative of an absence of transmission information across the interface. 
In order to restore convergence, dynamic Robin- type conditions are introduced. 
The transmission conditions can be optimized for unbounded subdomains by the 
introduction of transparent interface conditions. 

In Section 2.2.2 we consider bounded intervals. It is seen that finite termina- 
tion is lost and, instead of transparent conditions which are then given by nonlocal 
operators, one has to find local approximations which, in turn, typically lead to 
Robin-type transmission conditions. In Section 2.2.3 we briefly discuss a semi- 
discretization method for wave equations that reduces the dynamic problem to a 
sequence of static elliptic problems. An optimized domain decomposition is used 
for this type of semi-discretization. 

Elliptic problems in higher dimensions are considered in Section 2.3. The 
reader interested in such problems should consult the book of Quarteroni and 
Valli [91] as a general reference for problems without control. We first consider the 
classical methods which are based on taking either the continuity conditions or 
the first-order transmission conditions at the interfaces as an exact equation, while 
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the complementary condition is then relaxed by iteration. The resulting methods 
can be reinterpreted as iterative solves of so-called Steklov-Poincare equations. On 
the discrete level one then deals with Schur complements. Moreover, the iterations 
involved can also be interpreted as damped Richardson iterations. 

Next, we reinterpret the domain decomposition problem as a problem of exact 
controllability. Indeed, taking for example the common Dirichlet traces across 
an interface as a control, we may view the remaining transmission condition in 
the Neumann traces as a controllability constraint, i.e., we want to achieve exact 
tracking by choosing controls with, say, least norm. We may then consider relaxing 
the exact controllability constraints by an approximate matching using optimal 
controls via regularization. This may also be seen as an inexact method. Note, 
however, that the controls entering this problem are artificial in that they do 
not correspond to any physical controls. Hence the name virtual, or artificial, 
controls. Various types of virtual control problems are considered. More precisely, 
we focus our interest on those virtual control problems where the corresponding 
optimality condition decomposes into local optimality conditions for problems on 
the subdomains. Such methods are fundamental to understanding the rest of the 
material in this book. Indeed, it will be seen in subsequent chapters how the 
methods developed in this chapter can be generalized to space and/or time domain 
decomposition procedures for many other optimal control problems, such as elliptic 
or hyperbolic problems on one-dimensional graphs, on two-dimensional polygonal 
networks, and to hyperbolic problems on higher-dimensional domains. 

2.2 Domain Decomposition Methods for 
One-Dimensional Problems 

2.2.1 Unbounded Domains 

This section is intended serve as a first motivation for dynamic domain decom- 
position methods. The presentation is highly selective and does not attempt to 
account for the vast literature in this area. See the monograph of Quarteroni and 
Valli [91] for an excellent general reference on domain decomposition methods for 
partial differential equations. We begin our discussion with two very simple one- 
dimensional (1-d) partial differential equations, namely the wave equation and 
the diffusion advection reaction equation. These two models are representative of 
many problems in applied mathematics. 

Define 



Li{u) :=utt - c^Uxx = f in R X [0, oo) 

L 2 {u) :—Ut — I'Uxx + o.Ux + hu— f in R x [0, oo). 

To fix ideas, we consider the simplest problem possible, namely, an un- 
bounded interval where we do not have to account for boundary conditions. Our 
goal is to decompose the real line into half-lines at points x = 0 and x = L such 
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that the interval [0, L] is a region of overlap, i.e., R = f2i U (“OO, L] U [0, cxd), 
with fii n ^2 = [0, L]. We consider the partial differential equations on each half- 
line and exchange information on the overlapping interval, or on its boundary. 

The following simple overlapping domain decomposition algorithm is a vari- 
ant of the classical alternating additive Schwarz algorithm and has been reconsid- 
ered in the form below by Gander, Halpern and Nataf [27] (see also [26]): 

Algorithm 2.2.1. 1 Given initial data, right-hand sides f and boundary data w^, 



on the iteration level k, compute 


and 


according to: 


= / 


in 


(-oo,L]x(0,T) 




on 


x = L, te (0,T) 


Li{w’^+^) = f 


in 


[0,<x)) X (0,T) 




on 


X = 0, f G (0,X*). 



We note that the style in which the algorithms are represented in this mono- 
graph are somewhat conceptual. It is remarkable that, in the case of the wave 
equation on the real line, this algorithm terminates in finite ‘time’: 

Theorem 2.2.1. 1 For i = 1, Algorithm 2. 2. 1.1 terminates for k > 

Proof As the proof is very simple we reproduce it here. Since we are interested in 
the error, we let / = 0 and the initial data be equal to zero. We apply the Laplace 
transform C to Li{u) = 0 and obtain: 

= w^{L,s)exp{^^ 

c 

s) exp(— — ) 
c 



Thus 

and hence 
But 

implying 



2sL. 



V ^ {0,s)=v (0,s)exp(-— ), 

= :p 



s) = s), s) = p^w\L, s). 



exp(— - — = C{6^ 2 kL ) 



c 



As seen from the proof, the finite speed of propagation, peculiar to the wave 
equation, is responsible for finite-time-termination. Indeed the ‘time’ for finite 
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termination is the time the errors need for to travel across the overlapping domain 
and back until they leave the overlapping slab at the top. This property nicely 
shows the transmission mechanism in the case of wave equations. Accordingly, for 
the diffusion- advection problem one obtains ([27]): 

Theorem 2.2.1.2 For i = 2, Algorithm 2. 2. 1.1 converges superlinearly. 

Proof. Again, the proof is simple and instructive. Therefore we sketch the argument 
given in [27]. We apply the Laplace transform to L 2 {u) = 0 and obtain by similar 
arguments as above 

where p{s) := exp(-^ similarly for w‘^^{L,s). This time, how- 

ever, the inverse transform gives 

/ i^^( — ,^-r)exp(-(— + 6)(t-r))u°(0,r)dr 
Jo 

where 

Obviously this implies the error-estimate: 

q2 

I|w^''IIl~( 0 ,t) < max(l,exp(6- — )T)erfc(-^)||w'^||toc(o,T)- 

A similar analysis holds for w‘^^. Thus we obtain super-linear convergence. Note 
that the convergence rate depends on the size of the overlap. 

Remark 2.2.1. 1 For i = 1, 2, if L ^ 0 convergence is lost. 

In order to restore finite termination or even convergence for vanishing over- 
laps, we need to enhance the exchange of information across the interface. The first 
and simplest idea to approach this problem is to introduce generalized Robin-type 
conditions instead of Dirichlet (Neumann) conditions. This can also be done for 
the overlapping case as follows. 

Algorithm 2.2. 1.2 Given initial data, right-hand sides f and boundary data 
on the iterative level k, compute v^^^ according to: 





= f 


in 


(-oo,L] x(0,T) 


+ Ay { v '^+0 


= W^+Ay{w'^) 


on 


x = L,{0,T) 




= f 


in 


[0,^) X (0,T) 




= v^,+AUv'^) 


on 


37 = 0, (0,T) 
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Here A^; and are either constants or local-in-time operators such as time deriva- 
tives or convolution operators. 

Remark 2.2.1.2 



• For L = 0 and Ay{u) = Xu, A G R this is a nonoverlapping Robin- type- 
Algorithm. See the next section. 



• For Ay yj{u) := X'ku (convolution in time), see Gander, Halpern and Nataf 

[27]. 

The following results on finite termination ([27]) for transmission operators 
A^;,ix;(tfc) = Xy^yj 'ku reflect the fact that the corresponding transmission conditions 
realize exact transparent boundary conditions on each half-line: 

Theorem 2.2.1.3 For i = I, Ay = ^dt, Ayj = ~\dt Algorithm 2.2. 1.2 terminates 
in 2 steps. 



Proof. One applies the Laplace transform and obtains after some elementary cal- 
culations 



r-.fc+l 



(0, s) = 



(c + c + s) 



A similar expression is derived for The obvious choice 






leads to two-step-termination. 



Remark 2.2. 1.3 It is important to note that the finite-termination property of 
Theorem 2. 2. 1.3 does not depend on the size of the overlap. Note, however, that 
due to the unboundedness of the domain, the ‘optimal’ transmission operators are 
local operators in time. 

As to be expected, the finite-termination property will not hold in general for 
diffusion- advect ion-reaction equations, unless we are able to implement non-local 
boundary operators. 



Remark 2.2. 1.4 

i) For i = 2 and Ay^yj according to 

± + 4i/(s + 6), 

Algorithm 2. 2. 1.2 terminates after 2 steps. 

ii) For i = 1,2 finite termination is independent of L. 

iii) For i = 2, the optimal interface-conditions are non-local. 

iv) We may approximate the non-local transmission conditions by local opera- 
tors: 

A _ _^-a±^/aF+Ai^ ^ 
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2.2.2 Bounded Domains 

We now consider a bounded interval [— L, L] with interface at x = 0. For the sake 
of simplicity, we consider a nonoverlapping version of the domain decomposition 
Algorithm 2. 2. 1.2. While in the l>d situation it is always possible to consider the 
entire real axis by applying transparent boundary conditions, the question as to 
whether finite termination is achievable in the case of more general boundary 
conditions, or what kind of approximations are useful in this context, is still not 
completely understood. By using arguments similar to those of [27] we can state 
the following. 

Remark 2.2.2.1 

i) For i = I and chosen according to Xv,w{s) - 
2.2. 1.2 terminates after 2 steps. 

ii) The ‘optimal’ conditions are non-local (even for i 

iii) The local approximations (for s small): 

:=±(1 + As 2 + 0 ( s 4 )) 

yield, upon transformation back into the time-domain, 

Wx(0,f) + ^w{0,t) + f^wtt{0,t) 

Note that this adds a mass at the interface. 

To complete the picture we ask: what happens if one works with a trans- 
parent boundary condition at one end (equivalent to a semi-infinite domain)? By 
using arguments similar to those above, it turns out that in this case one can 
derive ‘optimal’ transmission conditions which are local; once again, one chooses 
impedance transmission conditions. For a numerical realization of this method see 
Figure 2.1, where two strings are connected at x = 0 and two initial displace- 
ments on each string cause interacting waves. The Figure 2.2 clearly reveals that 
essentially no refiection occurs at the interface. The mismatch at the interface is 
shown in Figure 2.3. See also Hundhammer [46]. We will use the idea of optimizing 
transmission conditions later in this book for higher-dimensional problems. 

2.2.3 Semi-discretization 

As we have seen, the convergence or termination analysis of Algorithm 2. 2. 1.2 is 
done in the frequency domain. Indeed, we are dealing with elliptic problems param- 
eterized by the Laplace variable. Now, after time discretization of our equations 
we once again obtain with ‘elliptic’ problems. Hence it appears natural to consider 
applying the nonoverlapping version of Algorithm 2.2. 1.2 to that situation. 



= ib^coth(^L), Algorithm 
= 1 )- 








Figure 2.2: Ini 
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Figure 2.4: Two-step convergence in the static case: numerical/exact solution 
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We use Newmark’s scheme as in Raviart-Thomas [92] for the wave equation: 



w]^=Wi{',mSt), 

z^=Wi^t{-,mSt), 



=u,^ + StzT + + (i - J, 

zT^^ =zT + (7<+' + (1 - 7)XJ- 



(With 7 = I there is conservation of energy.) This time-stepping procedure 

leads to the elliptic problem (followed by an update of the velocity 

(2.2.3.1) 

= < + StzT + - /3)X, =: /r 

We have to add the continuity and transmission conditions, say, at the interface 

X = 0: 

<+i(0) = <+i(0), <+'(0) = u;2™+i(0) (2.2.3.2) 

Thus, for each time step we have to solve an elliptic problem on a serially connected 
domain. At each time step with step size St and with 






we apply Algorithm 2. 2. 1.2 to (2. 2. 3.1), (2. 2. 3. 2). The behavior of the algorithm 
is displayed numerically in Figure2.4. 

As we have seen, Robin-type iterations are motivated from the point of view 
of optimal transmission of information across the interface. In particular, classical 
Robin conditions typically correspond to zero-order or first-order approximations 
of such optimal conditions. In general, therefore, one cannot expect finite termi- 
nation. 



2.3 Nonoverlapping Domain Decomposition Methods 
for Elliptic Problems 

2.3.1 Review of Basic Methods 

After the preliminary discussion of domain decomposition algorithms for one- 
dimensional dynamic problems presented in the previous section, we embark on 
partial differential equations on higher-dimensional domains. In order to fix ideas, 
we begin our discussion with a standard elliptic problem. However, as the main 
purpose of this monograph is to deal with nonoverlapping domain decomposi- 
tions for optimal control problems, we do not pursue the discussion of overlapping 
domain decompositions beyond this point. 
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Here we consider the following model problem 



— A^^ = / in 
u = 0 on dO,, 



(2.3.1.1) 



where C is a bounded domain with piecewise Lipschitz boundary dQ. Let 
V = H = Da = H^{^) n F and / G V* (the dual of V). (See, 

e.g., Grisvard [30] for standard notions and properties of Sobolev spaces.) Problem 
(2. 3. 1.1) is a special case of a class of problems that can be expressed in variational 
form as follows. Introduce the bilinear form 




du du ^ 
OXk uXi 



/ 



cvudx 



(2.3.1.2) 



where c, au G L^(Q), c{x) > cq > 0 a.e. in is piecewise such that 

^ki = (^ik a.e. in and satisfies 



au{x)ikit>Oi ^ a.e., (2.3.1.3) 

k£ k 

with a > 0. Thus, 

a(i/,ix) > q; ||ix||y, ^ueV. (2.3. 1.4) 

The elliptic operator A corresponding to the bilinear form is given by 



Au := 



E 



d , d , 

^ — [dke + CU. 

OXk uxi 



(2.3.1.5) 



We may pose the elliptic boundary value problem 



Au = f in ri 
It = 0 on do,. 



(2.3.1.6) 



For ak^ = Sk^ ~ { 0 ^else^ 5 ^ = 0? (2. 3. 1.6) reduces to (2. 3. 1.1) and (2. 3. 1.2) 
reduces to the standard form 

a{u,v) = J VuVvdx. (2. 3. 1.7) 

Problem (2.3. 1.6) admits the variational formulation 

a{u,v) = {f,v)v^veV, (2.3.1.8) 

where (/, v)y denotes the duality pairing between elements / G P* and v eV. By 
applying the Lax-Milgram Lemma to (2. 3. 1.8) we obtain, for any given / G P*, a 
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unique solution u eV to ( 2 . 3. 1 . 8 ), which is a weak (mild) solution of (2. 3. 1 . 6 ). A 
strong solution u G D{A) is obtained for f G H. 

We now decompose the domain Q into disjoint subdomains i = 1 , . . . , 

/ > 2. To this end we introduce the notation 



= (J nfij = 0 

2=1 

Fij := dfli n dftj = Tji, Vi := dFli ndFl (2 3 19) 

— IJ r := IJ Tij, 

J={1,. r,,^0}. 

With this notation, V denotes to the total transmission boundary, 7 ^ denotes the 
transmission boundary for Xi is the set of indices of adjacent domains for 
Let us introduce the following spaces associated with the splitting (2. 3. 1.9): 



Vi={u ^ = 0 on F^} 



(2.3.1.10) 



^ ^3) — ^3 

Then we may consider the operators 





n:V^ Vi 

nu := wifi;, 


(2.3.1.11) 




r,i : ^ LHVij) 

TjiUi Wi|p;^. . 


(2.3.1.12) 


Obviously, 


Vi is linear and bounded, i.e., 






neC{V,Vi). 


(2.3.1.13) 


Further 


rji G jC{Vi,Wji) 


(2.3.1.14) 


where Wij 


= H^^(rij) : V eVi} Uij. A fortiori. 






rji G C{Vi,Uji). 


(2.3.1.15) 


We introduce the forms on Qi 






ai{ui,Vi) = j akt ^ +cwiWj] dx, 


(2.3.1.16) 



with G C^{Fli). For regions Qi with meas(Fi) > 0 we have for some > 0 

^ 2 (^ 25 ^ 2 ) ^ ^2 ll^illvi* (2.3.1. IT) 
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For interior domains with Ti = 0, (2.3.1.17) will hold if c{x) > 0 on a set in 
of positive measure. Otherwise we assume (2.3.1.17). It turns out, however, that 
one can dispense with this local coercivity condition. 

Now, to (2. 3. 1.2) with (2. 3. 1.4) there corresponds a self-adjoint positive def- 
inite operator A in H such that (2. 3. 1.1) or (2.3. 1.6) correspond to the operator 
equation 

Au = f, (2.3.1.18) 

as long as f e H, u e D{A) = or u e V if f e V*. In the latter case we 
consider the unique unitary extension of A from D{A) in 77 to F. Thus, A may 
be regarded as the Riesz isomorphism from V onto F*. 

Accordingly, to ai(-,-), given by (2.3.1.16), there corresponds a self-adjoint 
positive definite operator A{. Moreover 



{Au,v)y =a{u^v) 

I 

= ai{ui,Vi) 

i=l 
I 

— ^ ^ {AiUi^Vi)y^^ 

1=1 

where now Ai : Vi ^ V* is the canonical Riesz isomorphism. The splitting (2. 3. 1.9) 
thus corresponds to the operator splitting (2.3.1.19). 

With this basic notation at hand we may now review various classical domain 
decomposition techniques. The material to follow is, however, selective, because of 
our special interests outlined in the introduction. We refer the reader to [91] for a 
general treatment. 

For the sake of simplicity we go back to (2. 3. 1.1) and consider two subdomains 
only. Problem (2. 3. 1.1) is equivalent to 



(2.3.1.19) 



-A Ui = fi in Qi 

Ui =0 on Fi 

Ui = Uj on Tij =T 

dui duj ^ ^ 

^ = 0 on Tij = r, 

OUi OUj 



(2.3.1.20) 



i = 1,2. In (2.3.1.20) the third and fourth equation constitute so-called trans- 
mission conditions. The decomposition of those transmission conditions is at the 
heart of nonoverlapping domain decomposition methods (DDM). 

One may either directly apply an iterative procedure to (2.3.1.20) by some 
alternating step between the problems on Qi or formulate the transmission condi- 
tions (2.3.1.20)3, (2.3.1.20)4 in an operator format as follows. We first concentrate 
on methods that start with (2. 3.1. 20)3. The following procedure parallels the one 
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in [91, Chapter 1.2]. We include the presentation for the sake of self-consistency. 
We enforce (2.3.1.20)3 by setting Vji Ui = Ui\r = A = Uj|r = Vij uf 

— fi in 

Ui=0 on (2.3.1.21) 

Ui =X on r, 



i = 1, 2. Problems (2.3.1.21) can be solved in parallel yielding the unique solutions 
Ui. Thus ( 2 . 3 . 1 . 20 ) 4 , the other transmission condition, may be seen as an equality 
constraint as follows. To this end we decompose Ui = Wi~{- Zi such that 



—Awi =0 


in 


fii 




Wi =0 


on 


Ti 


(2.3.1.22) 


Wi=X 


on 


r 




-A Zi = fi 


in 


Oi 




Zi =0 


on 


Fi 


(2.3.1.23) 


Zi =0 


on 


r. 





The solution Wi is given by the Dirichlet map, the harmonic extension of A into 
the domain 



A : = A(r) 

Wi =: Di A. 



(2.3.1.24) 



In fact, in our situation we may extend (2.3.1.24) as a continuous operator in 



A : ffoi(r) := ^ Vi 

Wi =: A A. 



(2.3.1.25) 



In order to express (2.3.1.20)4 in operator notation, we need to consider Neumann 
traces 

Ti ^ H^+HVij) = A+i(r) 

^ dui. (2.3.1.26) 

for s > 0. According to (2.3.1.24), (2.3.1.26) we may write 

~ = —DiX^TiDiX for A e A(F). (2.3.1.27) 

dui ovi 

This operator can be extended as a continuous map in T^(T). See [91] for the 
properties of the Steklov-Poincare operator. It can also be extended to a map 

between Hqq{T) and its dual. The solution Zi of (2.3.1.23) is 



(2.3.1.28) 
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and hence, 



dzi 



d 



A-^f = TiA-\ 



dui du. 

With (2.3.1.27) and (2.3.1.29) the transmission condition (2.3.1.20)4 reads 



(2.3.1.29) 



£ + |S = <Ei-.a)a+EW/. = o. 



We denote by 

Vr.= TiDi:H\T)^L^{T), 

the Steklov-Poincare interface operator for and by 

V:=Vi+ V 2 
V : H\T) ^ L‘^{T) 

the total Steklov-Poincare operator . Let 

gi := - Ti Ai'^ fi 

9 -=91 + 92 - 

Then (2.3.1.30) reads 

Vi X + V 2 ^ = 9i 92 
V\ = g. 

Thus, solving (2.3.1.20) is equivalent to solving the Steklov-Poincare equation 
(2.3.1.34) on P. 

The problem (2.3.1.22) admits a variational formulation 



(2.3.1.30) 

(2.3.1.31) 

(2.3.1.32) 

(2.3.1.33) 

(2.3.1.34) 



ai{Di A, Vi) = 0 'ivi€ := 



ji A — A 



(2.3.1.35) 



where Vji Dj A — A is the operator notation for tr\r Di X = X on T (see (2.3.1.12)- 
(2.3.1.15)). The problem (2.3.1.23) has the variational representation 



ai{Ai ^ f,Vi) = if, Vi), VviE V°. 



(2.3.1.36) 



In order to express the dependence of Zi on fi in a more compact way, we may 
introduce 

(2.3.1.37) 

Let Ri be any extension operator from P into Vi (with dense range in V) 



TZfi 






7L\ g in 

TZ2g in 



(2.3.1.38) 
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We have rji TZi = /jl, for all i,j and hence 



Now, consider 



where Ui solves 






a{u,Kii) = ai{ui,Tli /i) + a 2 {u 2 ,TZ 2 m), 



ai{ui,Vi) = (fi,Vi) Vwi e V° 

and ( 2 . 3 . 1 . 20)3 holds. We have 



(2.3.1.39) 



(2.3.1.40) 



(2.3.1.41) 



ai{ui,Uifi) = / AuiTZifidx 



fj,d'y-\- / fiTZifi dx. 



Therefore, (2.3.1.40) amounts to 



a{u,Tln) = j + + j 



Thus, (2.3.1.20) is equivalent to 

ai{ui,Vi) = {fiyVi) V Vi E 



V2l ui = ri2 U2 



ai{ui,TZ\^) -h tt 2 ('U 2 , 7 ?. 2 /i) = {fiyTZiii) + {f2iTZ2lA^ gW, 

which may be combined to 

a{u,TZfi) = (f,TZ^), V iJ, gW. 



(2.3.1.42) 



(2.3.1.43) 



(2.3.1.44) 



(2.3.1.45) 



On the other hand, for v gV ,Vi = G V^, tr\r v =: n G W, we have Vi v — TZi fi G 
V^, since rji{ri v — TZin) = tr|rw — = 0 on T. Thus, from (2.3.1.44) 

ai{ui, TiV - TZifj.) = (/i, ViV - Tlifi) 



a{u, v) = [ai{ui,riV - TZifi) + ai{ui,TZin)] 

i=l 

2 

= Y 2 



= '^{fi,riv) = if,v), 

which implies (2. 3. 1.8). The reverse inclusion has been already shown. 
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It is now obvious that the variational form of the Steklov-Poincare equation 
(2.3.1.34) can be written as 



(VX, f,) = ^{ViX,fi) 

i=l 

2 

= E / 



^—1 o . 



V DiW Tli fidx 



= ai{DiX,TZiii), "ifieW. 



i=l 



Moreover, 



{9,^A = X] 



i=l 



d 






i=l 



2 !■ 

= X V7^i IJ.) dx 

2 

= X [(/> m) - /, m)] V /i e 



2=1 



(2.3.1.46) 



(2.3.1.47) 



Thus, according to (2.3.1.46) and (2.3.1.47) the equation (2.3.1.34) reads in vari- 
ational form as 

(PA,/x) = (^,/i), V/iClT (2.3.1.48) 

which is, in turn, equivalent to (2.3.1.44)3. Thus, any iterative procedure for the 
solution of the Steklov-Poincare equation (2.3.1.34) results in such a procedure for 
(2.3.1.44), and vice versa. This is one of the basic aspects for iterative nonover- 
lapping domain decomposition methods. The most standard such decompositions 
are the Dirichlet-Neumann and the Neumann-Neumann method. Let us display 
their variational forms based on the decomposition of (2.3.1.44) (see [91]). 

Algorithm 2.3.1. 1 Given at iteration level k: 

1) Solve for G Vi: 



ai(u*+\t)i) = ifi,vi) Vwi e 
= A'' on r 
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2) Solve for G Vz: 

(f2,V2) VvzGV,^ 

{f 2 ,T ^2 IJ-) + if 1 , 1^1 M) 

-^ll(u^+^7^l/i), V/xGW" 

3) update l^: = 6 r \2 + (1 - 0) A^, 0 > 0. 

Algorithm 2. 3. 1.1 has an operator format as follows: 

Afe+I (2.3.1.49) 

Moreover, it has a sequential character, as the subproblem on Q 2 has to be solved 
before the step can be completed. 

The so-called Neumann-Neumann method resolves this difficulty with respect 
to parallelism at the expense of introducing an additional Neumann-solve with 
the residual of the transmission condition (2.3.1.20)4 on the right-hand side of the 
Neumann condition. As we will not use this method, we just display its operator 
form, which is 

Afc+i p-i ^ _ P yky (2.3.1.50) 

Both iterations (2.3.1.49) and (2.3.1.50) can be interpreted as preconditioned 
damped Richardson iterations in the Hilbert space W. See [91] for a detailed 
discussion of the methods and their discretizations and extensions. 

We start the procedure with equation (2.3.1.20)4. Thus, we consider 

-Aui 

Ui 

duj 
dvi 

Problem (2.3.1.51) splits into Ui = Wi~\- zi according to 




a2(lt2 ^'^2) = 
,Tl 2 p) = 




(2.3.1.53) 
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Let the Neumann-map be defined by 



M : lHt) ^ 

Wi -{-lyAfiX. 



(2.3.1.54) 



Problem (2.3.1.53) admits a unique solution Zi e Vi, Zi = Qi f where, now, Qi is 
the solution of the homogeneous mixed boundary value problem (2.3.1.53). The 
continuity condition (2.3.1.20)s reads 

r2i(-A/'i X-\-zi) = ri2{JV2 A + Z2), 



which is equivalent to 



(ri 2 A /2 + t* 2 i A/i) a = V21 Gi fi — t\2 G 2 f2 =• 9- (2.3.1.55) 



We may then define the Neumann-Dirichlet-type Steklov-Poincare operators 



Vi :=rjiMi 

V:=ri+V2, 



(2.3.1.56) 



so that, in this context, we arrive at the Steklov-Poincare equation 

V\ = g. (2.3.1.57) 

The variational form of (2.3.1.57) is given by 



ai{wi,Vi) = {{-ly BiX,Vi)vi, yvieVi, (2.3.1.58) 

where Bi X is the extension of A € T^(P) into V*, such that {BiX,Vi)y. = {X,rjiVi)r‘ 
Thus Bi = r*-. As 

ai{zi,Vi) = {fi,Vi), VvieVi, (2.3.1.59) 

we may write the variational form of (2.3.1.51) as 

di{ui,Vi) = (fi,Vi) -\-bi{Xi,Vi), Vie Vi, (2.3.1.60) 

i = 1,2, where bi{Xi,Vi) := {BiX, Vi)y^ and where A^ + Aj = 0 (or A^ = (—1)* X, i = 

1 , 2 ). 

In order to solve (2.3.1.20) we need to require in addition to (2.3.1.60) 

ji Ui — ^ LJ* (2.3.1.61) 

Equations (2.3.1.60) and (2.3.1.61) give again rise to another family of iterative 
domain decompositions which can then be recast into the format of damped pre- 
conditioned Richardson iterations. One can also combine the approaches (2.3.1.44) 
and (2.3.1.60), (2.3.1.61). See also [91, Chapter 1.3]. 
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2.3.2 Virtual Controls 

We now come to a major point that is fundamental to understanding the phi- 
losophy of this monograph. Either of the transmission conditions (2.3.1.20)3 or 
(2.3.1.30) and (2.3.1.61) can be interpreted as exact controllability constraints 
wherein A is viewed as a ‘control’ function in the control space W or i^^(F), re- 
spectively. As it is much more convenient to work in the control space F^(r), we 
take the second approach (2.3.1.60). Rather than factoring the kernel of the trace 
operators as above we are now looking for solutions A of (2.3.1.61) with minimal 
norm; see J.-L. Lions and O. Pironneau [77]. We may envision various ways to 
approach the problem (2.3.1.60)^ (2.3.1.61), such as the formulation 

1 ^ 

inf - ^ I^ili2(r) (2.3.2. 1) 

i=l 

such that 

ai{ui,Vi) = ifi,Vi) +bi{Xi,Vi), '^ViEVi (2.3.2.2) 

rjiUi = TijUj, Vi,j (2.3. 2.3) 

A^ + A^- =0, Vi,j. (2.3.2.4) 

Problem (2.3.2. 1), (2.3.2. 2) is an optimal control problem with equality state and 

control constraints (2. 3. 2. 3) and (2. 3. 2.4), respectively. The optimal controls which 
realize (2.3.2.1)-(2.3.2.4) are artificial or virtual controls, the objective of the con- 
trol problem being the continuity of traces along P. 

In the general case of a multi-domain splitting (2.3. 1.9) we define 

A, = (2.3.2.5) 

and, recalling (2.3.1.10), we denote by 

I 

Ui= [j Uij, U=\J Ui. (2.3.2.6) 

jeTi i=l 

The requirement (2. 3. 2. 4) then reads as 

Xij -h Xji = 0, ^ j EXi, (2. 3. 2. 7) 

i = 1,...,/. Thus in the case of multi-domain splittings the state and control 
constrained optimal control problem is given by 

inf{J(A0:=^ \XiMj 

i=i jeXi 

~ (/i7 r?i) T ^2 (-^2? ^ 2 )? '^i E Vi, 

Xji U>i = Tij Uj, j E Xi, 

Xij “h Xji = 0, j E Xi, i = t, ..., I . 



(2.3.2.S) 




28 



Chapter 2. Background Material on Domain Decomposition 



We add that bi{\i,Vi) is now replaced with 



jeii 

j€li 



(2.3.2.9) 



Thus 

BiXi:=Y, (2.3.2.10) 

Obviously, the problem (2. 3. 2. 8) is coupled in i via the adjacency structure of the 
decomposition. The main goal is to derive iterative procedures in order to decouple 
the constraints (2. 3. 2. 8)3 and (2. 3. 2. 8)4. 

We first consider a two domain decomposition and eliminate the constraint 
Xi + Xj by setting Ai = — A2 = A. Then (2. 3. 2. 8) reads 



inf 2 

ai{ui,Vi) = ifi,Vi) + (-l)*+^(Ai, rjiVi) V u* € Vi, i = 1,2 

J’21 Ui = ri2 U2- 



( 2 . 3 . 2 . 11 ) 



We introduce a Lagrangian relaxation of (2.3.2.11)3 via a Lagrange-Multiplier 
q G T^(r). Thus, we consider the Lagrangian 

q) := i lA|y + {q, r 2 i Ui - ri 2 U 2 )u (2.3.2.12) 

and then the saddle-point problem 

inf sup £(A, q) = — inf inf £(A, q) 

A q q X 

subject to (2.3.2.11)2. We define the dual functional J{q) as 

J{q) — - inf C{X,q). (2.3.2.13) 

As the problem 

inf {£(A, q) =: J(g; A)} subject to (2.3.2.11)2 (2.3.2.14) 

admits a unique optimal solution A^^^ the original problem reduces to the uncon- 
strained minimization problem 

inf{-J(g;A°P*)}. 

<? 



(2.3.2.15) 
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We proceed to solve (2.3.2.14). To this end we take variations in J(g;A) with 
respect to A and write down the optimality condition 



0 = 5 J{q; A)(A) = (A, A)(y + {q, T 2 i ui - U 2 )u, (2.3.2.16) 



where Ui solves (2.3.2.11)2 with fi = 0, X = X. We then introduce the adjoint 
states Pi corresponding to 

o*i{Pi,Pi) '■= ai{Pi,Pi) = (-1)*"'"^ {Q,rjiPi), Vpi e Vi. (2.3.2.17) 

Thus 

a*i{pi,Ui) =(- 1 )*+^ {q,rjiUi) 

= ai{ui,pi) = (- 1 )*+^ {\rjiPi), 

and hence the optimality condition (2.3.2.16) gives 



A + r2iPi -ri2P2 = 0. 



(2.3.2.18) 



We insert the unique optimal A given by (2.3.2.18) into (2.3.2.15) to obtain 
- J(g; A°P‘) = - i |r 2 i Pi - ri 2 Pi f - {q, V 2 i m - ri 2 ^ 2 ) 

= ^ k2iPi -ri2P2\'^ - {q,r2iwi -ri2W2) 

- {q,r2izi -ri2 Z 2 ) - |r2i pi -ri2P2f, 

where wi solves (2.3.2.11)2 with A = 0 and Zi solves (2.3.2.11)2 with fi = 0 (thus 
Vi = Wi + Zi). But according to (2.3.2.17) 

ai{zi,pi) =(-1)*+^ {q,rjiPi) 

= (-l)*+i (\,rjiPi) 

= (- 1 )*+^ {r2iPi -ri2P2,rjiPi) 
or 

-J{q;\°P*) = i |r2ipi -ri2P2|^ - ( 9,^21 wi -ri2W2). (2.3.2.19) 

The directional derivative of —J{q\ X^^^) with respect to q is 

5{-J{q-,\°^^)){q) ={t 2 iPi -vi 2 P 2 ,r 2 i Pi ~ri 2 P 2 ) 

- {r2i 'Wi - ri2W2,q) 

={f2iPi -ri2P2,r2iPi -ri2P2) 

- {r2iui -ri2U2,q) 

+ {r2i zi -ri2Z2,q) 

= - {r2l Ml - ^12^2, 9 ), 
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so the gradient of —J{q] thus is 



V(-J(g;A"P‘)) = -(r2 i«i-ri2H2). 


(2.3.2.20) 


The gradient procedure for the Lagrange-multiplier then is 




= g'' + p(r2i ui - ri2 U 2 ) 


(2.3.2.21) 


where 




a*{Pi,Pi) = {q'‘,rjiPi), Vpi e Vi, 


(2.3.2.22) 


ai{ui,Ui) = (-l)*(r-2ipi -ri2P2,rjiUi), ^ Ui e V- 


(2.3.2.23) 



Algorithm 2.3.2.1 

0) Given q^, 

1) solve {2.3.2.22) for , 

2) solve (2.3.2.23) for u^, 

3) update q^ (2.3.2.21). 

4) Go to step 1) and continue until done. 

Remark 2.3.2.1 

i) Steps 1) and 2) are forwardly decoupled. Thus the adjoint problems(2.3.2.22) 
can be solved in parallel first. Then the forward problems can be solved in 
parallel. 

ii) However, (2.3.2.22) and (2.3.2.23) does not correspond to an optimality sys- 
tem of an optimal control problem on separately. 

Thus, if we eliminate the constraint Xi + A j = 0 in (2. 3. 2. 8) we do obtain a 
parallelizable iterative domain decomposition procedure based on an optimization 
problem, in fact a virtual optimal control problem on f2, but the local problems 
to solve on Hi do not correspond to local virtual optimal control problems on 

In this monograph we are interested in multi-domain and heterogeneous prob- 
lems. Therefore it is desirable to be able to directly apply existing optimization 
software developed for a broad variety of problems on standard domains. Hence, 
domain decomposition methods for optimal control problems that lead to local 
optimal control problems are preferred. It is obvious that certain extensions, vari- 
ations and alternatives may also be considered. 

For instance, instead of using a Lagrange-relaxation (2.3.2.12) one may in- 
troduce an augmented Lagrangian 



Cr{\, q) := £(A, 9 ) + ^ k2i Wi - ’’12 U 2 \\j. (2.3.2.24) 

See Glowinski and Le Tallec [28] for a general discussion of such methods. Again, 
we can derive a saddle-point type iteration analogous to Algorithm 2.3.2. 1. Similar 
remarks as above apply to its parallel features, e.g.. There is no decoupling into 
separate optimization problems. 
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Yet another variant is to consider just a penalization of the state constraints 

V2iui - ri2U2: 

JrW = I \Mfj + I k2i - ri2p. (2.3.2.25) 

Gradient procedures associated with (2.3.2.25) have been investigated by Gunz- 
burger and Lee [36] and Gunzburger and Heinkenschloss [35]. 

Penalty based iterative domain decomposition procedures are interesting in 
particular for nonlinear problems, where the existence and regularity of Lagrange 
multipliers is difficult to establish. 

Consequently, we now consider the Lagrange relaxation of (2. 3. 2. 8)3 and 
(2.3. 2. 8)4 followed by gradient procedure. This approach has been outlined in [76]. 
We obtain the following saddle point problem 



+ Y Y j-ji Wi - ^ij Uj)u,^ 

i j€li 

+EE ifj-ij, kj + } =: 'C(A, n, q)] subject to 

i jeii 

ai{ui,Vi) = ifi,Vi) + bi{Xi,Vi), Vui e Vi, 



(2.3.2.26) 



where C{X,i 2 ,q) is the Lagrangian for (2. 3. 2. 8). We have 

C{kn,q)=\ E 

i jeli 

+ E “ ^*2 ’ ’’b' '•J'ih.i (2.3.2.27) 

Define J(//, A) £(//, A). Upon taking variations in J(/i, g; A) with respect to 

A, the necessary optimality condition is 

<J J (//, ^; A)(A) — ^ ^ (^ij? ^ij)Uin 

+ ~ ^i)Uij (2.3.2.28) 

ij 

+ {^ij + ^ij)Uij = 6 - 

We introduce the following adjoint problem 

O^KPi^Pi) = XI Pi^ Vi, 

jeXi 



(2.3.2.29) 
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where a*{pi,pi) = ai{pi,pi). Thus, 

a*{pi,Ui) = ai{ui,pi) = ^ {Xij,rjiPi)u,j- (2.3.2.30) 

jeii 

Then (2.3.2.29), (2.3.2.30) used in (2.3.2.28) give the optimality condition 
^ ^ d” '^jiPi T P'ij P'jii ^ij)Uij ~ 0, V Xij G Uij 

or, taking variations in Uij, yi,j{iE {1, ...,/}, j G Xj) 

Xij = TjiPi p,ij p,ji V i,j- (2.3.2.31) 

We are going to use (2.3.2.31) in order to express J(^, //; A^^*) as a cost 
functional J(//, g). Indeed, 

— J(/i,g; A ^ ) =— I'f^jiPi + P'ij + P'jiluij 
id 

~ i^ji ~ QijUji '^i) ~ {Pij + P^ji') ^ij)Uij (2.3.2.32) 

ij id 

- ^ ~ Y1 

id id 

where Ui \= w id- Zi such that 



ai{wi,Vi) = (fi,Vi), yvieVi, (2.3.2.33) 



ni{zi,Vi) — ^ ^ {Xij ,T ji Vi)u^^ , \/ Vi G Vi. (2.3.2.34) 

jeii 

Equations (2.3.2.33), (2.3.2.34) and (2.3.2.30) imply 

—J{p,,q\X ^ ) =- \vjiPi + p>ij + Pji\uij 
id 

— {qji — ~ {pij + Pji, Xij)uij 

id id 

' (2.3.2.35) 

+ E (A^j + Xji, fiij^jj^^ 

id 

~2 \'^ji'Pi Pij PjilUij 
ij 

id 
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We have to consider the dual problem 



inf subject to 

(liiUij Ui) — ^ ^ ji Pi "b Pij H“ i V Uj ^ 

jeii 

<(Pi,Pi) = X] Pi & Vi- 



(2.3.2.36) 



The optimality conditions for the optimal control problem (2.3.2.36) are derived 
as follows: 



0 = 6 J{n,q) (/t, q) = Y^ {vji Pi + Pij + Pji, Vji pi + pij + Pji)uij 

hj 

— {Qji — Qij, 'f'ji '^i)Uij 

ij 

id 

^ ji Pi T '^ijPj “1“ ‘^{Pij “b P'ij)^ i^ij)Uij (2.3.2.37) 
id 

+ ^ ai{zi,Pi) - ^ {qji - qij, rji Ui)u,j 

i id 

= — {Kj + P'ij)Uij ~ {'f'ji '^i ~ 'f'ij Qij)Uij- 

id id 



Hence the gradient of J(/i, g) is 

V t/(/ir,g) = (^(vjiUi 'i'ij'^j^id^ i^ij ~b ^ji)i,j)' (2.3.2.38) 

Thus we arrive at the following gradient procedure for (2.3.2.36). 

Algorithm 2.S.2.2 

0) Given q^, 11 ^. 

1) Solve for p^: 

a*i{Pi,Pi) = E i<lji - Qij^rjiPi)uij Pi e Vi, 

jeii 

2) Solve for u’f : 

ai{uf,Ui) = {fi,Ui) - E {rji Pi + Pij + Pji^rji Ui)u,j 'iui& Vi, 

3) update q^,pf: 

(i]d = 4 + pi'^a 4 - nj 4) 

with Xfj = Vji P'1 + p'y- + 

4) Go to step 1) and continue until done. 
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This procedure has been proposed by J.-L. Lions and O. Pironneau [76] for over- 
lapping domain decompositions, in case no constraint on \ij applies. They remark 
that the method can be extended also to the nonoverlapping case. The arguments 
above provide the details. 

In retrospective, going back to the original saddle-point formulation (2.3.2.26) 
of (2. 3. 2. 8) we realize that the cost, for given ^ can be written as 

i=i jeii jeii 

(2.3.2.39) 

i 

But 

jeZi 

+ Y1 (4 “ + Yj 

jeXi jeii 

jeXi 

+ a* {pi,Ui) + ^ Kj)uij 

j^Xi 

= ^ ^ {^ij ^^ij)Uij 
jeXi 

j€Xi j^Xi 

if (2.3.1.60), (2.3.2.29) and (2.3.2.31) hold or, more compactly, if 

ai{ui,Ui) + Y i‘>'jiPi,rjiUi)uij 

j€Ti 

— {filial) ~ ^ (p-ij + Pjiy1'ji'^i)uij-: V Ui € Vi, 

jeii 

a* iPi,Pi)=Y ~ 4 Pi 

jeii 



(2.3.2.40) 
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This shows that (2.3.2.40) is the optimality condition for the optimal control 
problem 

inf Ai) subject to 

/ ^ X / i* - \ I /\ - \ w - T 7 (2.3.2.41) 

ai{ui,Ui) = {fi,Ui)+ 2^{Xij,rjiUi), V G V/^. 
jeii 

Remark 2.3.2.2 The Lagrange relaxation (2.3.2.26) followed by the saddle-point 
iteration given in Algorithm 2.3. 2. 2 results in a decomposition of the global op- 
timality system - which, in turn, is obtained from (2.3.2.40) without indices k 
and V J{fi^q) = 0 in (2.3.2.38) - into a local system (2.3.2.40) that is itself an 
optimality system of the virtual optimal control problem (2.3.2.41), defined on 
subdomain i. This is precisely the paradigm we intend to pursue throughout this 
monograph. 



Remark 2.3.2.S It is important to note that if we eliminate the control constraints 
Xij -h Xji = 0 first and then optimize with respect to the remaining virtual controls 
(just one function on Tij — Tji V i^j such that and Oj are adjacent), then the 
optimality conditions are coupled. 



It appears to be very natural to stabilize and possibly accelerate Algorithm 2. 3. 2. 2. 
The typical procedure is to consider an augmented Lagrangian instead of the 
original Lagrangian (2.3.2.26), where one introduces a penalty parameter r > 0 
and considers 

Cr{\,n,q) ■.=C{\,n,q) 




ji ^ij 



2 

Uij 



(2.3.2.42) 



It turns out, however, that the corresponding optimality systems would not de- 
couple into a local penalized problem. 

In order to derive an augmented Lagrangian method that leads to a decom- 
posed set of optimization problems in each individual domain, we further relax the 
transmission condition rji ui = rij Uj by introducing yet another virtual control r] 



ji — qij ^ G X, j G Xi, (2.3.2.43) 



Tjij = Tjji. We may then consider the Lagrangian relaxations of (2.3.2.43). Let us 
first look at the two-domain case with Xij = —Xji = X on T, rjij = r]ji = rj, 

inf sup {Ci3{X,r];q) = |Ap + 92i(r-2, wi -7?) 

q 

+ qi2{ri2 U2~v) + ^ {k2i Ui - rif + \ri2 - t]\} s.t. 

ai{ui,vi) = + (A,r2i wi)r, V «i G Vi 

a2{u2,V2) = if2,V2) — (A, ri2l>2)r, V U2 G V 2 . 



(2.3.2.44) 
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Equations (2,3.2.44)2,3 imply 

ai{ui,vi) + a 2 {u 2 ,V 2 ) = {fi,vi) + {f 2 ,V 2 ), y{vi,V 2 ) eVi xV 2 (2.3.2.45) 
which is, in turn, equivalent to 
^ ^ 1 

inf {y2 - ai{ui,Ui) - {fi,Ui) =: J{ui,U2)}. (2.3.2.46) 

Ui,U2eViXV2 I 

i—\ 

On the other hand, (2.3.2.44)2,3 is equivalent to 

inf {l-ai{ui,Ui) - {fi,Ui) - =: Ji{ui)}. (2.3.2.47) 

uieVi z 



If in (2.3.2.46) we have rji Ui = Vij Uj^ then (2.3.2.46) is the original problem. In 
this case Ji(ui) + J 2 {u 2 ) = J{ui,U 2 ). Thus the PDE-constraints (2.3.2.44) are 
equivalent to yet another optimization problem, if the continuity of traces holds 
across F. Thus, we may rewrite problem (2.3.2.44) as the unconstrained problem 



^ ^ 1 

inf sup {£/ 3 {u, ri; q) -.'V] - ai{uu Ui) - (fi,Ui) 

q 7^1 ^ 

'ij id 



(2.3.2.48) 



Now (2.3.2.48) is a saddle-point problem for which we may use various extensions 
of the classical Uzawa algorithm. See Glowinski and Le Tallec [28] for a very nice 
presentation of the general subject. 

We use a fractional step method with respect to the gradient procedure for 
the dual problems as advocated in [28] (ALG3). 



Algorithm 2.3.2.3 

0) given 

1) solve for u^, i = 1, 2.* 

du, C0{u^ = 0 

2) update q^^, i = 1, 2; 

= <lji + Pki^ji -d~^) 

3) solve for rf : 

a^£^(n^7?^g'=+i) =0 

4) update q^ ^ 

u\ - r^). 
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Now by 1), 6 Cj 3 {u^,r]^ = 0 



0 = ^ ai{uiUi) - (fi,Ui) + '^{qji,rjiUi) 

z— 1 ij 

id 

or 

ai{u'l,Ui) + I3{rjiu^i, rjiUi) = {fi,iii) - {qji - ,rjiUi), (2.3.2.49) 
i, j = 1, 2. In fact for /c — > A: + 1, (2.3.2.49) reads 

+/3(rjiM,^+\rjiUj) = {fi,Ui) - - f3r)^,rjiUi). (2.3.2.50) 

The third step gives: 

d = ^ ^ I (2.3.2.51) 

or 

q^t' + Qid + (^~ d - 2^") = 0> (2.3.2.52) 

after applying step 4). From (2.3.2.50) and (2.3.2.52) we obtain 

ai(wf+^^t^) + p{rji uf+^rJi Ui) = {fi,Ui) + (gf+^ + 9*)^^) 

+ (/? - PA:)(r-ji uj' + Vij Uj - 2rf) + !3{rf , Vji Ui), (2.3.2.53) 

where we use variations satisfying rjiUi = ^ijUj. According to steps 2) and 4), 
(2.3.2.52) gives 



ai(u,^+\uj) + Pifji Ui) 

= {fi, Ui) + {qij + 2pk Vij Uj - pk\vji Ui) 

+ (/3 - pk){rij u'j + Vji Ui - rji Ui) 
= {fi, Ui) + (q^j + 2/3 rij u^ - /3ry'“^^) 

+ (/3 - Pk)(q^'*~^ + Tji u'l - Vij u^) 

= {fi, Ui) + {fj,Uj) - Uj{u),Uj) 

+ (3{rijUj,rji Ui) 

+ {P- Pk){d~^ - 7?'' + Tji u'l^rij iij). 



(2.3.2.54) 



In conclusion, Algorithm 2. 3. 2. 3 results in the following iteration: 
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Algorithm 2.3.2.4 

0) given, 

1) solve for u^, i = 1,2 

ai{u\ Ui) + ^{fji u\,rjiUi) = 

- (Qji - Ui £ Vi. 

2) Update: 

=4+ 

3) Compute rj^ as 

v'' = + nj u’i). 



4) Update: 

= QjU + Pkirji Ui - V^)- 

Thus, Algorithm 2. 3, 2,4 can bee seen as a parallel iterative solution of 



ai{ui,Ui) = ifi,Ui) + {cigi,rjiUi) 

where 

9i ■= , Cl = (^,-1,0), C2 = 

/ 2(/3-pfc) -1 -1 \ / 0 0 0 

Mk := I pk 1 0 j , JVfc = j —pk 1 0 

\ pk 0 1/ \ -pk 0 1 

4 = (/? - Pk){rji v!l + Tij u'j), 2pk Tji v!l, 2pk Vij 

Now 

1 / 1 1 1 \ 

^ \-Pk -Pk ‘^■P-Pk} 

1 / -2pfc 1 1 

^k^ = -^\‘^Pk{Pk - 0) 20 - Pk -pk 

^ \2pk{pk - 0 ) -Pk 2/3 - Pk 



(2.3.2.55) 



(2.3.2.56) 



•^fe ^ 4 = ^ (2[i + Pk-0] {nj u) + Tij u^), 

(3/3 - Pk) Vji Ui -{0 + pk) Uj u^, 

{0 3“ Pk) 'Cji Ui + (3/3 Pki Tij Ui ) . 
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The iteration matrix Mj^ ^ Nk has the eigenvalues { 0 , 1, 1 - 2 with correspond- 
ing eigenvectors (^, 1 , 1 )^, (0,-1,!)^, for (3 7 ^ pk, and {0,-1,!}, 

(^,1,1^, (1,0, or, (0,-l,ir for/3 = />fc. 

It therefore appears optimal to choose pk = 0/2. The limiting value is 0 = 
pk> However, the convergence of Algorithm 2. 3. 2. 4 cannot be analyzed from the 
spectrum and the eigenbasis of Nk alone. Indeed, a convergence analysis for 
0 ^ Pk is not known in this context of domain decompositions. The case 0 = pioi 
all k will be precisely the one considered in this monograph. See Glowinski and 
Le Tallec [28] for a discussion of the convergence properties of this version of the 
saddle-point algorithm. 

We return to Algorithm 2. 3. 2. 4 and set 0 = p, Vfc. However, by (2.3.2.52) 
this implies 

Hij 

and (2.3.2.53) implies 

ai(v!l"^^ ,Ui) 0{rji ui) = {fuUi) + (gf+^ -\- 0ri^,rji ui). 

In the strong form (2.3.2.57) leads to the boundary condition 









(2.3.2.57) 



which, according to steps 2) and 4), reads as 



dVAi 



-+(3rji 

du] 






dvAi 



+ I3riju'^. 



Pi 



k—1 



Thus, for 0 = p, V A: we can completely eliminate the Lagrangian multipliers and 
obtain an iteration based on the boundary conditions 



di^Ai 



+ Pru 



du^ 



dvA 



— + 0 Vij Uj 



(2.3.2.58) 



for i,j — 1 , 2 . As in the previous, more general setting, consistency of this algo- 
rithm is easily assessed. 

The decoupling of the original transmission conditions 



dui 



+ 



dUn 



dUAi duAi 



on r 

= 0 on r 



(2.3.2.59) 



according to (2.3.2.58) is due to P.-L. Lions [82]. 
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2.3.3 The Basic Algorithm of P.-L. Lions 

For easier reference, we now summarize the algorithm of P.-L. Lions [82] described 
at the end of the last section and show convergence of the algorithm. To fix ideas, 
we begin with the simple and standard Poisson problem. Let be a bounded 
Lipschitz domain in M? with piecewise Lipschitz boundary dQ which admits the 
decomposition 0^2 = 0, fii nfi 2 = P, such that dQi = PU fl 

dQ), z = 1, 2; see Figure 2.5. 




Figure 2.5: Nonoverlapping domain decomposition 
In Q we consider the problem 



—Au — f in fl 
u = 0 on dfl. 



(2.3.3.1) 



This problem is equivalent to solving the coupled problems 



-Aui = fi in fli 
Ui = 0 on dfti n dft 



Ui = Uj on r 

d d 

+ ~'^3 =0onP, i,j = 1,2, 



dvj 






(2.3.3.2) 



where i^j denotes the outward normal on P for fti towards flj, e.g,, i/i = — z/j. 

The idea pursued by P.-L. Lions [82] is very natural and simple. Namely, one 
reformulates the equality constraints on P in (2. 3. 3. 2) as 






d 

Ui + (3ui := -^Uj +(3uj, i,j = 1,2 
dvj 



(2.3.3.3) 



and relaxes (2. 3. 3. 3) by the way of an iteration in the spirit of the alternating 
direction or operator splitting paradigm as follows: 
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Algorithm 2.3.3.1 Given uf 




= 1,2 compute 


i = 1,2 


according to 










— fi 


(2.3.3.4) 




= 0 


on dO,i n do, 


(2.3.3.5) 


dPi ^ * 


II 

1 


+ Puf on r, i,j = 1,2. 


(2.3.3.6) 



We first show that this algorithm is consistent with the original problem (2.3.3. 1) 
and (2. 3. 3. 2). Indeed, (2. 3. 3. 3) is equivalent to the transmission conditions on P 
in (2. 3. 3. 2) since (2. 3. 3. 3) gives 



du, 

5 - /O 

— (3uj = lJUi 



d 

Ui + (3ui = ~ — Uj + l3uj 
dvi 



dui 



which upon addition first yields 



d d 

■ Ui + Ui 



duj ' dvj ^ 



and then Ui = Uj^ provided /3 ^ 0 (we always take ^ > 0). Now for consistency, 
assume convergence in Algorithm 2.3.3. 1. Then the iteration (2. 3. 3. 6) reduces to 
(2. 3. 3. 3), so that the limiting problem is precisely (2. 3. 3.1), or (2. 3. 3. 2). 

We proceed to prove convergence of Algorithm 2.3.3. 1. To this end we intro- 
duce the spaces H = V = Hq{Q,) and Vi = {u e H^{fli) : u\fi.nd^ = 0}, 

Hi = i = 1,2, where standard notation from functional analysis is em- 

ployed. Let us for simplicity assume 



uGH^{n)nH‘^{n) (2.3.3.T) 

such that (2. 3. 3. 3) , (2. 3. 3. 6) are well defined on I/^(T). In fact u G ipQ (^)niL^/^(ri) 
and € L^(r) would also be sufficient. 

The local errors (that is, the differences — Ui between the local and global 
solutions) satisfy (2. 3. 3. 4) with fi = 0. Let Xij G L^(r), i, j = 1,2, i ^ j, and let 
Ui solve 

—Aui =0 in Qi, 

Ui = 0 on dQ.i n (2 3 3 8) 

dui V • • • ; 

^ + (3ui = Xij on r 
di^i 

Thus Ui G H‘^{Qsi) n Vi, and hence — + (3 uj G L^(T), i ^ j = 1,2. Set 

A" = (Ai 2 , A 21 ) and define 






|r, f = l,2, 



TX = (TiX,T2X). 



(2.3.3.9) 

(2.3.3.10) 
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Then 



r X 



(2.3.3.11) 



where X \= T^(r) x L^(r) and, moreover, Algorithm 2.3.3. 1 (with fi = 0) is 
equivalent to the fixed point iteration in X: 






(2.3.3.12) 



where £ A” is arbitrary. 

We proceed to show that T is non-expansive, i.e., ||TX||a’ < where 

we set 

J{\\u\^ + \Xn\^)dr (2.3.3.13) 

r 



Now 



and 



i—1 p 
2 

^ i=i ^ ^ 



so that 



\\t'x\\1-\\x\\\ = -a 







By integration by parts 







|V Ui^ dx 



(2.3.3.14) 



(2.3.3.15) 



which shows that T is indeed nonexpansive. 

Convergence of Algorithm 2.3.3. 1 is equivalent to showing that 

TX^ = _^0. (2.3.3.16) 

Before we embark on a proof of convergence, we emphasize that, from the point of 
view of numerical procedures based on Algorithm 2.3.3. 1, one should also consider 
some (under-) relaxation, namely, instead of (2. 3. 3. 6) we consider: 
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This amounts to the relaxed iteration 

xn+i ^ (1 -e)rX” + £X" 



(2.3.3.18) 



which, obviously, has the same fixed points. We proceed to show convergence of 
the iterations (2.3.3.18) for any 6 G [0, 1). 

Prom (2.3.3.15) we have 



= (1 - eY ||T 1|X”||^ + 2e(l - e){X^,TX^U 

= (l-e)2(||X"||^-4^ / \Vu-\^dx) + s^Xm + 2s{l~e)iX^ 

i=i i 



,TX”) 



((l-e)2 + e2)||x"||^-4(l-£)2 ^ f |V<|2dz + 2e(l-£)(X",rX”). 

^ = ^ li 

(2.3.3.19) 



On the other hand 



2 

2=1 p 

+ 2 y; I \XvJi\^dx 



2=1 



^" + 2 E / 

i=l o. 



where 



Thus, from (2.3.3. 19)and (2.3.3.20) we obtain 

={{l ~ sf + e^) - 2{1 - 2s) j I'^Kl'^dx 

Qi 

2 f 

-2^ / dx + 2e(l-e)(X",TX”). 



(2.3.3.20) 



(2.3.3.21) 
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Now 






dvP- 

’■'j 






l3 dui duj 



dvJ} 






dvj 






C 2 dui du. 






1 



<"E 

i=l 



du 

dui 



‘ + 0^\u^\^) d-f = 



Thus, 

£’"+1 < ((1 _ ef + £2 + 2e(l - £)) £;" 



(2.3.3.22) 



= 1 



2 /* 

^ + |V<+^|^) c(a;. (2.3.3.23) 

»=i / 



Define ci(e) := 1 — 2e, Cn+i(^) = 1, q(^) = 2(1 — e), = 2, . . . , n. We then 

have from (2.3.3.23) 

^ /* 

£”+i <E”-i-2^ / ((l-2e)|V<“^|2 + |V<p)rfa; 

“ ^ S /((I “ 2e) |Vw"|^ + lV<+i|2) dx (2.3.3.24) 

=.£«-i_2^ f (ci(£)|Vnr'|2 + C2(e)lV<|2 + c„+i(e)|V<+i|2)dx 

»=i 4 

n+1 2 . 

- 2 ^ Q(e) XI / |V uf|2 rfa;. 

/? 1 1 ^ 



Thus 



e=i i=i , 



n+1 ^ « 

£;”+!+ 2 X c<(£) X / 

/7 1 1 



e=i i=i 



(2.3.3.25) 
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and we conclude 



and 



/ >0, i = l,2, n oo 



E'^ is bounded. 



(2.3.3,26) 



(2.3.3.27) 



As the uf satisfy Dirichlet boundary data on fl9fi with meas{Qi C\ dfl) > 0 and 
dQi = Fi U (Hi n 90), from 



^ 11^ '^rilL2(Qi) -^On^oo, z = l,2 



(2.3.3.28) 



we deduce that 0 in iF^(Oj), ^ 0 in I/^(F), i = 1,2, n ^ oo. We also 

have by (2.3.3.27) 

\-^\^ d^<C (2.3.3.29) 

UVi 



with a generic constant C. 
For (fi G Vi we have 



^ = - j ^idx = -J ^^^^id^ + j 

Qi r fii 

= j (/3<+^-A".)v?id7 + j Vu^+^<fidx. (2.3.3.30) 



Thus by (2.3.3.26), (2.3.3.28), (2.3.3.30) and a compactness argument we conclude 
weak convergence of X'^ to zero in T^(r). We summarize in the following Theorem. 

Theorem 2.3.3.1 Let u e HqD i 7 1 (Jl) be a solution (2.3.3. 1) and G 17, i = 1, 2 
he the solution of (2. 3. 3. 8) with 



={l- <-' +I3ur^) 



duj 

and e G [0, 1), A° G L‘^{T) given. Then 



(2.3.3.31) 



\\U -U\\hi 



= (E 

i=l 



\U, — U 






)i ^0 



asn ^ oo, 



and the transmission conditions hold in the sense that, as n oo, 



{u'^ - t/ 2 )|r ^0 strongly in i^(F), 
du^ du^ 
dui du2 



^ 0 weakly in I/^(F). 



(2.3.3.32) 
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From the point of view of numerical simulations, the fact that the update (2. 3. 3. 6) 
involves a Neumann-derivative of u'j on F is not very convenient. We can refor- 
mulate (2. 3. 3. 6) as 

+ /?<+' = = 20 u] - 5”. (2.3.3.33) 



But 






du^ 






du^ 

+ 20u^ = --^+0u'; 



Thus (2. 3. 3. 6) is equivalent to (2.3.3.33). This variant has been used by Deng [15], 
where a proof of convergence without a relaxation parameter can be found. 



2.3.4 An Augmented Lagrangian Formulation 

Let us repeat that it has been observed by Glowinski and Le Tallec [29] that 
Algorithm 2.3.3. 1 could be retrieved from an augmented Lagrangian relaxation 
followed by an Uzawa-type saddle-point iteration. For the sake of clarity in this 
simple standard situation, we display the arguments in the strong form. More 
precisely, we relax the continuity condition 

ui = U 2 onT (2.3.4. 1) 

by introducing the augmented Lagrangian 

C{u,\,q):='^ {\V - Uifi) dx 

* Q 

' ( 2 . 3 . 4 . 2 ) 

+Y1 y - 9 ) + f 

i p 

with Lagrange multipliers Xi i = 1,2, and penalty parameter /? > 0. Let us the 
following saddle-point iteration: 

Algorithm 2.3.4.1 

0) Let X^, i = 1,2, he given 

1 ) Solve for uf, i = 1, 2: 

du,c{u^,q^-\xn = o 

2) update Xf ; i = 1,2: 

=Ar + /?«|r-g"-') 

3) solve for q^: 

dqC{u^,q^,X^^i) = 0 

4) update , i = 1, 2.* 

A”+i=Ay^+^«lr-0. 
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Indeed, 



= f {Vu^Vipi-ipifi)dx 

® Oi 

i p 

"X/ / (A< + /i)<^i<ia; 

* r * * fii 

+ X / (^" + /^«lr - 9"“')) ^7, Vy. G 



which implies, for n + 1 instead of n, 

-A<+' = /i on 
=0 on n dCl 






+ /3ti"+i = -A”+i+/3g” on T. 



(2.3.4.3) 



The third step gives 

0 = X /(Ar"+/5«|r-0)^^/7, V^€i2(r). (2.3.44) 

2 p 

The fourth step then says Then (2. 3. 4. 3) reads as 

+ I3u^+^ = X]+^ + /3g” = 

du^ 

= X] + 2/?^^- +Pu^) + 2(3u] 

du^ 

= —^+Pu]onF 

which is precisely (2. 3. 3. 6) of Algorithm 2.3.3. 1. Thus, Algorithm 2. 3. 4.1 and Al- 
gorithm 2.3.3. 1 are equivalent. Algorithm 2.3.4. 1 has been labeled variant 3 of the 
classical Uzawa Algorithm in Glowinski and Le Tallec [28]. 

The convergence proof in [29], however, is given in the finite-dimensional 
context. See also Quarteroni and Valli [91], where this algorithm is shown to be a 
variant of a more general one by Agoshkov. There it is also noted that convergence 
rates are still unknown. We will, however, provide numerical evidence that the 
convergence is linear. 
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Remark 2.3.4.1 Algorithm 2.3.3. 1 and Algorithm 2.3.4. 1 easily extend to the trans- 
mission problem 

—aiAui = fi in Q 
Ui = 0 on QiD dQ 

u\ = U 2 onT ( 2 . 3 . 4 . 5 ) 



dui du2 

^ 1 " ^2 ^ — 

OUi UV2 



= 0 on r. 



2.3.5 General Elliptic Problems and More General Splittings 

In this section we consider elliptic problems more general than the Poisson problem 
studied in Section 2.3.3 in order to fix ideas. Let A be the differential operator of 
second order in C given by 

^ {ake{x) + c(x) u, (2.3.5.1) 

with as above, c(-) G c > 0 a.e, aij G and piecewise (7^, 

= Oik a.e. such that A := {oij) satisfies 

aki{x) 'iljk G on f], ^0 > 0. (2. 3. 5. 2) 

k,i 



Consider the model problem 



Au = f in Q 
n = 0 on 



(2.3.5.3) 



We associate with ^ on fi the bilinear form 



an(u,v) 



/ 

n k,e 



du du 
dxk dxi 



+ c{x) uv) dx 



(2.3.5.4) 



and denote the inner product in L‘^{Q) by (*, -)q. The canonical weak formulation 
of (2. 3. 5. 3) then is 

a^u,v) = {f,v)n, yveH^in). (2.3.5.5) 

By the Lax-Milgram-Lemma it is well known that (2. 3. 5. 5) possesses a unique 
solution u G Hq{Q). 

We decompose f] into /(> 2) arbitrary disjoint subdomains i = 1, . . . , 7, 
as in (2.3. 1.9). For the sake of simplicity, we will assume that the subdomains 
are connected and the areas Tij meet the boundary dfl at right angles, in order 
to have convex subdomains. This assumption can be relaxed, however. We also 
assume the regularity 



u\n, e 



(2.3.5.6) 
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and set 



■='^{ake{x) i = 



dVA 



kl 



(2.3.5.T) 



p- = . . . , and Ai := A\i. We generalize Algorithm 2.3.3. 1 to the following 

algorithm. 

Algorithm 2.3.5.1 

1) Given on , l<i^j<I, with u^, ^ 

2) compute i = 1, . . . , / according to 



Ai = fi in Qi, 
=0 on Ti 

/),,«+! Qu^ 



(2.3.5.S) 



3) n — > n + 1, ^0 ^0 2). 

Here Ai is the natural restriction of ^ to The weak formulation of 
(2. 3. 5. 8) is obtained as follows: 

ifi,Vi)n^ = j {-Yl + 

Q. ^ 

r 

= - ^{ake{x)—^ — )uikVidT + an^{u^'^^,Vi) 

dii- 

= ~I + 

p. 

^ ^ %J 

= X! J VidT - j A”. Vi dr] + afj, «+^ , Ui) 



where we have used the notation of (2. 3. 1.9). 

Let H^.{Q,i) denote the subspace of H^{Qi) of functions vanishing on F^. 
Then (2. 3. 5. 9) in condensed form is 



^ Aj / u^~^^VidT 
j€Ji /. 

L IJ 

= + (2.3.5.10) 

p , . 

i ij 
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In order to establish convergence of this scheme, we introduce the following space 
setting: 

I 



H - L‘^{n) = B L\Qi) 

7=1 


(2.3.5.11) 


V ~ {{vi,...,V[) \vi = V e i/o(fi)} 




= {(vi,. . . ,vi)\ Vi e Vi =Uj onFij, 


(2.3.5.12) 


for j eli} 




I 

W:=B 

2 — \ 


(2.3.5.13) 


Let u, w” eW, Ui = u|n;, u" = e" = u" - u, e” = u" - Ui 


= e”|nj. Hence 



e'^ denotes the error at the iteration step n if is the solution to (2. 3. 5. 3), Indeed, 
by linearity, solves 

Ai = 0 in 

+ Aj eyi = ^ (2.3.5.14) 

e" = 0 on Fj 



or 



j^Ti 



n+1 



Vi)T, 



■ = Ew 

jeXi 



,Vi)r,,,\/v^eHl{ni), (2.3.5.15) 



where (wi, Vi) = / UiVidT. 

r ij 

We proceed as in Section 2.3.3. We introduce the space 

/ 

A' := J] L2(7i) (2.3.5.16) 

i=l 

with the norm given by 

11^11^ = E E (2.3.5.17) 

i=l j€Ji 

i IJ 



where X = (Aj, i = 1, ... ,1), Xi = (Xij)j^Xi- We also introduce the operator 

T:X^X, 

:= lr„ 

{JX)i = {{TX)ij 

TX = {{TX)i:i^l,...,I} 



(2.3.5.18) 
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Iteration (2.3.5.14) then is equivalent to 



Xn+l ^ 7-(X") 



(2.3.5.19) 



As in Section 2.3.3 we have 



^ p . . 






ii2-2ci&:=E E «- j 

i=l j€l. 






-^ + /?yu,|2dr 



i=i icXi 



As X! = S S we have with /?ij = > 0 

i=i jeii j=i ieij 

\irx\\% - |jf|& = -it,Z f I 

* — 1 j^^iV' . . 



But with Si = Ui — i£, 



ani(ei,ei) - ^ 



ejdr = 0, 



(2.3.5.20) 



(2.3.5.21) 



thus (2.3.5.20) applied to X corresponding to e is 



\\TX\\%-\\X\\l = -AY^aaM,ei) 



(2.3.5.22) 



which is analogous to (2.3.3.15). 

We state this result in terms of the iteration (2.3.5.14). 

Lemma 2.3.5.1 Let be given and X'^ = + Aj : j G i = 1, . . . , /}. 

Then we have 

I 

||TX”||^ = ||X"|||-4^ an,(e”,e”). 
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We concentrate on the (under-) relaxed iteration (2.3.3.18), i.e. 

= (1-£)TX”+£X”, ee[0,l). 
The calculations in (2.3.3.19) are reproduced to give 



(2.3.5.23) 






4(l-e)2 5^ aa,(e”,en + 2e(l - e)(X”,TX”). (2.3.5.24) 



Also, with 



i=i jeXi/ 



(2.3.5.25) 



we have 



\\Xm = E- + 2j2^n, (e",e") 



(2.3.5.26) 



In complete analogy to Section 2.3.3 we obtain 

(X”,TX”) < E" 



^n+i <^n_2 J-[(i_2£)aa,(e”,eD + an,(e”+\e"+i)]. (2.3.5.27) 

2=1 

Thus with the same coefficients c{s) as in (2,3.3,25) we obtain the crucial estimate 

n+l I 

Eu+i 2 E ce{e)'£^anM,e7)<E\ (2.3.5.28) 



i=l 2=1 



We, therefore, conclude 



0 as n ^ oo 



(2.3.5.29) 



Vn>0, 1 = 1 ,...,/. (2.3.5.30) 

From this point on we may argue as in [15]: If c(x) > cq > 0 a.e., we obtain 



= (E 



^2 



n) 2 ^ 0, as n oc. 



(2.3.5.31) 
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However, in the general case c{x) > 0 a.e. we obtain only 

l|Ve”|U 2 (s^^) ^ 0 as n ^ 00 , (2.3.5.32) 

i = 1, . . . , In order to achieve convergence in this case, we have to proceed from 
the boundary dO> of where Dirichlet conditions hold. To this end we introduce 
the set Gi of domains adjacent to the boundary, i.e., 

Gi := {Ufii, meas(rO > 0}. (2.3.5.33) 

We proceed into the ‘interior’ regions as follows 

Gr^i := {uQi, meas {d^i H Gr) > 0, H - 0, V ^ < r}. (2.3.5.34) 

Now, for all i with C G\ we have 

= 0 on Vi. (2.3.5.35) 

Hence, from (2.3.5.32), (2.3.5.35) and the Poincare inequality we infer 

< C II ^0, as n ^ 00 , V i : n, C Gi. (2.3.5.36) 
This, again, implies for those subdomains 

lkrilL2(ri,-) ^0 as n oo, j eli. (2.3.5.37) 

From the weak representation (2.3.5.15) we deduce that 

||A^^.||^_i ^ 0, n ^ 00 , j G i : a C Gi. (2.3.5.38) 

We are now in position to penetrate further into the layer of interior subdo- 
mains C G 2 . In particular. 



l|A? 






0 , Ti > 00 , j G Xii , G G 1 , 



(2.3.5.39) 



i.e., for those subdomains adjacent to G\. We may use as test functions 



on Tij, j eli, Ctj C Gi 
0 else 



(2.3.5.40) 



together with (2.3.5.15) and (2.3.5.29), (2.3.5.39) in order to conclude 

l|erilL2(r,-) ^ 0, n 00 , j G X,, Qj G Gi. (2.3.5.41) 

As for each Qi C G 2 there is at least one j such that Qj C Gi with meas(Tij) > 0, 
we conclude 



< G(||Ve"||i2(t2^) + l|erilz,2(ry)) ->■ 0, 

j-.njCGi 

n-^oo, QiC G 2 . (2.3.5.42) 

By induction on r one obtains (2.3.5.31) also in the case ao(x) > 0 a.e. Thus, we 
have proved the following result. 
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Theorem 2.3.5.1 Let u e Hq n (fi) with C L‘^{Tij), l<i^j<I, be 

the solution of (2. 3. 5. 3); and uf G i/p. (fl), i = 1, . . . , / the solution of 



Ai = fi in Qi 
uf = 0 on Fi 



duj 

duAi 



+ Aj - (1 - ff)(- 



^3 



du ^ 



with e G [0, 1). If 



du° 

di'Ai 



+ Pij 



1 < ^ 7^ j < ^ 



then 

I 

||u" - u||/fi = IK - Mi||ffi(n,))^ ^ 0, w ^ 00. 

i=l 



(2.3.5.43) 



(2.3.5.44) 



(2.3.5.45) 



2.3,6 An a Posteriori Error Estimate 

The convergence results established so far guarantee convergence. However, for 
a numerical implementation, and in particular for adaptivity with respect to the 
splitting, we need reasonable stopping criteria, first on the infinite-dimensional 
level. Moreover, the question how the parameters of the algorithms have to be 
chosen in order to obtain fast convergence is not answered. Otto and Lube [90], 
[83] have obtained ‘a posteriori’ estimates for the algorithm of this section at least 
for the two-domain case. We are going to reproduce their arguments for the sake 
of self-consistency. We adopt the notation of Section 2.3.5. 

Consider the problem 

an(w,?;) = L{v), V v G H^{n) = V, (2.3.6.1) 

which is equivalent to 

2 2 

y] aUi(ui,Vi) = Li(vi), Vi G /fr.(Oi), i = 1 , 2 . ( 2 . 3 . 6 . 2 ) 

2=1 2=1 

The domain decomposition method of Section 2.3.6 gives at iteration level n-h 1: 

anAuy\vi) + j = j \] VidT + Li{vi), (2.3.6.3) 

r r 

A”+' =(A+A)«r'-^” 



(2.3.6.4) 
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In fact we may extend, if necessary, the L‘^{T) pairing to the duality pairing be- 
tween W := H^q{T) := {^|r : ^ G C H^T) and H^o{Ty = H-^T), and 

denote this by (•, *)r. Thus, in general, (2. 3. 6. 3) and (2. 3. 6. 4) can be rewritten as 

(2 3 6 5) 

= Li{vi) + (A”,-yi)r on Vi := Hp.(Qj), 

(A^+\<f)r = m + /3,)u;+\<f)r - {X],v)r, V<p £ (2.3.6.6) 

It is well known that the trace operator 

tn : ^ L\T) (2.3.6.T) 

is continuous and that there is a continuous extension of tr~^ 

tr~^ :W ■^V^. (2.3.6.S) 

Moreover, W is continuously embedded into T^(r), see, e.g., [90]. We may therefore 
express elements Vi G Vi by = tr~^ ^ + where (f eW and G 
Hence, (2. 3. 6. 5) reads as 

ani{Ui'''^,Vi) + (/3ju"+^v?)r Li{vi) + (A”,v?)r- (2.3.6.9) 

Moreover, can be extended by zero across P to an element of V. Thus, if we 
consider the errors 

ryr = Ar-A„ (2.3.6.10) 

where A^ satisfies (2. 3. 6. 6) (for n) and A^ is given by 

{Xi,ip)r = aQ,{ui,tr~^ ip) + {l3i, Ui,ip)r - Li{tr~^ (f), V(/j€W, (2.3.6.11) 

then the error satisfies 

V n* € V, (2.3.6.12) 

= ((/?i +/3j)e^+\vp)r - (Vj,P>), ^ <p e W. (2.3.6.13) 

Suppose that j3i G L®^(Q). Then 

- Aer,<^) =ani(e”,ir“V) < Q ||^r“^|| ||e"||v. \\ip\\w (2.3.6.14) 

with Ci = max{||^||Loo, ||c||l°°} as in Section 2.3.5, and 

{0iP,e^-^\ = j 0iip6i+^ dj 

r 

<l|A||Loo(r)||¥^||L^(r)l|ir.er^|U.(r) (2-3-6-15) 



< Cw P^ill ||AllL»»(r) \\<p\\w ||e”'''’||vi- 
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Let us now consider ao^ ui) + aQ^{e2,V2)- We obtain, with (2.3.6.13) 

,vi) + au^{e2,V2) = (r ?2 ~ A ei'*‘\wi)r + ~ /? 2 e 2 ,V 2 )r 

= (A(e^ - e?+'), vi)r + (%” - A e?, t^i)r 
+ {Vi~^ - /? 2 62,^2 -i;i)r + {Vi~^ - 02e2,vi)r 

= (/3i(u2 - ~ /? 2 62 , 1^2 -'yOr (2.3.6.16) 

Thus upon setting v\ = U2 = 62 we obtain using (2.3.6.14) 

< - <+'),er^)r + C2|ltr2-il| ||u^ - <+^|| 

< Cwlltnll ||/3i|U=o(a) ller^lk, +C2||trjill He^||vJ ||u5 -<+ML 1 ,, 

^00 / 

(2.3.6.17) 



(l|er'lk. + KlkJ-K-<+'lL 1 

-^00 ) 

< maxICvy prill, ||/3i||L~(a)}, max{||A||i,~(Q), ||C'||z,oc(q)} ||tr 2 || 

• (Ikr^lk. + ile^lkJ -<NL 1 (2.3.6.18) 

On the other hand, we have afi.{v,v) > mi \\v\\‘f, so that (2.3.6.17), (2.3.6.18) 
become 



min{mi,m2} (||e^+^||^^ + lleallvj 

^ C(||^i|poo, ||a||L~, 



,71+1 

1 



\Wi + ll+lks) 



\\Uo - U 



n+1 1 



^^o"o(r) 



(2.3.6.19) 



and hence 



IK+'llv. <C(+, + c 



9 — U 



n+1 1 






with 



C{(3uAc) 



2C'(||/?i||l°°) ||^||l°°, ||c||l°°) 
min{mi,m2} 

min{mi,m2}“^ maxICu^prijl ||+||l«>, 
max{||2l||Loo,||c||Loo} . pr2i}. 



(2.3.6.20) 



(2.3.6.21) 




2.3. Domain Decomposition Methods for Elliptic Problems 



57 



Theorem 2.3.6.1 Letu be a solution of (2.3.6. 1) andu^^^ he solutions of (2. 3. 6. 3), 
(2. 3. 6. 4) or (2. 3. 6. 5), (2. 3. 6. 6); fori = 1,2. Let the errors ef, rff, i = 1,2, he given 
as in (2.3.6.10). Then we have the a posteriori estimate 

+ <C(/3i,a,c)K-<+i|| 1 (2.3.6.22) 

^00 (n 

Remark 2.3.6.1 

i) Note that the error estimate is not symmetric with respect to the domains. 
But this asymmetry can easily be removed by starting at domain 2 and then 
combining the estimates. 

ii) The estimate (2.3.6.22) allows one to optimize the error bound C(/3, a, c) with 
respect to the transmission coefficients (3i appearing in the Robin data. This 
is a major advantage as the convergence results do not give any hint in this 
direction. 



2.3.7 Interpretation as a Damped Richardson iteration 

In order to fix ideas we consider the simplest problem as in (2. 3. 3. 5), (2. 3. 3. 6) and 
(2.3.3.7), i.e., 

—Au=f in f] 
u =0 on dfl 



and 



-Aui =fi in Q 

Ui =0 on dO. n d0.i 

^ . d 

diyj 



— Ui^(5 Ui = -—Uj ^ (3 Uj on T 



1 , 2 . 

We decompose Ui as follows. Let Gi{fi) =: zi solve 



(2.3.7.1) 



(2.3.7.2) 



—A Zi —fi in 

Zi =0 on n dO^i 

d 

— Zi^!3 Zi = 0 on r, i = l, 2. 

OVj 



(2.3.7.3) 



Moreover, let wi := Ri Xij solve 



—Awi =0 in fi 

Wi =0 on 9fi n dO^i 

d 

~ Wi+/3wi = Xij on r, i = l,2, j ^i. 

uUi 



(2.3.7.4) 



Finally, define Si{\ij) = Wi\r- The operator Si is an example of a Poincare-Steklov- 
type operator, and Ui = Wi Zi solves (2. 3. 7.2), iff Xij = —^Uj i ^ j. 
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Let us express (2. 3. 7. 2) in terms of the operators Gi, Ri^ Si as follows: 



d 



d 



GAfj) + (3iS,{XJ^) + Gj{f,)\r) = -(^ RJ(X,^) + /3S,(Xj,)) 



^duj 

-(^ Gjifj) + f3Gjifj)\r) + 2l3{Sj{Xji) + G,(/,)lr) 



(2.3,7.5) 



- ~^ji + W{Sj{\ji) + Gj{fj)\r)^ 



On the other hand, (2. 3. 7.5) equals Xij. Thus 



Xij + Xji 2(3 Sj {Xji ) — 2(3 Gj (fj)rij 



(2.3.7,6) 



h j — f 5 ^ j' 

Equations (2. 3. 7. 6) can be interpreted as a Poincare- St eklov- type equation 
to be solved on the common interface. This interpretation of the nonoverlapping 
domain decomposition of P.-L. Lions seems to not have been recognized in the 
literature. For easier reference, let us denote 

X Xij ^ fjj ~ Xji. 



Thus, (2. 3. 7.6) reads as 



X = 2(3S2f^-f^ + 2(3G2f2\r 
^I = 2(3SlX-X + 2(3Gl /i|r. 



Yet another way of writing this is as follows 

/ I -{2(3S2-I)\ f X \ _ f 2(3G2f2\r \ 

\ -{2(3 Si -I) I ; W 7 V 2/3Gi/i|r 

The damped Richardson iteration of (2. 3. 7.8) is given as follows. First 



(2.3.7.S) 

set 






I -(2/352-7) 

(2/3 5i - /) I 



X := 



A 

fJ- 



Then (2.3. 7.8) is the same as 



b = 



2/3G2/2|r \ 

2^Gi/i|r )■ 



Ax = b 



which is solved iteratively as follows for some 0 € M: 

X^+^ =x^ -e{Ax^ -b). 



(2.3.7.9) 
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^n+l 

^n +1 _ ( 2 ^ - A") - 2^ Gi /i |r) 

or 

A-+1 =(1 - 0) A" + e{2/3 S 2 /i" - /i" + 2/3 G 2 Mr) 

=(1 - 0) /i" + 6{2(3 Si A" - A" + 2/3 Gi /i |r). 

Going back to the variable Ui we can express iteration (2.3.7.10) as 

A^+i =(1 -e)\^ + 6{2(3 u^\t - M) 

^n+i - 6>) + 6>(2/3<|r - A^). 

Converting 6 into 1 — e converts (2.3.7.11) into 

An+l ^ _ ^)(2/3u^|r - /i^) 

^^+1 + (1 - e)(2/3<|r - A^). 

Thus it is seen that the damped Richardson iteration (2.3. 7. 9), (or (2.3.7.10)) 
for (2. 3. 7. 8) with damping parameter 6 is precisely the underrelaxed fixed point 
iteration considered in this chapter, where we set 

T(A,/i)-(2/3t^2|r-iU, 20ui\r~X) (2.3.7.13) 

and recall that g\ = \ Q 2 = ii. 

Obviously the problem (2.3. 7.8) is not always symmetric, which makes it 
difficult to apply convergence theory for the Richardson iteration, in particular 
in the given case of a Hilbert space setting in infinite dimensions. If, however, 
the subregions are identical, then the problem is symmetric and the theory of 
J. Bialy [11] applies; for parameters 0 G (0, y^) we have strong convergence of 
the ^^’s in T^(r). This implies convergence for the fixed point iteration (2.3.7.12) 
with relaxation parameter e = 1 — 0. As the norm of A can in principle be small, 
depending on the choice of /3, 6 may be large. Therefore, £ may even be negative 
and still there is convergence (for A symmetric). 

A Schur Operator Formulation 

According to (2. 3. 7.3), (2.3. 7.4) the solution ui of (2. 3. 7.2) can be uniquely ex- 
pressed as 

Ui = Wi-{- Zi (2.3.7.14) 

where Wi - riXij, Zi - Gi{fi) := fi. Furthermore, Si{\ij) := RiXij\r =■ 
triRiXij. We have Wi G and with the extension of = —A on to 

Ai : Vi V* we can write 



(2.3.7.10) 



(2.3.7.11) 



(2.3.7.12) 



Ai Ui — Ai Ri Xij “1“ fi Z — 1, 2. 



(2.3.7.15) 
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(2.3.7.16) 



Moreover, according to (2.3. 7.7) 

Ai2 =2/3 S 2 A 21 — A 21 + 2/3 tv2 Z2 
A 21 =2/3 Si Ai 2 — Ai 2 + 2/3 tr I zi. 

We can rewrite (2.3.7.15), (2.3.7.16) in terms of the variables Zi, Xij as follows 

—A zi — ARi Ai2 = fi 
— A Z2 — A i?2 A 21 = /2 
—2/3tr2 Z 2 + Ai 2 + A 21 — 2/3 tv 2 R 2 A 21 = 0 
-2/3 tr I zi + Ai 2 + A 21 - 2/Jtri Ri A 12 = 0 
or in operator matrix format 

/ -A 0 -ARi 0 \ 



(2.3.7.17) 



\ -2(3tri 



0 

-A 

-2/3tT2 

0 



-ARi 

0 

I 

I - 2(3triRi 



0 

-AR2 
I - 2/3tr2T2 

I 



( \ 



) 



Zl 

Z2 
Ai2 

V ■^21 ) 



( h \ 
h 
0 

V 0 ) 

(2.3.7.18) 

The Schur complement of this block-operator-matrix equation is precisely 
(2.3.7.16). Equation (2.3.7.18) can easily extended into a weak operator-matrix 
equation 

0 \ 

B 22 

I - 2/352 
I 



( Ai 
0 
0 

V <^21 



0 

^2 

C 12 

0 



Bn 

0 

I 

I - 2/3Si 



/ 



/ 



2:1 ^ 




f hi \ 


^2 




to 


Ai2 




fl3 


A 2 I ) 




K ) 



(2.3.7.19) 



It is evident that for more general splittings the following pattern for the operator 
matrix in (2.3.7.19) evolves; for example, for p domains we have 

\ 



(2.3.7.20) 



Ai 


0 


Bn 


Blq 


0 


A 2 0 


B 21 


B2q 


0 


Ap 


Bpi 


Bpq 


Cii 


Cp 


Si 


0 


C 21 


C2p 


0 


S 2 0 


\ 


Cqp 


0 


S, , 



) 

where the matrices (Q/c) have a sparsity pattern according to the adjacency 

structure of the subdomains. In particular, the number q equals the sum of all 
cardinalities of adjacent subdomains 

i=l 



where li = {j £ {1, . . . ,p}\{i}l 
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The structure of the operator (2.3.7.20) remains after discretization. We note 
that Robin-type decomposition discussed here differ from the more standard split- 
tings in the structure of the Schur operator. This can be seen from Quarteroni and 
Valli [91]. For the sake of self-consistency, we reconsider the standard problem and 
decompose 

-Aui=fi in 9,i 

Ui =0 on d^i n dQ 

ui =U 2 on T (2.3.7.21) 



dui du2 
dv\ dv2 



on r 



as follows. Introduce yi by 



-Ayi = fi in Qi 

yi=0 on dQi H dQ (2.3.7.22) 

yi = \ on r. 



Then yi can be decomposed into 



yi = Zi + Wi, (2.3.7.23) 

where 

-Azi = fi in Qi 

Zi=0 on dQi n dn (2.3.7.24) 

Zi =0 on r 

and 

—Awi = 0 in Q.i 

Wi=Q on d^i n dn (2.3.7.25) 

Wi — \ on r, 

see Quarteroni and Valli [91] Section 1.1. 

Now with Wi = Ri X we obtain 



^^1 _ Q 

di/i dv2 



dui 



R\ A+ 



duo 



R 2 X 



d d 

UUi 01^2 



In other words, (2.3.7.21) is solved if and only if, with Si := Ri^ <S — <Si + 

<S 2 , and X := ~ ^ /i — ^ ^2 ^ Steklov-Poincare interface 

equation 



SX = X. 



(2.3.7.26) 
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The counterpart of (2.3.7.18) can now be expressed as 

- Azi- ARiX = fi, i = l,2 

- tn zi - tr2 Z2 + (<Si + <S2) A = 0 



or, in block format 




0 -A ill 
-A -At2 
-tV2 Si + S 2 




(2.3.7.27) 



(2.3.7.28) 



i more 


general splittings can again 


be put into the formal pattern 


Ai 


0 . 


.. 0 


Bn ... 


Bi9 \ 




0 


A2 


.. 0 


B2I 


B29 




0 




Ap 


Bpi 


Bpq 


(2.3.7.29) 


Cn 




.. Cip 


Sii ... 


Elg 




C21 




.. C 2 p 


S21 . . . 


E2q 




Cgl 




Cqp 


Eqi . . . 


Egg ) 





where the matrices (B^ ), (C^) have a somewhat condensed sparsity pattern when 
compared with the corresponding matrices of (2.3.7.20) and (Sij) is dense. How- 
ever, the q of (2.3.7.28) is half of the q in (2.3.7.20). 

Typically, (2.3.7.29) is expressed compactly as 



(2.3.7.30) 





{ 










Ap 


ApT. 




\ 


■ ■ ■ ^S,p 


Ase , 


with the obvious definitions {Bn . , 


• Biq) — . ^ — 



•= 5]. After discretization, the structure remains as in (2.3.7.30). The 
matrix representation (2.3.7.30) is the paradigm for most of the known domain- 
decomposition techniques, whereas the special sparsity structure of the Robin 
method resulting in (2.3.7.20) does not seem to have been noticed in the literature. 

It is important to note that equations with matrices according to (2.3.7.30) 
have been shown to possess the structure of the hierarchical matrices, or H- 
matrices, introduced by W. Hackbusch [18]; see also [40] for the particular sit- 
uation of (2.3.7.30). Corresponding equations, after discretization, can be very 
effectively solved in order 0(n), where n is the order of the matrix, by a direct 
solve. 

As a very simple example to illustrate these remarks consider the problem 

-u"=f in (-L,L) 
u{-l) =u{l)=0. 



(2.3.7.31) 
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The subproblems to be solved are, for example, 



- u" = fi in (-L, 0) 

ui{-L) = Q (2.3.7.32) 

u\{0) +/3ui(0) = A 



- u '2 = /2 in (0, L) 

U2{L) = 0 (2.3.7.33) 

- «2(0) + /3u2(0) = n- 

In discussing the properties of .4 (see (2. 3. 7. 8)) we are interested in the solutions 
w^ to (2.3.7.32), (2.3.7.33) with /i = /2 = 0. Thus 

wi{x) = 13 L (^ + ^) • ^ 

(2.3.7.34) 

1 

W2{x) = ^ (-X + L)-fJ,. 



But Si \ — wi(0) = 52 M = ^ 2 ( 0 ) = and, therefore, 5i = ^2 = 

In this case A is given by 



A = 



/3L-1 \ 
0L+1 \ 

1 J 



and, as A, (i are just scalars, the problem is 2 x 2. The eigenvalues of A are 



W\ 



2 2/3L 

/3L + 1 ’ “ 5T + 1 



hence, Wi G [0, 2], V/^ G [0, oo). The minimum with respect to (3 of the maximum 
eigenvalue occurs for /? = 1/L, where w\ = W 2 = Thus 6 G (0,2) and hence 
e G (—1,1). Obviously, for /? = 1/L we have A = I and the Richardson iteration 
matrix 7 — ^ = Ofor0 = 1. Thus, after step 2 we are done. The case 6 = 1 relates 
to £ = 0, that is to the unrelaxed iteration. In addition, 6 = 1 is also the optimal 
choice according to the standard theorems; see Hackbusch [39]. The case 0 1, 

e G (0, 1) leads to a convergence rate max{|l — 6 |1 — 6 -^\}. Note also that 

the optimal choice of /? > 0 depends on the geometry. 

This trivial exercise shows that, under certain circumstances, the iteration is 
easy to analyze. Note, however, that even in the two-dimensional completely sym- 
metric case, the iteration takes place in a trace space which is infinite-dimensional. 
Hence, a spectral analysis of the Poincare-Steklov-operators is needed to proceed 
further. The more common situation in this book will be one where there is no sym- 
metry with respect to the subdomains. Thus the matrix operator in (2. 3. 7.8) will 
generically not be symmetric. While to our knowledge the nonsymmetric case is 




64 



Chapter 2. Background Material on Domain Decomposition 



handled only in the finite-dimensional setting in the framework of the Richardson- 
iteration, we can resort to theorems of Schaefer [94] and Opial [89]. See also Fortin 
and Glowinski [23]. 

To apply these theorems, we need the notion of asymptotic regular operators 
in a Banach space. In fact, one can work in a closed convex subset C. Let A' be a 
Banach space, C C A be a closed convex subset. A nonexpansive map T : C — > C is 
said to be asymptotically regular if, for any x G C, the sequence x — T^x] = 

{{T — I) x] tends to zero as n ^ cx). We also introduce the family of mappings 

T, := £ / + (1 - e) r, £ G [0, 1). (2.3.7.35) 

Now suppose that X is uniformly convex and has a weakly continuous duality 
map. Under these assumptions we can state the following three results. 

Proposition 2.3.7.1 (Schaefer [94]) IfT has at least one fixed point in C, then the 
mapping % is asymptotically regular for all e G (0, 1). 

Proposition 2.3.T.2 (Opial [89]) If the asymptotically regular map T has a fixed 
point X G C then, for all x G C, {T^ x} is weakly convergent to a fixed point ofT. 

Proposition 2.3.T.3 (Opial [89]) LetT be nonexpansive with at least one fixed point. 
Then for each e G (0, 1) and x G C the sequence {Tp x} is weakly convergent to a 
fixed point. 

As the iteration with % corresponds exactly with the underrelaxed iteration 
(2.3.7.12) and, in turn, with the damped Richardson iteration for 6 = (1 — e), 
we infer weak convergence of the iterates to the only fixed point x = 0. Thus, 
generically we will expect convergence in the relaxed case £ G (0,1). However, 
proving convergence of the solutions of the partial differential equations involved 
remains a difficult problem. This is particularly true for time-dependent problems 
which are at the heart of this monograph. 

2.3.8 A Serial One-Dimensional Problem 
The Steklov-Poincare Equation 

In order to further explore the structure of the iteration and the Schur operator 
equation, we consider a serial 1-d situation. To this end, we decompose the interval 
(0,^) into AT T 1 subintervals 

0 = -^0 < ^1 < ’ • ■ < < In +1 = -^5 

and we set Li := i = 0, . . . , N. Let us assume that at 0 = we have 

a Dirichlet condition, whereas at ^at+i = ^ a Neumann condition is imposed. Let 
Li be the restriction of u to L{. Thus, 

'^^o(^o) = 0, 'u'^(£iv+i) == 0. 



(2.3.8.1) 




2.3. Domain Decomposition Methods for Elliptic Problems 



65 



The transmission conditions at the interfaces, represented by the break-points 
i = 1, . . . , AT, are 

2 = 0, . . . , iV — 1, (2. 3. 8. 2) 

i = 0, . . . , iV - 1. (2.3.S.3) 

Obviously, the standard Robin-Robin-type domain decomposition procedure leads 
one to consider the relaxation of (2. 3. 8. 2), (2. 3. 8. 3) as usual: 

= Wi+l(^i+l) +^Wi+l(^i+l). 

and 

—u'l (ii) -h PUi{ii) = Xi^i-i 

= + f3ui-i{ii)^ 

On the bounding intervals i = 0^ i = N we have to solve 

— Uq Co uq = fo in Lq 
uo{0) = 0 (2.3.8.6) 

UQ{ii) + (3uo{h) = Ao,i 

and 

- -i- cnun = /at in Ln 

u'n{£n+i) = 0 (2.3,8.7) 

-u'n{^n) + 0Un{^n) = Aat,V- 1 
respectively, whereas in i = 2, . . . , iV — 1, we have 

- u'l a Ui = fi in Li 

-v!^{U)^^Ui{!Li) = \i^i-x (2.3.8.8) 

Problems (2. 3. 8. 6), (2. 3. 8. 7), (2. 3. 8. 8) are to be decomposed according to 

Ui = Zi + Wi z = 0, . . . , A/' (2. 3. 8. 9) 

where Zi solves (2. 3. 8. 6), (2. 3. 8. 7), (2. 3. 8. 8) with Aq,i = A^^i+i = Aiv,Ar-i =0 

and Wi satisfies (2. 3. 8. 6), (2. 3. 8. 7), (2. 3. 8. 8) with fi = 0. Define 

Zi=:Gifi, z = 0,...,iV (2.3.8.10) 

Ai= ( = (2.3.8.11) 

V ) ’ 



i = 0,...,iV 



(2.3.S.4) 






(2.3.S.5) 



Si{\i) = 



i = l,...,iV-l, 



(2.3.8.12) 
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Si4-i{Xi) =Wi{ii), i = 1, 

Ri\i\=Wi, i = 1, . . . , AT - 1. 

Going back to (2. 3. 8.4), (2, 3. 8. 5) we have 

+ (5 

+ Gi-\.i{fi^iY {£i-\-i) + (3 Gi^i{fi-^i){£i^i) 

= ~ + 2P Si-^i^i{Xi-^i) 

+ 2/3Gi-fi(/i+i)(^z+i) 

and 

Xi^i-i = - w[_^^{£i) (3wi-i{£i) 

— z'_i(£i) + /3 Zi-i(£i) 

= — Xi-i^i + 2/3 Si-i^i(Xi-i) 

H- 2/3 Gi-i(fi-i)(£i). 

Prom (2.3.8.15), (2.3.8.16) we obtain 



I Xi^i—l 



1 0 
0 0 



-^2+1, 2 
Ai+1,2+2 



+ 2/3 



5.-1 




/ 0 0 

Vo 1 



Xi—\^i 



+ 2 /? 



0 

5i+i,.(Ai-|_i) 



+ 2/3 



Gi-i{fi-i){£i) \ 

G.+i(/.+i)(^.+i) J 



Now using the elementary matrices al\ = 6i^iSj^k, Eij = (o^£i)^,fc, we write 
as 

Xi = — Ell A.-fi + 2/3 Ei 2 Si-i{Xi-i) 

- E 22 Xi-i + 2/3 E 21 5.+i(Ai+i) 

+ 2(3{Ei2 G._i(/._i)(£.) + P;2i G,+i(/.+i)(£,+i)). 

Let us define 

/l. -2^{Ei2 G,_i(/._i)(£,) + ^2iG.+i(/.+i)(^.+i)) 
r.,.+i :=2P{E2i Si-^i - Ell) 
r.,2-1 :=2/3{Ei 2 Si-i — E22)’ 

Then (2.3.8.18) can be written as 

A.-i + A. — r.,.4-1 A._^i = /i.. 



(2.3.8.13) 

(2.3.8.14) 

(2.3.8.15) 

(2.3.8.16) 

(2.3.8.17) 

(2.3.8.17) 

(2.3.8.18) 

(2.3.8.19) 



(2.3.8.20) 
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z = 2, . . . , iV — 2. Accordingly, for i = 1, i = iV — 1 we have 

Ai — ri,2 A 2 = hi 
— AiV-1 + Aiv = /liV, 



(2.3.8.21) 



where Ai Ai, 2 , Ajv •= Xn,n- 1 ’ Note that (2.3.8.21) are scalar equations. 

Therefore, the “Steklov-Poincare” equation associated with this serial prob- 
lem, i.e., (2.3.8.20), (2.3.8.21), can be written as 



/ I -Ti2 
I — r 2 i I —^22 



\ 



\ 



^N-l,N-2 


I 




1 

1 






—'^N,N 


-1 


I 


J 






Ai \ 




1 h, \ 








As 




h2 




X 






= 










\n-1 




hN-i 








Ajv J 




y hi\! J 





(2.3.8.22) 



We may write (2.3.8.22) compactly as 



[i-g]A = H. 



(2.3.8.23) 



A Preconditioning Method 

It is common practice in the numerical implementation of domain decomposition 
methods to discretize the Steklov-Poincare equation which, in the context of a 
serial 1-d problem, is (2.3.8.22) or (2.3.8.23), thereby obtaining the Schur comple- 
ment equation to which is applied a preconditioning step. The general philosophy 
is discussed in Quarteroni and Valli [91, Chapter 3]. The strategy can be most 
easily explained in the context of the very simple 1-d serial problem which, in the 
case of constant coefficients, can be solved analytically. The reason for the choice 
of this model problem, besides its exemplary character, is that the same procedure 
can be applied to time domain decomposition problems discussed in Chapters 6-8 
of this book. For the latter decomposition problems, there will be a strong relation 
to the very recent preconditioning methods of Maday, Lions and Turinici [75], [84]. 
As discretizations are not the focus of this book, however, we confine our attention 
to this 1-d problem. 

The idea behind the two-level approach discussed in [91] is to use global 
information that can be computed fast and efficiently to accelerate the iteration 
of the local problems. As in our situation of a Robin-Robin- Jabobi- type iteration 
(see, e.g., [91, Chapter 1.3, iteration 3 and 4] for the Gauss-Seidel version and [91, 
Remark 1.3.1]), the Steklov-Poincare operator is not necessarily symmetric and 
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elliptic but rather an operator-valued matrix and the two-level approach is not 
identical to the one explained in [91]. 

In order to obtain global information on the A^’s fast, we consider a coarse 
grid discrete problem as follows. Let Ui ~ u{£i) be the approximation to the 
solution of 



~ u" + u = f in (0, £) 
u(0) = 0, u\e) = 0 



(2.3.8.24) 



evaluated at x = the breakpoints, as follows: 



^2-t-l ^i—1 



-\-cui = fi, i = 



uo = 0 , 

(1 cA£%_^i) un +1 - ujsf-i = /iv+i- 



(2.3.8.25) 



This is a second order in A£{ approximation to (2.3.8.24). We proceed to retrieve 
information on A^’s from the u^’s by simply approximating (2. 3. 8.4), (2. 3. 8. 5), even 
to first order only. 






A 4 



2+1 






"^2+1 

~~ aJ ~ 



+ l3ui 



Ai,2— 1 • 



(2.3.8,26) 



With A^ given by (2.3,8.26), i = 1, . . . , iV — 1, we have a first data set in order to 
start the iterative solve of (2.3.8.23): 



^n+i g ) - H ), (2.3.8.27) 

In order to proceed further, we need a numerical solution based on the data A. 
To this end we transform the local equations (2. 3. 8. 6), (2. 3. 8. 7), (2. 3. 8. 8) into 
first-order two-point boundary value systems 



(no\ 



0 1 
c 0 



Uo 



+ 



0 

-/o 



in io 



(1,0) (:?j(o)=o 



(/?! 1) ( ) (^l) = Vl, 




(/3,1) ( 2 ) (^,+i) = Am+i 



(2.3.8.28) 



(2.3.8.29) 



(A-l) 



(^i) — 5 
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Un 

t 

'N 



U 



0 1 
c 0 



Un 

/ 

'N 



U 



+ 



0 

-In 



in L 



N 



( 0 , 1 ) 



Un 

u'n 



(^AT+l) = 0 



(/ 5 .- 1 ) ( 7 

Un 



{£n) = Aiv,iv-i, 

with the matching condition 

A.,„= (A !)(:■« 

Aii-i = (/ 3 , 1 ) ( 



(^ 2+1 ) 
(^2). 



(2.3.8.30) 



(2.3.8.31) 



We may use the methods of Asher, Matheij and Russell [3] in order to solve 
(2.3.8.28)-(2.3.8.30). In particular, we may use a single shooting step on each 
interval Li, i = 0, . . . ,N. Note that this can be done in parallel. Even though in the 
1-d context of a decomposition in space, this observation may not seem relevant, 
it turns out that in optimal control of hyperbolic problems discussed in Chapters 
6 to 9, the analogous time domain decomposition will benefit from parallelism. In 
any case, we will obtain a numerical solution of (2.3.8.28)-(2.3.8.30), a discrete 
analog of Q and H given by (2.3.8.23), (2.3.8.22), respectively, such that 

(I-^?a)A = Fa. (2.3.8.32) 

The idea is to precondition the damped Richardson iteration (2.3.8.23) by 
rewriting it as 

- Ga A"+^ = -Ga A" + A” - 0 ((I - g) A" - H) 



or as 

A"+1 = A" - 0 (I - ((X -G)A.'^~ H). (2.3.8.33) 

The interpretation of (2.3.8.33) is very close to the one given by Maday et al. [75], 
[84]. Indeed, replacing the right-hand side of (2.3.8.33) by the residual 

res^ = {I -g)A^- H, (2.3.8.34) 

we propagate the error on the coarse grid (using a one-step shooting or a two- 
point discretization of (2.3.8.28)-(2.3.8.30)), do an updating step (2.3.8.33) and 
perform a local solve on a fine grid (or even an exact solve in this setting of a 
1-d problem) in order to obtain the new residuals. By its nature, the process is 
completely parallel. 




Chapter 3 

Partial Differential Equations 
on Graphs 



3.1 Introduction 

In this chapter we focus on one-dimensional partial differential equations on 
graphs. Partial differential equations on graphs, or on higher-dimensional ‘net- 
worked’ domains, have frequently been considered in the literature, beginning 
with the work of G. Lumber. We dispense with displaying a list of papers on this 
topic, but rather refer the reader to a recent proceedings volume [2] for an account 
of current research in this area. For higher-dimensional problems and, more im- 
portantly, for optimal control problems for partial differential equations on graphs 
or networked domains, see [61]. 

Applications of the theory of partial differential equations on multi-link struc- 
tures are many. For instance, we encounter problems on graphs or, more gen- 
erally, on networked domains in structural control, civil engineering, infrastruc- 
tures, mechatronics, biology, medicine, traffic flow, electrical and communication 
networks, fluid flow through a network of pipes or canals. See the introductory 
chapter for more details. 

The study of partial differential equations on graphs or networked domains 
is not just the investigation of well-known mathematical objects on some special 
domains. Graphs and networked domains, in our terminology, are not manifolds. 
Thus, we encounter partial differential equations locally on single links, substruc- 
tures or subdomains, which themselves are indeed manifolds, plus certain trans- 
mission conditions at multiple nodes, interfaces, etc., where more than of these 
substructures meet. Such conditions can be called continuity and Kirchhoff con- 
ditions, as in the theory of electrical networks. 

Thus, the local equations plus the transmission conditions at multiple inter- 
faces constitute a new mathematical entity that is globally defined on the entire 
structure. A full account of this subject is far beyond the scope of this book. 
In very recent applications one considers so-called heterogeneous, multi-physical 
systems on complex structures. This terminology expresses the fact that one con- 
siders a various types of local behavior, necessarily described by different partial 
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differential equations on different parts of the structure. One may, for example, 
model the flow of water in channels by a one-dimensional shallow water equation, 
while flooded areas, reservoirs and river sections with higher curvature are taken 
into account by two- or even three-dimensional models. This applies to the mod- 
eling of blood vessels and heart dynamics, as well as to mechatronical structures, 
where one-dimensional elements such as strings, cables and beams are connected 
to plates and shells. See [61] for some of these models. Moreover, the coupled dy- 
namics at multiple nodes or interfaces may be of first or second order in time. 
Static problems may be coupled with dynamical ones, and so forth. 

In this book we will concentrate on elliptic and hyperbolic problems on graphs 
and networked domains. In particular, in this chapter we want to introduce the 
reader to the general philosophy of partial differential equations on networked do- 
mains by examining one-dimensional problems on graphs. In order to allow for 
more generality in this context, we describe a general class of second order vector- 
valued Sturm-Liouville problems on graphs. We describe the operators, then dis- 
cuss elliptic problems and give a first introduction to how a domain decomposition 
into equations on single links, the edges of the graph, can be designed. 

Domain decomposition of problems on graphs is motivated by the analysis 
of Chapter 2. More precisely, in the elliptic case we consider Robin- type decom- 
positions, as discussed in Section 2.3 of Chapter 2, while in the hyperbolic case 
we appeal to ideas that were introduced in Section 2.2.2 of Chapter 2. We fur- 
ther introduce an analog of the Steklov-Poincare operator on graphs, which in the 
context of wave equations can be interpreted as a scattering operator at multiple 
nodes. Indeed, it turns out that the domain decomposition of wave equations on 
graphs is essentially a Schwarz-type nonoverlapping domain decomposition ap- 
plied to the Riemann invariants. Obviously, such a natural decomposition has the 
potential to be extended to higher dimensions, as will be seen in Chapters 6 to 9. 
We also provide an interpretation as a Richardson iteration in order to embed the 
problem into more standard notions. We dispense with a posteriori estimates in 
this chapter, as they will be obtained for the more complex problems with controls 
in subsequent chapters. 

3.2 Partial Differential Operators on Graphs 

Consider a simple graph G = {V^G) in with vertices V = {vj : J E J] and 
edges £■ = {e^ : i G X}, where we index vertices and edges with capital and lower 
case letters, respectively, and where J and J denote the index sets for vertices 
and edges, respectively. For a given vertex vj we consider the set of edges that are 
incident at vj. The corresponding set of edge-indices is denoted by 

Xj' := {z G X : is incident aivj}. 

The cardinality of Xj is the edge degree at ^j, that is, dj := \Tj\. To each edge 
incident at vj we assign a positive or negative sign according to whether the edge 
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6i ends at vj or starts at vj, respectively. That is Sij = +1, if ends at vj and 
6ij = —1, if 6i starts at vj. This incidence structure turns G into a directed graph. 
We are going to consider functions 

r ; G ^ EP = JJ RP* (3.2.1.1) 

where pi denotes the number of degrees of freedom of ri. Indeed, we localize the 
function r to the edges 

Vi ’= r|e- i G X. (3. 2. 1.2) 

The functions ri act along as follows: 

iel, (3.2.1.3) 

where the edge is parameterized by x E [0, ii] and ^i denotes the length of the 
edge 6i. Indeed, it is possible to consider the edges as smooth arcs parameterized by 
the arclength parameter; see [98]. We will also consider such functions depending 
on time: 

ri : [0,^i] X [0,T] ^ i E J. (3.2.1.4) 

The possibility of having different piS on different edges relates to the fact that the 
functions ri may have a different physical meanings on these edges. For instance, 
one edge might represent an elastic string and another a Timoshenko beam; see 
[61] for details. 

An edge incident at the vertex vj will either start or end at vj. This can 
be represented by the notation x^j, where 



0 if Sij = -I 
ii if Sij = 1 



Later on, ri{xij) and ri(xij^t) will be replaced by the more descriptive notation 
ri{vj) and ri{vj,t), respectively. 

We will consider one-dimensional partial differential equations on the graph 
G. Therefore, it will be necessary to specify boundary and compatibility conditions 
as well as transmission conditions at the vertices F of G. To this end, we subdivide 
the set of vertices (nodes) as follows: 

V = VsUVm, (3.2.1.6) 

where Vs denotes the set of simple nodes such that dj = 1, and Vm signifies the 
set of multiple nodes where dj > 1. The set of simple nodes Vs is in turn divided 
as 

Vs = VdUVn, (3.2.1.7) 

where the suffixes D and N are chosen to indicate nodes at which Dirichlet con- 
ditions and Neumann conditions (or Robin conditions), respectively, are imposed. 
Correspondingly, the index set J is divided as 



J = Jm U Jd U Jn 
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where 

Jm = {J ^ J ' vj e Vm}, Jd = {J ^ J '-vjE Vd}, Jn = {J ^ J ' vj ^ Vn}‘ 
We will consider differential operators Li on the edges of the following form: 
LiVi = -[Ki{r'i + RiVi)]' + RJ Ki{r[ + RiVi) + SiVi, (3. 2. 1.8) 

where 

Ki is symmetric and uniformly positive definite (3. 2. 1.9) 

Si is either symmetric and positive definite or the zero matrix. 

A simple calculation shows that the differential operator Li is symmetric. In fact 

L ii 

j Li ri-<l)idx = j {-[Ki{R'i-^ Rin)\' RJ Ki{r'i + Rin) + SiTi] ■ (j)idx 

0 0 

li 

= -Ki{r[ + RiVi) ■ </>i |®=0 + J + Rifi)) ■ {(p'i + Ri4>i) + SiVi ■ (j)i] dx 

0 

= [Ki{r'i + Rin)] • <l>4' + n ■ [Ki{4>'i + Ri<l>i)]\o 

u 

d- Ri(j)i)Y + RJ Ki{<t>i d" Ri4^i) d" Si Vi (f)i} dx 

0 



= + J ri-Li(j)idx, 

0 

(3.2.1.10) 

where 

0z) = [R^i{r'i + RiVi)] ' (j)i-\-ri- [Ki{(f)[ + Ri(t)i)]. 

Thus for (j)i E we have 



(^Li Ti ^ (pi^ {^i ^ Li (pij f{^ ^ 



(3.2.1.11) 



where 




(3.2.1.12) 
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is the canonical Hilbert space of square integrable -valued distributions. The 
definition (3. 2. 1.8) of Li is motivated by applications to multi-link structures such 
as networks of elastic strings, or Timoshenko beams, or combinations thereof; 
see [61, Chapter II]. Suffice it to say that Li is a generalization of a classical 
Sturm-Liouville operator to vector-valued functions, since obviously the choice 
Ri = 0 reduces Li to the classical case. Eventually one might wish to consider also 
nonsymmetric differential expressions obtained by adding a “transport” -form to 
Li, for example, 

P^r^ = Liri + P^r[. (3.2.1.13) 

In order to describe boundary and transmission conditions at simple and 
multiple nodes, we introduce matrices 



Qj:W^ ielj, JeJ 

of full rank qj with 

qj =pi if dj = 1 
qj < Pi if dj > 1. 

We impose continuity conditions across multiple nodes of the form 
Cijri{xij) = CjjVjixjj), 'ii,j e Ij, J G Jm- 
This means that 

Cij ri{xij) = Cij ri{vj) = \j, V i G Ij, J G v7m- 



(3.2.1.14) 

(3.2.1.15) 

(3.2.1.16) 

(3.2.1.17) 



Obviously, if Cij = / G then all variables are continuous across the node 

vj. As Cjj has rank qj, there is a right inverse C^j such that Cij C^j = /. Let 
liij denote the orthoprojector onto the kernel of Cij, and H^ the corresponding 
orthoprojector onto (kerC^j)"^ = RgCjj, that is, 

C+ Cu = Cu Cfj = I. (3.2.1.18) 

At simple nodes Dir ichlet- type conditions may be imposed, for example. For the 
sake of simplicity, we restrict ourselves to “full” Dirichlet conditions 



n(x,j)=0, ViG Jj. (3.2.1.19) 

Notice that |Jj| = 1 for J G v7d- 
Let us introduce the space 

Pi 

W{0Ji):=Y[ (3.2.1.20) 

k=l 



with the standard product norm, where H^{0,ii) is the standard Sobolev space of 
order s on scalar- valued functions defined on {0,£i). We also introduce the Hilbert 
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spaces (W, || • ||), (V, || • ||y) as follows. Let cf) E G such that (j)i : [0, ^ 

Set 

W :={(/>€ G ^ RP : e W°(0,^i), i £ I}, 




Mi <t>i ■ (pi dx, 



( 3 . 2 . 1 . 21 ) 



where Mi G is a symmetric and uniformly positive definite matrix with 

smooth entries, and p = maxi<^<n pi. Further set 



V := {<A e It : </>i € fO-{Q,ii),(pi{vj) =0, J e Jd, i e Ij, 

Cij <t>i{vj) = Ckj 4>k{vj), y i,k e Ij, J G Jm}, (3.2.1.22) 

UWv ■■= a{<t>,4)) 

where 

^3 

a(r, 0) := f [Ki{r'i + Ri) ■ ((/.' + Ri <Pi) + S^ri■ (Pi] dx, Vr, </. G V. (3.2.1.23) 

iei { 

By standard reasoning, we see that V is densely and compactly embedded in 7i. 
The space H is identified with its dual space and dual space of V is denoted by 
V*. Thus we have the dense and continuous embedding V ^ H ^ V*. 

3.3 Elliptic Problems on Graphs 

We consider the following problem on the graph G 

a{r,cf>) = {f,cj>), V0GV (3.3.1.1) 

where a(*, •) is given by (3.2.1.23) and {f ^4) v denotes the duality pairing between 
elements / G V* and (/> G V. It is assumed that either 

i) for each i G X either Si is uniformly positive definite 

on [0, ^i] or, when Si — 0, at least one the nodes x = 0, x = 

is a Dirichlet node; or (3.3. 1.2) 

ii) Vd 7^ 0 and for each vertex in V there is a path in G to a vertex 
in Vd along which the corresponding matrices Cik are regular. 

It has been shown in [61, Lemma 3.1] that, under assumption (3. 3. 1.2), 

ll^llv == [a{(p,(p)Y^^ 



(3.3.1.3) 
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is a norm on V equivalent to that induced on V by the standard Sobolev norm 



Mhhg) 




1/2 



where H^{G) := H Therefore, we may and do equip V with the norm 

given in (3. 3. 1.3). 

We now define local spaces on the edges of the graph whose norms are con- 
sistent with those defined globally. Set 



mn,-.= j Mi(t>-^dx (3.3.1.4) 

0 

where Mi is symmetric and positive definite. We further define the local forms 
a*(v) by 



ai{riAi) '■= J + Rin) ■ {4>i + Ri,<j>i) 

0 

+ Siri-<l>i]dx, yn,<P^n\0Ji), (3.3.1.5) 

so that for r, ^ G V we have 

a{r,(j)) = ai{ri,4>i). (3.3.1.6) 

i€I 

However, ai{(l)i,(j)i) defines a norm on Vi := only when (3. 3. 1.2) i) is 

fulfilled. Denote by V* the dual of Vi with respect to the pivot space Hi. Then V 

is a closed subspace of Y[ Let 
iex 

A:V^V*, AiiVi^V* (3.3.1.7) 

be the corresponding Riesz isomorphisms. Then 

A = {A^(|>^}iex. V(/> = {ct>,}iex G V, (3.3.1.8) 

and the relation to the forms can be expressed as 

{^r,(/>)v =a(r,0), Vr,(/>G V, (3.3.1.9) 

G V^. (3.3.1.10) 




78 



Chapter 3. Partial Differential Equations on Graphs 



On the other hand, taking functions r, (/) G H we obtain from (3.2.1.10) 

*?^) = X] / + Siri- ^i] dx 

i€J i 

ti 

^ ^ ^ ^ ^i)]o ‘ 

q i^T 

Now 

iex 

-K,(O)(r' + fliri)(O).0'(O) 

= E E Sij Ki{vj){r[{vj) + n(?;j)) ■ 4>i{vj) 

Jej ieij 

= X! X] ^u[Ki{ri + Riri)]{vj){Uu + Uj-j)(l)i{vj) 
J&J\Jd 

= E E ^ij Hi j [ATi(r' + Ri ri)]{vj) Hu <t>i{vj) 

Jej\Jo ieij 

+ E E + Ri 1'i){vj) CiJ 4>i{vj). 

Jej\Jo ieXj 

That is, if we impose the boundary and transmission conditions : 

Xi{vj) = 0, i G Xj, J G J7d, (3.3.1.11) 

CiJ ri{vj) = Ckj rk{vj), \/ i,k e Ij, J G Jm, (3.3.1.12) 

E ^iJiCtJf[K^ir^ + R^ = 0, V J G J \ Jo, (3.3.1.13) 

i&Xj 

Uu[Ki{r' + n)]{vj) = 0, V i G Jj, J G J \ Jd, (3.3.1.14) 

then we obtain 

U 

«(^.<^) = E / ^ (M“^ LiTj, (3.3.1.15) 

i^X Q i^X 

If we define an operator ^ in 7Y by 

Ar = (M“^ Liri)iex 

V{A) = {»' € 11 • ’’’ satisfies (3.3. l.ll)-(3.3. 1.14)}, 

i^X 



(3.3.1.16) 
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then A is self-adjoint and positive definite, provided assumption (3.3. 1.2) holds, 
and its unique extension to V, denoted by the same letter A, is precisely the 
Riesz- isomorphism between V and V* when V is equipped with the norm ||<^||y = 
a(0, (f)). It is clear that as an operator acting in W, A has a compact resolvent and, 
consequently, A has a discrete spectrum whereas, as an operator acting between 
V and V* , v4 is unitary. 

3.3.2 Domain Decomposition 

In order to decompose the transmission conditions (3.3.1.11)-(3.3.1.14), we intro- 
duce the following ‘scattering’ operator Sj defined at the vertex vj^ J E Jm^ 
acting on z = (zii,... ) e E'?-', gj := J2 V- 

i€lj 

{Sj{z))i i£lj. (3.3.2.1) 

jeij 

Obviously, Sj = Ion and Sjl = 1, 1 := (1,...,1). We apply this operator 
to the displacements Cijri{vj) and the strains eij{C~^)^ Ki{r[ + Riri){vj). Our 
candidate for domain decomposition then is obtained from 

^ij{CuV + Riri){vj) + (3j Qj ri{vj) 

= !3j Sj{C^jr^{vj))i - Sj{e^j{Cty K^{r'^ + R*u){vj))i ( 3322 ) 
= + R,r^){vj)] 

=' 9iJ, E.lj, J E Jm 

where \= {gi)ieXj denotes the vector g. As Sjl = 1 and hence {1,Sj{z))^qj = 
summation of (3. 3. 2. 2) over Jj leads to 

5 ; e,AC:jfK,(rl + R.r.){vj) + 0j Cijnivj) 

i£Xj i^Xj 

= C'zjT-i(nj)- ^ eu{C+jf Ki{r[ + Rin){vj), 

i^Xj iEXj 



which shows that 



euiC+f KM + Rin){vj) = 0 . 

ieXj 

For ^ such that ^ 2 :^ = 0 we have Sj z = —z. Hence, (3. 3. 2. 2) reduces to 

iEXj 



Cijri{vj) = Sj{C^jr*{vj)), 
which implies C^j t^j) = or, in other words, 



CijViivj) = Cjjrj{vj), 



i,j elj. 
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Setting q-’ := e^j{C^jY K^(r'^ + R^r^ivj), r'’ := C^jr^vj) and using 
g~^ := {g*j), from (3. 3. 2. 2) we obtain 



9'^ + Sj g'^ = 2 13 j Sj Y . 



On the other hand, 

+ l3jY ^Sj{I3jY -qY- 

Thus, we may decouple the dynamic node condition as follows 

= Sj{(3j{YY - {q^Y) 

= Sj{2(3j{Yr-{g^T)=- (/)”+'• 



(3.3.2.3) 



(3.3.2.4) 



We have, in fact, two choices corresponding to the first and second equality sign 
in (3. 3. 2. 4). For the sake of easier reference we restate (3. 3. 2. 4) as two statements: 



= (A-^r, 

{Yr = Sj{-{q'T + !3j{r'T) 



(3.3.2.5) 



or, equivalently 



(3.3.2.6) 



+/3j(r-T+' = (/)"+', 

= Sj{2(3j{YT - (/)”)• 

Set {g^)i = Qij and (A'^)^ = A^j, respectively. As before, one may introduce a 
relaxation parameter e G [0, 1) and restate (3. 3. 2. 6) as follows 

T = (1 - ^) Sj{-{q^)Y + /3j(r^)") 

+e{{q~’r+^j{rY")=- 

Then the equivalent condition in terms of g'^ is 

(g‘'r+i+/3,(r‘'r+i = (/)"+!, 

+ (1 - e) Sj{gY^ - eig-’r = 2(1 - e) f3j Sj{Y). 



(3.3.2.T) 



(3.3.2.S) 



In order to analyze the convergence properties of the above iteration, let 
us first display the corresponding local problems that are to be solved on each 
individual edge. 



-[W 2 + Rin]' + RfKi{r[ + Rin) + Sin = Fi on (0,£i), (3.3.2.9) 

ri{vj) = 0, J e Jd, f e Ij, (3.3.2.10) 

Eij{C+Y Ki{r'i + Rin){vj) = fj,Je Jn, i e Ij, (3.3.2.11) 

Sij Ilij Ki{Y + Rin){vj) = mj, J e Jn, * e Ij, (3.3.2.12) 

KiY'i + Riri){vj) + (3j Cij n{vj) = Xij, J e Jm, i € Ij, (3.3.2.13) 
Sij riij Ki{r'i + Rin){vj) = 0, J e Jm, i G Ij- (3.3.2.14) 
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In particular, if ei is an edge incident to a Dirichlet vertex vj^ J E Jd-, then, 
unless the connected graph is trivial, the edge is also incident at a multiple 
vertex (node) vj^ J G In that case we consider problems (3. 3. 2. 9), (3.3.2.10), 
(3.3.2.13) and (3.3.2.14). Similarly, an edge incident at a Neumann node will cor- 
respond to (3. 3. 2. 9), (3.3.2.11)-(3.3.2.14), while such an edge connecting multiple 
nodes will correspond to (3. 3. 2. 9), (3.3.2.13) and (3.3.2.14). 

Remark 3.3.2.1 It should be pointed out that the global problem on the graph 
can be interpreted as a discrete dynamical system (in the iteration index) on the 
vertices of that graph, the state of which serve as boundary inputs for the local 
continuous systems on the edges. 

We proceed to describe the variational formulation of these local problems. 
Multiply (3.3. 2.9) by Lpi and integrate over [0,^^]. With the notation of the first 
section we have by (3. 3. 2. 9) 



J FiCpidx = J Liipi = J + Rm) + SiViCpi] dx 



+ Bi{n,<fi)\Q' = + Bi{ri,(pi)\Q\ (3.3.2.15) 



In particular, for an edge connecting a ‘controlled’ Neumann node vn with a 
multiple node vj we have 



J Fi Lpi dx = ai{ri, (^i) + tun ■ H^iv ^Pi{vN) ~ /jv • Cm ^i{vn) 



- BjCu n{vj)) • Cu (3.3.2.16) 



For simplicity we set the ‘moment controls’ rriN to zero, set {Fi,(fi) 
and define 

bmifNi ^i) •= In • CiN <Pi{vN), 

:= (dj Cij ri(vj) • Cu ^i(vj). 

We may then rewrite (3.3.2.16) as 



J Fi-ifi dx 



0 



ai{ri,(pi) -f au{ri,(fi) = {Fi,(pi) 

Fb^N{f.^^) + bu{X7J.^i). (3.3.2.17) 

Obviously, the form 

di{ri,U ■- ai{ri,U 



(3.3.2.18) 
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is positive definite, as long as assumption (3. 3. 1.2) holds. Moreover, for given 
/iv G biNifNr) is a bounded functional and so is bij{X^j^-) for given data 
A^j. Thus, taking Fi G or in the right-hand side of (3.3.2.17), 

rewritten as £i{(pi), is a bounded linear form on Vi and, hence, problem (3.3.2.17) 
is a classical variational problem 

ai{ri,ifi) = (3.3.2.19) 

which, by the Lax-Milgram Theorem, admits a unique solution G 

We may write down problem (3.3.2.17) together with the update at the com- 
mon interface vj^ J e Vm as follows: 

+ (3.3.2.20) 

Xt; := (1 - e) Sji-iq-’r + PAr^T) + AiQ-’T + f^Ar^D, (3.3.2.21) 
where again 

(/)” = = euiC+f mr^y + RiA){vj), ^ ^ ^ 

iA)? = r?j = Cijry{vj), 

[q-^Y — {r^Y ~ alternative to (3.3.2.20), (3.3.2.21) is 

ai(Y+^,(pi) + aij{Y+^,(pi) = {Fi,(fi) 

+ biN{fN,Vi) + hAi9"’A7^\‘fii), yq^ieHAOJj) (3.3.2.23) 
(5-")”+' + (1 - £) SjigA'^ - = 2(1 - s) 13 j S j{AY. (3.3.2.24) 



3.3.3 Convergence 

We introduce the space X = n n with the norm 

J€Jm i^'Ij 



- E E i; 


(3.3.3.1) 


where 

9 = {{9'^)j€Jm)^ 


(3.3.3.2) 


and define an operator T : T ^ T by 




{Tg)ij~ 2pjSj{Ay-Sj{gAi 

{Tg)j :={{Tgyj,ieTj} 

'^9 {{'^9)j^J C Jm}- 


(3.3.3.3) 
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We have 

y\\x = E E ^ 

J^Jm i^lj ^ 


(3.3.3.4) 


\\T'9\\%= E E ^|2/3j5^r^)i-5j(/),p. 

J^Jm *GXj 


(3.3.3.5) 


Clearly 

= E 

i£Xj iGXj 


(3.3.3.0) 


and 

E {Sj'T^)i{Sjg^)i= E '^iJ9iJ- 

i^Xj i^Xj 


(3.3.3.7) 


Hence 





\\T9\W= E E f 

+ {SJ{g^)^f-^(5JSJ{r■^)^SJ{g^)i} 

V~^ 1 ( A n2 2 2 AO ^ (3. 3. 3. 8) 

" E X/ ~ 

JeJu ieij 

= ll5ll|-4 Y. Y^9iJ - Pjnj)ru. 

J^Jm i^Tj 

Prom (3.3.2.22) and (3.3.2.17) we then obtain 

E E {gij - PjCijri{vj)) Cijn{vj) 

JEJ^m ieXj 

= ~ ^iji'^i^'^i) (3. 3. 3. 9) 

J^Jm ieXj 
%^'X 

As we will deal with errors, without loss of generality we may set Fi = 0. Thus 
from (3. 3. 3. 9) and (3. 3. 3. 8) we obtain 

l|r5ia = ||9ia-4 a,(r,,n) (3.3.3.10) 

which is completely analogous to (2.3.5.22). One may now consider the relaxed 
procedure which consists of the iteration 



g^+^ = il-e)Tign+eg\ 



(3.3.3.11) 
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where, as usual, we consider the errors — Vi =: between the uncoupled 

local and the coupled global solutions after restriction to edge i. 

In order to establish convergence of the iteration (3.3.3.11) we proceed in 
much the same manner as in Section 2.3, beginning with the calculation 



= ((1 - + £2) _ 4(1 _ e)2 e") 

iei 

+ 2e{l-e){g^,Tg^). (3.3.3.12) 



Now 



{g\Tgn= ^ 5 ; ^glJn9n^J 

J^Jm 

= E E j-9?jiWjSj{e^)7-Sj{g^)2. 



(3.3.3.13) 



From (3.3.3.13) and (3.3.2.24) we infer 

2e{l-e){g^,Tg^) = 2e E ^9u97/^~2e^ E E Y 



which, together with (3.3.3.12), implies 



||5”+^||^ = (l-2e)||s"||2^ + 2£ ^ 

-4(l-e)2 ^ a,(e”,e”). (3.3.3.14) 

iei 



For £ G [0, 1] we obtain from (3.3.3.14) 

< II5”1I^-4(1-£) ai(e”,e”). (3.3.3.15) 

zGX 

Iterating (3.3.3.15) down to n = 0 we conclude 

is bounded (3.3.3.16) 

a^(e^,e^)^0 n — > oo, i G I. (3.3.3.17) 

Moreover, according to (3.3.3.16) and (3.3.2.23), (3.3.2.24) (these can be rewritten 
in terms of (3.3.2.20) and (3.3.2.21)) with fN,Fi equal to zero, we infer that is 
bounded in W^(0,^i). Thus, for some numbers e^, Wi we have 

^ 6i weakly in W^(0,£^), 

Cijenvj) - Yvj), {C+fKY^y - 



(3.3.3.18) 
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on a subsequence rik- Now, in the case Si is positive definite for i G X we conclude 
directly from (3.3.3.17) and the local equation that 

Q strongly in 7Y^(0,^i) 

Cije2{vj) ^^0, \/JejM,ie Ij (3.3.3.19) 

{C+fK,{e2Y ™ 0, yjeJM,ie Ij. 

In fact, in contrast to (3.3.3.18) which holds possibly only on a subsequence, the 
convergence in (3.3.3.19) holds on the entire sequence. If, however, some Si are 
only semidefinite, we may proceed as follows. If we have a tree with rigid joints, i.e., 
Cij = I, \/J e Vm, ^ ^ Xj, and all but possibly one simple node obeying Dirichlet 
(or Robin) conditions, we may proceed from the simple Dirichlet or Robin nodes, 
where we have uniqueness in the limit and where consequently q strongly 

in H^{0,ii), to the set of penultimate nodes, where, in the limit, zero boundary 
conditions hold. We proceed through the entire tree and obtain 

e”™0 strongly in (3.3.3.20) 

Note that the arguments above are true for e G [0, 1). We will state the results for 
e = 0 in the theorem below, separately. 

If now e G (0, 1), even without the special assumptions on the graph above, 
according to Opial’s Lemma 2. 3. 7. 3 and the uniqueness assumption (3.3. 1.2) we 
have 

-^0, Tg^ ^0, n ^ oo (3.3.3.21) 



on the entire sequence n. 

But then, according to (3.3.2.23), (3.3.2.24) and (3.3.3.18), we infer from 
(3.3.3.21) that the convergence in (3.3.3.18) take place on the entire sequence 
as well. Moreover, the traces Cijef{vj) tend to zero. By assumption (3.3. 1.2) at 
least one of the bounding vertices for edge i carries a matrix Cij with zero kernel. 
Therefore, we may conclude that the convergence of the errors ef to zero takes 
place strongly in H{0,£i). We collect these results in the following theorem. 

Theorem 3.3. 3.1 Let G be a graph, and let (3. 3. 1.2) he satisfied. 

i) Let e — 0. Then 

a) CLi{e'f, ef) — > 0, as n ^ oo. 

b) If all Si are positive definite, then the errors ef converges to zero 
strongly in li}{Q,Ii). 

c) If some or all Si are only semidefinite, the errors e^ converge to zero 
strongly in H^(0,ii) provided the graph G is a tree with all but possibly 
one of the simple nodes satisfying Dirichlet or Robin conditions. 

ii) Let e G (0, 1). Then the errors ef converge to zero strongly in H^{0,ii). 
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Remark 3.3.3.1 It should be pointed out that the iteration operator for the one- 
dimensional static problem on a graph acts between finite-dimensional trace 
spaces, which allows a relatively easy convergence analysis. This case, however, is 
not typical for the control problems considered in this monograph. Consequently, 
we dispense with a more detailed analysis here. Suffice it to say that, already at this 
point, we observe that networks whose geometry admits their exact controllability 
(see in particular [61]) are also well designed for domain decomposition with an 
unrelaxed iteration, while relaxed iterations require fewer geometric presumptions. 

3.3.4 Interpretation as a Richardson Iteration 

For the sake of simplicity, in this section we focus on the simple scalar elliptic 
equation on an graph G 



-u’l=fi in (0,£i), 

Ui{vj) =0, z G Tj, J G Jo? 

^iJ =0? ^ C Tj, J G Jn, 

Ui{vj) =Uj{vj), i,j G Xj, J G Jm 

Siju[{vj) =0, J G Jm- 



(3.3.4.1) 



In this case the matrices are as follows: = 1, = 0, 5^ = 0, Cu = 1, 

Ilij =0, Mi = 1. The standard decomposition of (3.3.4.1)3-(3.3.4.1)5 is based on 
the iterative decoupling of 



SiJ u'i{vj) + /? Ui{vj) = Xu 

= Uj{vj) - Ui{vj)) - £jju'j{vj) - Siju'uivj)), (3.3.4.2) 

jeij jeij 

y i e Ij, J ^ Jm- As in Section 2.3.7 we introduce Zi and Wi as follows. To z G X 
there correspond two nodes, say uj., VMi ^ Af, such that edge z is bounded by 
nodes z;j., VMi- Accordingly, to each z G X, there are two parameters Am, A^m, if 
edge z is incident at two multiple nodes. If edge z is incident at a simple node only 
one parameter, say Am, J ^ Jm, is assigned to z. Let Zi solve 



~z"=fi in (0,^i), 

Zi{vj) =0, ielj, J e Jd, 

Eij z[{vj) =0, i e2j, J € Jn, 
^ijz[{vj)-\-l3zi{vj) = Q, ieXj,JeJM- 



(3.3.4.3) 



We denote these solutions by 



Gifi 



(3.3.4.4) 
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Let now wi be the solutions to the systems 

-w" = 0 in {0,£i), 
Wi{vj) =0, ielj, J e Jo, 
£ij w[{vj) =0, i elj, J £ Jo, 

Sij w'i{vj)-\-Pwi(vj) =\iJ, 



2 

jeij 

2 ^ 

-ijJ 

jeTj 

+ /?(|^ X! 

jelj 
^ j€lj 



(3.3.4.6) 



for i E Xj, J G vTm- 

Define Ri ( wi or, in short, Ri{Xi) wu with the understanding 

\ ^iM J 

that Ai = ^ Let us further set Si{\i) ^ ~ 

Then (3. 3.4.6) takes the form 



^ <5,v(A,)-5u(A,)) 

jeij 

jeTj 

+ /3(|- X Gj{fj)M-Giifi)M) 

jeXj 

- (^ Y1 ^jjG'j{fj){vj) - £ijG[j{fi){vj)) (3.3.4.7) 

j^Tj 

= 2f3(j- X S,j{\j)-Su{Xi)) 

+ 2 ^(|- X Gj{fj){vj) ~ Giimvj)). 

jeTj 
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Thus 

jeij jeij 

+ 2/3{^ Gj{fj){vj)~G^imvj)) (3.3.4.8) 

jeTj 

or, in a another format, 

A*j = |- - \j)) 

^ jeij 

+ 2f3{j- J2Gj{mvj)-Giimvj). 

j€Ij 

As Sij{Xi) is linear, we may split Sij{Xi) = Sij{Xu) + Sij(Xij) by slight abuse 
of notation. Then the trace of Wi at vj is obtained from Wi{vj) := Sij{Xij), 
Wi{vj) = Sij(XiM) such that 

Wi=0 in(0,^i), 

Sijw'iivj) + /3wi(vj) = Xij, (3.3.4.9) 

emw'iivM) + 0Wi{vM) = 0 , 

and 

w" = 0 m{0,£i), 

£ijwl{vj) + /3wi{vj) = 0, (3.3.4.10) 

SiM wI{vm) + P m{VM) = XiM, 

so that Wi = Wi + Wi. Accordingly, Wi{vM) = SmiXu), Wi{vM) = SmiXiM)- 
With this notation in mind we have from (3. 3. 4. 8) 



^ XI X jSjj{>^jj) + SjjjXjMj)) 



jeij 



'dj 



j€lj 



- {Sij{Xij) + S^J{Xm)) + 2/?(^ X Gj{fj)ivj) - G*(/0(w)), 






or 



~T 51 - Ajj)] 



jeij 



- [2p{Sij (Xij) + Sij{XiM)) - Aij]) 

+ 2p{f- Y, Gj{mvj)-Gi{fi){vj)). (3.3.4.11) 

jeTj 
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By using the ‘scattering’ operator <Sj, (3.3.4.11) may be written as 

Xu = Sj (2l3iSu{Xu) + 5*j(A.m)) - Xu)i + (3.3.4.12) 

Now, (3.3.4.12) is an equation in the nodal values (Ajj) jsjm € Let 

iGXj 

US explicitly solve for Wi = Wi -\-Wi. 

Wi{x) = {Sij - SiM + I3{xij + XiM))~^{x -^SiM - xm) Xu (3.3.4.13) 



(3 

Wi{x) = {SiM - eu + l3{XiM - Xu))~^{x -^Su ~ Xu) XiM 



(3.3.4.14) 



for M,J € Jm, that is, for an interior edge i=MJ. If, however, J G Jm and 
M € J7d we have 



Wi{x) 



Xu 



eu-\-0{xu -Xiu) 



{x - XiM) 



(3.3.4.15) 



or, if M G , 



/ Xu 
Mx) = -J-- 



(3.3.4.16) 

Thus, for edges i connecting a multiple node vj to a simple node vm we have 



Su{Xu)= MeJd (3.3.4.17) 



^iJ + ^{XiJ — XiM) ’ 

Sij{\ij) = - Aij, M G Jat. 



(3.3.4.18) 



Let Sij{Xij) = Sij(Xij), Sij := 0 for a vj connecting to a simple node. For 
vj connecting to a multiple node we have 

'^i{xij) = Wi(vj) = Sij{Xij) 

1 (3.3.4.19) 

= ^ {Sij — SiM + P{XiJ - XiM)) {f3{Xij - XiM) SiM) Xu 



m{Xij) = Wi{vj) ^ Sij(XiM) 



1 



Thus 



5a(Ai,) = l(l- 



= —{SiM — SiJ + (3{XiM — Xij)) — SiJ XiM‘ 

) =: Sij Xij 



(3.3.4.20) 



SiJ 



P SiJ - SiM + P{XiJ - XiM) 



1 



Sij(KM) = ^ ( 



SiJ 



P SiJ - SiM + P{XiJ — XiM 



) =: Sij XiM‘ 



(3.3.4.21) 
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Therefore (3. 3.4.9) is equivalent to 

^ij = ^ ^jJ + ^jJ ^jm) - Ajj) 

jeij 

- {2(3 {sij Xij -f Sij XiM) - Xij) 

+ 2/3(|- ^ Gj{f,){vj) - Giimvj)). (3.3.4.22) 

jeXj 

Equation (3.3.4.22) holds for a given edge i incident at the nodes Vj, vm, where 
^jMj refers to nodal values at vMj such that j G Tj, so that vj and vmj bound 
the edge j. 

The single equation (3.3.4.22) involves all nodes adjacent to vj. Therefore 
we may alternatively express (3.3.4.22) as a purely nodal system by setting 

Xij =: Xmj if i G Tj n Xm 
XiM =' ^JM if i G Xj n Xm 
Aj := {XjMt^jQ, • • • , ^jp)^ G 
such that JM, JQ , . . . , JP G E. 

As an example, we consider a star configuration with just one multiple node, 
vj and, say, three branches emanating from this node. For the sake of simplicity, 
let vj be located at Xij = 0, i = 1,2,3. Thus, XiM = MJ G E. Accordingly, 
Sij = —1, SiM = 1- We consider, as a first case, the situation where all 3 simple 
nodes satisfy Dirichlet conditions. Then, according to (3.3.4.17), 

Sij{\ij) = hj-Kj = X^. (3.3.4.23) 



By (3.3.4.9) 

2 > ^ ^ 

Xij = - ^ {2(3 Sjj • Xjj - Xij) - {2(3 Sij Xij — Xu)) 

3 = 1 

2 ^ 

-f2/?(- Y^Gj{fj){0)-Gi{fi){0)) (3.3.4.24) 

^ j=i 

or, with Ai^ = Ai, X 2 j = A 2 , X^j — A 3 , Sij = Si 

Ai = - {2(3 S2 X 2 + 2(3 A 3 — A 2 — A 3 ) — - {2(3 Si Ai — Ai) -h bi (3.3.4.25) 

where 61 is the last term on the right-hand side of (3.3.4.24). Equation (3.3.4.25) 
can be rewritten as 

{l + (3h)Xi = {2(3 S2 - 1) A 2 + {2(3 S3 - 1) A 3 + bi (3.3.4.26) 
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where 6i = | 6i , By symmetry, we obtain 



(1 + /?si) Ai - (2/3 S2 - 1) A2 - (2/3 S3 - 1) A3 = 61 
- (2^ Si - 1) Ai + (1 + /3 § 2 ) A2 - (2/3 S3 - 1) A3 = 62 (3.3.4.27) 

- (2/3 Si - 1) Ai - (2/3 S2 - 1) + (1 + /3 S3) A3 = 62. 



According to (3.3.4.23), 2/35, - 1 = 3^ - 1 = and l + /3si = Thus 

(3.3.4.27) is equivalent to 



/ 1 

Ph-i 
2/9^2 + 1 

/9€i-l 
V 2/3^3 + 1 



/3^2-1 
2/3^i + l 

1 

^^2-1 
2/3^3 + 1 



(3^3-1 
2/3^i + l 

/34-I 

2 / 3^2 + 1 

1 





Ai \ 




61 ) 






A2 






(3.3.4.28) 




U3) 




V ^3 J 





where 62 = + Psi)^ i = 1,2,3. Equation (3.3.4.28) may be written in the 

format A\ = b. This is a Schur-complement equation. 

The corresponding damped Richardson iteration, again equivalent to the do- 
main decomposition with relaxation 6, is then 



= \^ -6{A\^ -h). 



(3.3.4.29) 



Unless ^2 = ^ for all i, the problem is nonsymmetric. In case ii = i we see that a 
single parameter a = is involved in (3.3.4.28). In that case 



A = I — a 



0 1 1 \ 

1 0 1 \ =I-aB 

110/ 



The damped Richardson iteration matrix is then Ro = {1 — 6) I a0 B. In this 
case, however, we may select 6 = 1, which corresponds to e = 0 in the relaxed 
standard fixed point iteration. Then R = aB. Moreover, the choice P = j leads 
to B = 0. Thus after the second step the iteration terminates in the solution. 



3.4 Hyperbolic Problems on Graphs 

3.4.1 The Model 

With the notation of Section 3.2, we now consider the following second-order in 
time equations on a graph. 

Mi fi = [Ki{r'i + Ri Ti)]' - Rf Ki{r'i + Ri Vi) - 5, n + fi 

in Qi:={Q,ii)x{0,T), (3.4.1.1) 

ri{vj,t) =0, J gJd, ieXj, te (0,T), (3.4.1.2) 
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Cijri{vj,t) = Cjjrj{vj,t), J € Jm, i,j j, te (0,T), (3.4.1.3) 

Sij Ki{r[ + Ri ri){vj, t) + ai ri{vj, t) = gj{t), 

J G •Jn-i i G Ij, t G (0,T), (3. 4. 1.4) 

E [K^{r' + Riri)]{vJ,t) = 0, J G Jm, ^ G (0,r). (3.4.1.5) 

i€lj 

Sij Ilij Ki{r'i + Riri){vj,t) =0, J E JM,i & te (0, t), (3.4.1.6) 

= Tio, ri(-,0) = ra in (OJ,), (3.4.1.7) 

i G X. Note, that a superimposed dot represents differentiation with respect to 
the time t. Obviously (3. 4. 1.1) is, locally on an edge e^, a hyperbolic system of 
equations, representing wave equations, Timoshenko or Bresse beam equations, 
depending on the choices of the matrices i?^. Si. 

Within the operator notation of Section 3.2, (3.4. 1.1) can be rewritten as 

MiVi^- Liri^ fi in Qi. (3.4.1.8) 

If we consider the homogeneous problem gj = Q and if (3. 4. 1.4) holds with ai = 0, 
then (3.4.1.1)-(3.4.1.7) can be written as 



r Ar = f 

r(0)=ro, r(0) = ri. 



(3.4.1.9) 



where / = M~^ f , f = {fi}iex and M is a block diagonal matrix with diagonal 
elements Mi. Problem (3. 4. 1.9) is a standard second-order in time equation in a 
Hilbert space. 

When ai ^ 0 and gj{0) ^ 0 we proceed as follows. Consider the extension 
operator 

M: fj (3.4.1.10) 

JeJn 

defined by setting h = J\f g where h satisfies 



Lihi = 0 in (0,^i), 

hi{vj) =0, J G Jd, i C Xj, (3.4.1.11) 

Sij Ki{h[ + Ri hi){vj) ^gj, J G Jn, i C Xj, 



Cij hi{vj) — Cjj hj{vj), J G JM^hJ C Xj, 

E eu{C+Y K,{h'i + Rihi){vj) = Q, 
ieXj 

+ Ri hi){vj) =0, J G Jm, i C Xj. 

ij 



(3.4.1.12) 




3.4. Hyperbolic Problems on Graphs 



93 



We may then consider the operator 



n 



Bg:=-AMg. 



B*:V^ n 



acts as follows: 



{w,Bg)v,v = {w,A~^Bg)v = -{Aw,M g)v,v = -{M* Aw,g). 

For w £ {w gV\ LiWi £ Hi, i € X} we have 

li 

!yAw,Mg) = '^^ I {-[Ki{w'i + RiWi)]' + RJ Ki{w'i + RiWi) + SiWi}{Afg)i dx 

i€l { 

^-J2B{wi,{Afg).t\ 

iei 

according to (3,4.1.11) and (3.4.1.10). However, if G T>{A) we have 
Y,Bi{wi,{Ng)i)\i^ 

= ^ £iJ Bij [Ki{w^ + Ri u)i)](wj) • TTij (Ng)i{vj) 

+ X! B:i{w[ + R^Wi){vj) ■ Cfj{Ng)i{vj) 

J€J\Jd ielj 

(3.4.1.16) 

+ ^ X/ )^ijBijKi {g[ + Rtgi) {vj ) 

J€J\Jd ieJj 

J^J\Jd i€:Tj 

= X] Wi{vj)gj Vge H 
J^Jn J^Jn 

where i is the single index in Jj, j G Jn^ Thus, 



{B*w,g)= X] w-{vj)gj, ieXj,'igje H 



(3.4.1.17) 



In other words 



{B*w)i = Wi{vj), J e Jn, i e Xj. 



(3.4.1.18) 
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Thus, in case ^ 0 and ^ 0 on Jn we can restate (3.4.1.1)-(3.4.1.7) as 



r + Ar + a BB* r = Bg f 
r(0) = ro, r(0) = n, 



(3.4.1.19) 



where we replaced fi with M^ ^ fi. Indeed, without loss of generality we may set 
Mj = id, Vie I. 

We introduce the total energy 

E{t) := ^ {(r(t), r(t))-H + a(r(t), r(t))} (3.4.1.20) 

with (3.3. 1.5), (3. 3. 1.6) and (3.3. 1.3) for the scalar product in H and for a(-,*). 
Prom (3.4.1,20) we obtain after differentiation with respect to time 

E{t) = (f(t), r{t))n + a{r{t), r{t)) 

= (-Ar{t) - aBB* r{t) + Bg{t) + /(t), f{t)) + o(r(t), r{t)) 

= (-Ar{t), r{t))n - a{B* r{t), B* r{t)) 

+ {f{t),r{t))n + {g{t),B* ,f{t)) + a{r{t),r{t)) (3.4.1.21) 

u 

= ^ {-gj{t) - otifi{vj,t))ri{vj,t) + Y1 / /*(^) 

J^Jn Q 



But 



\9j{t)? = \^iJ Ki (r' + Rin) {vj , t) + Oj fi {vj ,t)\^ 
=\Ki{r'i + RiTi){vj ,t)\^ + Kf \fi{vj,t)\^ 
-\-2aeu Ki{r'i -\- Riri){vj,t) -fi{vj,t) 



SO that 



SijKi (r'i +Riri){vj,t) ■ fi{vj,t) = — {\gj{t)\^ - af \fi{vj,t)\'^ 

2iOii 

-\Ki\{r'i+Rin){vj,t)\^}. (3.4.1.22) 

Use of (3.4.1.22) in (3.4.1.21) allows us to write 

- \Ki{r'i + Ri ri){vj, (3.4.1.23) 



J £Jn 
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If we integrate (3.4.1.23) from 0 to T we obtain 



XI ^[<xl\h{vj,t)f + \Ki{r'i + Riri){vj,t)\‘^]dt 
0 J€Jn 

= E{0)+ r{fit),f{t))dt + l r ^\9j(t)\"dt (3.4.1.24) 



as long as > 0. 

The point of the energy identity (3.4.1.24) is that it ensures extra L^-trace 
regularity for the velocity at vj. If ai =0 for some or for all i, then we still 
have trace the regularity Ki{r[ + Ri ri){vj^t) G L^(0, T). Following typical a priori 
estimates starting from (3.4.1.24) for > 0 or from (3.4.1.21) in case ai = 0, we 
obtain the following existence, uniqueness and regularity result: 

Theorem 3.4.1. 1 Lei fi G L^(0,T; L^(0,^i)) i ^ I, gj e L^(0,T), J G Jn, 
(^o,^i) ^ VxW. Then problem (3.4.1.1)-(3.4.1.7) has a unique solution r = {ri)i^x 
such that 

(r,r)GC(0,T;VxH), (3.4.1.25) 

Ki{r'^ + R^ri){vJ,■)eL‘^{0,T), JeJn, (3.4.1.26) 

h{vj, •) 6 L\0,T), J€Jn if a, > 0, (3.4.1.27) 

where, in (3.4.1.26) and (3.4.1.27), i is the single element inXj, J G Jn C Js> 

Remark 3.4.1. 1 Note that for Ki = cf id, Ri = 0, Si = 0, Mi = id, system 
(3.4.1.1)-(3.4.1.7) reduces to the standard wave problem on the graph G = {V, E). 
In this case the boundary condition (3.4. 1.4) reduces to 



(?i r'ii'VJ,^) + ai hivjyt) = gj{t). (3.4.1.28) 

If now Q!i > 0 matches the impedance of the half-infinite string, in other words, 
if ai = Ci, then for gj = 0 (3.4.1.28) describes transparent boundary conditions. 
See Gander and Halpern and Nataf [26] and Halpern [41] for more details. In 
the general case, transparent or even absorbing boundary conditions are typically 
nonlocal in time and, hence, cannot be described by (3. 4. 1.4). Nevertheless, even 
in the general case the boundary condition (3.4. 1.4), for suitable choices of ai > 0, 
is a first-order approximation of transparent boundary conditions. This fact is 
precisely the reason we investigate nonoverlapping domain decompositions for the 
wave equation with velocity trgices appearing at the transmission interface. 
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3.4.2 The Domain Decomposition Procedure 

We consider the problem on edge i: 

Miri = [KM + R^ri)]' 

- RJ Ki{r[ + Ri ri) - r* + fi, in Qi, i e I, 



ri{vj,t) -=0, J eJo, ielj, te (0,T), 

£iJ Ki{r'i + Ri n) (vj,t) + ai ri(vj,t) = gj(t), 

J £ vJjv, i t £ {0,T) 

Eij li-ij Ki{r[+ Ri ri){vj,t) = 0 , 

J £ ‘Jmj i G ^Ji t £ (0,T), 

£ij{C:^j)'^ Ki{r'i+ Riri){vj,t) + (3jCijfi{vj,t) = Xu{t), 

J £Jm, (0,T), 

n(-,0) =Tig, fi(-,0) = Til in (0,£i), i £ I. (3.4.2.6) 



(3.4.2.2) 

(3.4.2.3) 



Obviously, if the edge connects a Dirichlet node with an interior node, then 
(3.4. 2. 2) and (3.4. 2. 4), (3. 4. 2. 5) apply in addition to (3.4.2. 1) and (3. 4. 2. 6). If 
connects a Neumann node and an interior node, (3. 4. 2. 3) holds instead of (3. 4. 2. 2), 
the other conditions remaining. Finally, if connects two interior nodes then 
(3. 4. 2.4) and (3.4. 2. 5) apply on both ends. Of course, the two-point graph with 
Dirichlet-Neumann conditions at both ends is also included. Clearly (3.4.2. 1)- 
(3. 4. 2. 6) is a special case of (3.4.1.1)-(3.4.1.7). Therefore, Theorem 3. 4. 1.1 applies 
to the local problem (3.4.2.1)-(3.4.2.6). 

We introduce an iterative domain decomposition as follows. Consider A^j G 
L^(0,T), where n is now an iteration counter. We solve the system (3.4.2. 1)- 
(3.4. 2. 6) with the data A^j for J G Jm, and gj, fi, as above. We denote 

the corresponding unique solution by Let us then introduce the trans- 

mission condition 



KAt)--=l3j{^ E C,jr^{vj,t)-Curnvj,t)) 



- (^ E +R,r^)(vj,t) 

jelj 

- Ki{rf +Rir'l){vj,t)). 



With A°j G L^(0,T) given, (3.4.2.1)-(3.4.2.7), with ri replaced with on the 
left-hand sides of (3.4.2.1)-(3.4.2.6), defines an iteration in n = 0,1,2, — By 
standard calculations as in the preceding sections, we obtain, upon convergence 
as n tends to infinity, the limiting problem (3.4.1.1)-(3.4.1.7). 
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For purposes of analyzing convergence of the errors in the iteration process, 
we may suppose that the data ^j, /j, is zero. We introduce for each vj, 

J ^ Jmi the vector Aj := {Xij)ieij and collect those into 



A = 



We may then write down (3.4. 2. 7) for all J G Jm and i G Xj and define the 
right-hand sides as a linear map in A as follows: 



A = {Xj)j€Jm 

~ {^ij ) 

i£lj 



(3.4.2.S) 



{TA)ij = r.h.s of (3.4.2.7) (3.4.2.9) 

Then the iteration (3. 4.2. 7) can be rewritten after a shift in the index n as 

-TA^. (3.4.2.10) 

We note that A is a fixed point of T if and only if the solutions of the local 
problems collectively comprise the solution of the global problem with vanishing 
data. Thus the only fixed point of T is A = 0. 

As usual, the iteration (3.4.2.10) can be underrelaxed by introducing a pa- 
rameter e G [0, 1) and replaced by 

A^+i = (1 - e)TA^ + sA^. (3.4.2.11) 



Let us introduce the energy of the edge by (3.4.1.20) with r replaced with 
Ti and a(-, •) with ai{-^ •). According to (3.4.1.24), with the changes just introduced 
we obtain, when gj, fi, = 0, 

T T 

^ J \Xij{t)\‘^ dt = Ei{t) J aj\ri{vN,t)\‘^ dt 
0 0 

^ (3.4.2.12) 

+ 2 J 

0 

The energy relation (3.4.2.12) is for an edge connecting the Neumann node 
vn to an interior node vj. The other cases follow in the same manner. By the 
definitions (3. 4. 2. 8), (3. 4. 2. 9) and (3.4. 2. 7), we have {T A) = Xij J G Jm^ i ^ Xj. 




98 



Chapter 3. Partial Differential Equations on Graphs 



We need to analyze \Xij{t)\‘^. To this end we calculate 

|Aij|^ I Y, + \Cijri{vj)f 

jeTj 

j^'Ij 

+ ^ K E Kj { r ' + Rj r ,■)(^;,))|2 

+ hj{Cuf Ki{r'i + Ri n){vj)f 

- ^ ( E 

j^'Ij 

X {suiC+f KM + R,n){vj)) 

~ E ~ h{vj)) 

E eMCljfKMMRjrj){vj) 

jelj 

-eij{C+fKM + Kn){vj)), 



(3.4.2.13) 



where the dependence on the time variable has been suppressed for simplicity. We 
define 

E{T) := y] Ei(T) (3.4.2.14) 

ieT 



^-■=\ E E j{\{CtJYKM^ + Riri){vJ)\^ 

J^Jm i^Tj Q 

+ 0^j\Cijri{vM}dt. (3.4.2.15) 

We now sum (3.4.2.13) over all i G Jj 

E = E \Cuh{vj)\MY, \{CtM KM^ + R^r^){vJt 

i^Xj iEXj i£Xj 

- 2(3j E ^iACtjf RM + R^ ri){vj) ■ Cu h{vj). (3.4.2.16) 

ieij 

Now (3.4.2.14), (3.4.2.15) together with (3.4.2.12) imply 

T T 

E{T)-\- [ (^i\ri{vj,t)\‘^ dt + S = EE/ \\ij{Mdt. (3.4.2.17) 

J^Jn q J^Jm i^Xj Q 
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Moreover, (3.4.2.16) implies 

T 

ll^A||2 := E E ^ 

J^Jm i€Tj Q 

T 

J^Jm i^'Ij Q 
T 

- E E / Ki{r\+Riri){vj,t)-Cijri{vj,t)dt 

J^Jm Q 

T 

= £:- E E / ^ij{CuV Ki{r'i + Riri){vj,t) ■ Cijri{vj,t)dt (3.4.2.18) 

J^Jm i&'Ij Q 

But, according to (3.4. 2. 5) we also have 

T 

E E ^ / \Kj{t)fdt^\\Af 

J^Jm ^eXj Q 

T 

E E j {\i^ijf ^M + Rin){vj,t)\^ + 0]\Cijh{vj,t)\^ 

JEJm i£Tj Q 

+ 2/3j euiCfjY Ki{r[ + Ri ri){vj, t) • Cu hivj, t)} dt 

T 

= E E / •C'ijri(uj,i)c/i. (3.4.2.19) 

J^Jm i^Tj Q 

Combining (3.4.2.18) and (3.4.2.19) gives 

||TAf = ||Af -2J^, (3.4.2.20) 

where 

T 

.F := E E / Ki{r[ + Riri)(vj,t) ■Cijri{vj,t)dt (3.4.2.21) 

JEJm Q 

We proceed to show that T given by (3.4.2.21) is nonnegative. Then (3.4.2.20) 
shows that T is a nonexpansive map. To this end, we multiply (3.4.2. 1) by r^. 
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integrate with respect to x and t and then sum over i G I. The result is 



T 



■ Vi dx dt 



0 = I [KM + Ri Vi)]' + Rf Ki{r[ + Ri n) + n} h 

iex Q Q 

T £i 

= ^ y 1 ^ (Mj ri ■ r, + n ■ n) dx dt 
iei Q Q 
T 

- E E/=»«^5) ^ Ki{r'i + Ri ri){vj) ■ Cu ri{vj) dt 

JeJ\Jo i&ij 0 

T ii 

Ki{r[ + Ri ri){f[ + Ri Vi) dx dt 

i€lj 0 Q 

T 

= E{T) - E{0) - R + [ c^iHvMdt, (3.4.2.22) 

7 ^ rr ^ 



JejN 0 



according to (3.4.2.14). But E'(O) = 0. Thus 

T 

T = E{T) + E / (3.4.2.23) 

J£Jn 0 

which together with (3.4.2.21) gives 



T 

||TA||2 = ||A||2 - 2i;(T) - 2 ^ f aMiivj)\"dt. (3.4.2.24) 

JejN 0 

Equality (3.4.2.24) clearly shows that T is a nonexpansive map. Going back to 
(3.4.2.18), (3.4.2.21) we see that 



\\Tkf = e-E, (3.4.2.25) 

whereas (3.4.2.19) yields in 

\\Kf = £-^E. (3.4.2.26) 

We now iterate the map and obtain from (3.4.2.25), (3.4.2.26) 

||TA"||2 = f”-.7^ (3.4.2.27) 

||A"||2 = £:”+.F". (3.4.2.28) 
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Now, according to (3.4.2.11) and (3.4.2.27) 



gn+l ^ jrn+1 ^||A"+1||2 = ||(l-e)TA"+£ A"||2 

=(1 - ef ||TA”||2 + 2(1 - e) £(TA", A”) + £^ ||A”||2 
<(1 - ef{£^ -r^) + {l-e) e{£^ - J^) 

+ (1 - £) £(£" + J^”) + s\£^ + J^) 



(3.4.2.29) 



according to (3.4.2.27), (3.4.2.28). Thus, 

£:”+!+ J-”+i <^”-(1-2£).F”. (3.4.2.30) 



This crucial energy estimate can be iterated down to n = 1 on the right-hand side 
of (3.4.2.30), resulting in 



n+l 

<£^ + Y^ Ck{e) (3.4.2.31) 

k=l 

where ci{e) = 1 — 2e, Ck{e) = 2(1 — ^), A: = 2, . . . ,n, Cn+i(e) = 1. From (3.4.2.31) 
we conclude that 

^ 0 as n ^ 00 , V 6 G [0, 1) (3.4.2.32) 

<C, V n G N. (3.4.2.33) 

We consider the two cases e = 0 and £ G (0, 1) separately. 

Case i) £ — 0. 

In this case, from (3.4.2.32) and (3.4.2.23), (3.4.2.14) we deduce that 
£^r(r) = l(r-r(T),rr(T)) + la,(rr(T),r"(r))^0, iel, (3.4.2.34) 
and, for ai > 0, 



WrUvj. •)IIl^(0,t) ->0, ielj, Je Jn. (3.4.2.35) 

Moreover, by (3.4.2.33) and (3.4.2.15) we obtain 



\\{C+fmr-y + R,r?){vj,-)\\LHo,T) < C, 

\\PjCurnvj,-)\\mo,T)<C, 



(3.4.2.36) 



for all J G Jm, i G Tj- By (3.4.2.34), (3.4.2.36) and (3.4.2.12) we then obtain 

||ArjlU^(o,T) <C, JgJm, ielj. (3.4.2.37) 

Since gj = 0, /i = 0, we obtain in addition 



£f(-) < C in L°°(0,T), i G J. 



(3.4.2.38) 
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In other words 

{rf,rf)H,xv, <C in L^{0,T), i G I (3.4.2.39) 

which implies that, on a subsequence n := — > oo 

^ {h, h) weakly* in L~(0, T; HixVi),ie I. (3.4.2.40) 



j eu {C+f Ki((rn' + Ri rf){vj, •) ^ Bu 
\Cijrf{vj,-) Aij weakly in L^(0,T), J G Jm, i € Rj- 

Moreover Vi satisfies 



Mifi = [Ki{f[ +Rifi)]' -R[Ki{fi + Rin)-Sin in Qi (3.4.2.42) 



^ijiCtj)'^ RiiK + Rifi){vj,t) = 

Cij fi{vj,t) = Aij{t), J G Jm, t £ (0>r) 

Ki{f'i + Ri fi){vN, t) = 0 
fi{vN,t) =0, VN e Jn, t G (0,T) 



(3.4.2.43) 

(3.4.2.44) 



fi(.,0) = f,(-,0) = ri{;T) = fii;T) = 0. (3.4.2.45) 

Note that, according to (3.4.2.35), rf{vj^') converges on the entire sequence, 
strongly in L^(0,T). 

Thus, for 6i connecting a Neumann node vn to a multiple node uj, (3.4.2.44) 
constitute Cauchy data at vj on (0, T), whereas (3.4.2.45) are zero initial and final 
data. Hence 

fi{x,t) =0 in Qi, i e Jj, J G Jn> (3.4.2.46) 



We now consider a special situation, where G is a tree with all simple node but 
one in Jn and the excluded one in J7 d- We proceed from the simple Neumann 
(ultimate) nodes to the penultimate nodes at the next layer. In other words: a 
penultimate node vj is characterized as 



i elj 3 dj — 1 many vn, N G Jn 
such that i G Iat, while the remaining node, say um, is in Jm- 



(3.4.2.47) 



The unique multiple node vm is then located in the next layer. 

We go back to the iteration. Let us look at (3.4. 2. 7). Consider i G Jj flliv. 
Then we may pass to the limit in (3. 4. 2. 5), (3.4. 2. 7) to obtain 

0 = (3 J Ajj{t) - Bjj{t) j G Jj PiIm- (3.4.2.48) 

On the other hand, for i eXj HXm, (3.4. 2. 5), (3.4.2. 7) imply in the limit 



RiiK + Ri h){vj,t) + I3j CiJ fi{vj, t) 

= f3jJ- 1) (^iJ - (|- ^ii^i + ^i fi)i^jJ) (3.4.2.49) 
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or 

Q = f3j Aij(t) iGJjfllM- (3.4.2.50) 

Now, (3.4.2.49) and (3.4.2.50) imply 

A^j = Bij = 0 (3.4.2.51) 

and thus, by unique continuation, fi{x^t) = 0 in (0,^^) x (0,T) for edge con- 
necting the penultimate node vj to vm ^ Jm in the next layer. 

By this procedure we proceed from all simple Neumann nodes through the 
tree until we reach the single Dirichlet node. On that last edge we also conclude 
Ti = 0. Thus, = 0 in Qi, Vi G X. 

This shows that for £ = 0 (no relaxation) and for G a rooted tree with 
all leaves satisfying impedance type or Robin type conditions, we have weak* 
convergence of the local errors, to zero in L^{0,T]Vi x Hi). Moreover, 

the traces Sij{C^j)'^ ^i(^F + nt the interior nodes tend to 

zero in T). We will collect these result in the statement of the next theorem 

below. 

Case ii) ^ G (0, 1). 

According to OpiaPs Lemma 2.3. 7.3, with given by (3.4.2.11) we have 
A”^0, r A" ^0 weakly in JJ L^{Q,T) =: X. (3.4.2.52) 



Thus 



su{C+fKi{irf) + Rir^){vj,-) + PjCijfnvj,-)^0 (3.4.2.53) 



and 

E ■) - •)) 

^ jeXj 

-(j; E e,j{C+jfKj{{r^y + Rjr^){vj,-) 

- eu{C+jf KiiirfY + R, r?)(vj, ■)) ^ 0 (3.4.2.54) 
weakly in L^(0,T), as n — ^ cx). 

We proceed to show that the convergence take place in the strong topologies. 
To this end we sum (3.4.2.53), (3.4.2.54) over i G Jj and obtain 

^ euiC+fmrYY + RirY){vj,-) + (3j Cuv^vj,-) - 0 (3.4.2.55) 

ieZj ieij 

and 

ieij ieij 



(3.4.2.56) 
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weakly in L^(0,T). Now, (3.4.2.55) and (3.4.2.56) imply 

Pj Y. 

(3.4.2.57) 

euiCtjf mr^y + Rin){vj,-)^Q, 

ieij 



weakly in L^(0,T). By using (3.4.2.54) it is seen that (3.4.2.57) implies 



Qjrnyjr)^0, 

eu {C+f Kiiiryy + Ri n){vj, •) ^ 0 



(3.4.2.58) 



weakly in L^(0,T). 

In order to obtain strong convergence in (3.4.2.57) and (3.4.2.58), we have 
to consider the convergence of the norms of the terms involved. Recall (3.4.2.11), 
that is 

={l-s)TA^ + eA^=:ZA^. (3.4.2.59) 



Thus 

and hence 



A^+i -A^ = {l-e) (T A^ - A^) 



||An+i_A^|| =(l-£)||rA^-A^|| 

-r,^-^Ai|| -^0, 



(3.4.2.60) 



as n ^ oo. On the other hand 



||TA^ - A^f = \\TA^f - 2(r A^, A^) + ||A^f 

which, according to (3.4.2.25)and (3.4.2.26), is equivalent to 

||r A^ - A^^f = 2{£^ - (TA^, A^)). (3.4.2.61) 

This leaves us with the analysis of (T A, A). Now, 



T 

{TA,A)= E E ^ f[eij{CyjfKi{T[ + R,ri){vj) + PjCuh{vj)] 

JeJM ieij I 

-(f E eu{Ctjf K,{rr+R^T^){vj) 

- eu{Cfjf Ki{r[ + Riri){vj))]dt 
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A little calculation gives 



1 

{TA,A)= ^ J {'£\^ijiCtj)^KM + Rin){vj)\^ 



J€Jm ' 0 



- ^ I E + Ri ri){vjt 

+ ^'t-|E Cuh{vj)\^-0] Y. \Cijh{vj)\^]dt. (3.4.2.62) 



We recall the definition of £ from (3.4.2.15), together with (3.4.2.62), and obtain 



e-{TA,A)= E ^ y {2/3} E \Cuh{vj)\^ 

J^iJM Q i^'Ij 

+ ^ I E ^M + Rin){vj)\^ 

iEiTj 

- ^ I Y 

T 

J^Jm q ^GXj ^ i^Tj 

+ ^i E euiCtjf KM + Rin){vj)?}dt. 



(3.4.2.63) 



la,|2 - 






which allows (3.4.2.63) to be written 



1 

£-{TA,A)= E /{^ E \Curi{vj)-CjjMvj)f 



J^Jm q ijeJj 

1 , 



E Ki{r[ + Ri ri){vM) dt. (3.4.2.64) 



Equations (3.4.2.60), (3.4.2.61) and (3.4.2.64), with A replaced by A^, imply that 
II £a(C+)^K,((rr)' + i?.rD(t;j)|U^(o,T) -0 (3.4.2.65) 
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and 

\\Cijr'^{vj) - C,jr”(z;j)|U 2 (o,T) ^ 0, (3.4.2.66) 

for z, j G Tj. Thus the global transmission conditions are satisfied in the strong 
sense in L^(0,T) in the limit. According to (3.4.2.17) and (3.4.2.19) we also have 

t 

E^t)+Y^ [ ai\rf{vj)fdt 

JeJN 0 

t 

= E E [ e^J{C+fmr?Y + Rir:)■CuMvJ)dt 

J^Jm Q 

, (3.4.2.67) 

= j- [iH e^j{CtjfmrYy + R,r,){vj) 

x{CurY{vj)-C,jry{vj)) 

+ ^iACuY mr?y + Ri r7){vj) ■ C^J ry{vj)] dt. 

i^Tj i^Tj 

According to (3.4.2.36), (3.4.2.65) and (3.4.2.66) we infer from (3.4.2.67) that 

sup E^(t) ^0, n ^ (DC. (3.4.2.68) 

0<t<T 



Theorem 3.4.2.1 

i) Let e == 0 and let G be a rooted tree, with the root clamped and all leaves 
satisfying (3. 4. 1.5). Then for each z G X the local solutions in the iterative 
procedure based on (3.4.2.1)-(3.4.2.7) converge weakly* in L^{0,T; ViXHi) to 
the solution of the global problem (3.4.1.1)-(3.4.1.7), and there is convergence 
of the traces eij{CYj)'^ Ki{{rf)' + Riry){vj) and Cijry{vj) in X°°(0,T). 

ii) Let e G (0,1). Then the iterative local solutions converges to the global solu- 
tion in C([0,T]; Vi x Hi), Vz G J. 




Chapter 4 



Domain Decomposition for 
Elliptic Optimal Control Problems 



4.1 Introduction 

In this chapter we begin the study of domain decomposition of optimal control 
problems, which is the main focus of this monograph. This topic, in contrast to 
domain decomposition procedures as such, has attracted the attention of mathe- 
maticians only recently. We focus the discussion at the beginning on elliptic partial 
differential equations which, from a technical point of view, are the most accessible. 

Control problems are ubiquitous. There is virtually no need for any motiva- 
tion here. Suffice it to say that optimal control problems have been a major focus 
in pure and applied mathematics for many years. The necessity to describe the fine 
structure of processes, to account for local phenomena, has made control theory of 
partial differential equations, or control theory of distributed parameter systems, 
one of the major mathematical tools in applied mathematics. Typically, control 
problems involve constraints on the controls and also on the states evolving ac- 
cording to a partial differential equation. While simple box-type control constraints 
are more or less standard in the modern theory, state constraints are still a major 
area of current research. However, just the mere presence of controls, even without 
constraints, is a challenge from the point of view of numerical implementations. 

Control problems add yet another difficulty to the treatment of partial dif- 
ferential equations, since, in the presence of controls, the goal is not only to show 
existence and possibly uniqueness of solutions under the influence of controls, but 
also to optimize some cost functional for admissible controls allowing a unique 
solution of the underlying control problem. Prom the point of view of numerical 
algorithms, typically an optimal solution is sought by the use of gradient steps in 
the unconstrained case, and by additional second-order information in the con- 
strained case. Gradient information can be obtained on the discrete level by just 
discretizing and using finite differences, or by resorting to automatic differentia- 
tion tools. Gradient information can also be retrieved on the finite- as well as on 
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the infinite-dimensional level by the method of adjoints. Adjoints, in turn, can be 
viewed as Lagrange multipliers for the state equation. In this context, the opti- 
mal control problem is viewed as an equality constrained optimization problem, 
the equation to be satisfied being the state equation. Then the unconstrained La- 
grangian is checked for saddle-points and Uzawa-type algorithms can be devised, 
as in Chapter 2. One may also look into the first-order necessary and, in the convex 
case, sufficient optimality condition. 

This optimality condition consists of a so-called forward equation, which 
is the original state equation, and a ‘backwards’ equation, which is the adjoint 
equation. These equations are coupled in a way dictated by the cost functional 
and the control inputs. For elliptic and hyperbolic equations, the adjoint, even 
though possibly requiring a different space state setting, is of the same general 
structure as the forward equation. Thus, considering optimal control problems, and 
pursuing the avenue of gradient type methods or directly exploiting the optimality 
system, leads to an additional equation of the same complexity as the forward state 
equation, the two equations being coupled at various locations and by various 
means. 

It is then obvious that domain decompositions in the context of optimal 
control problems are highly desirable, just because of their potential in parallel 
computing. This is even more important for multi-link system or, more generally, 
for partial differential equations on graphs or networked domains, as discussed in 
the previous chapter and in Chapters 6 to 9. 

In this book we pursue the idea of accomplishing such domain decomposi- 
tions by an all-at-once approach in the following sense. As explained above, an 
optimal control problem can be seen as a constrained optimization problem in 
infinite dimensions. We may design methods based on the discretized optimiza- 
tion problem. This is what is called the direct approach. On the other hand, one 
may use the optimality condition, which is a coupled set of partial differential 
equations. In this method the optimal control problem is transported into a pure 
PDE problem. Accordingly, software for PDFs enters the focus of interest. This is 
typically referred to as the indirect approach to optimality. On this level, domain 
decomposition methods constitute a modern tool to decompose the problem into 
tractable pieces. One possible approach is to apply domain decomposition methods 
first to the forward equation for the computation of its solution, and then use that 
information in order to compute the solution of the backward equation, again by 
domain decomposition. Such a procedure would, however, not be completely par- 
allel since there remains, at least, a forward coupling. This is true for gradient-type 
methods in general, where the gradient is computed via an adjoint state. If one 
insists on the optimality system, the forward and the backward equation are two- 
way coupled. In that case a domain decomposition of the entire optimality system 
is in order. The very natural question that arises here is whether the decoupled op- 
timality system has itself any relation to an optimality system on the substructure. 
If this is the case, the global optimal control problems breaks down into iteratively 
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coupled optimal control problems on the substructures. Such methods are of great 
importance, in particular for problems discussed in this book, namely, problems 
on networked domains, where possibly different equations govern the process on 
adjacent domains. 

Thus performing optimization and domain decomposition together, as de- 
scribed above, will lead to algorithms that are completely parallel with respect 
to subdomains. Equipped with such algorithms one is able to resort to standard 
software developed for processes on standard domains. The description of those 
algorithms, proofs of their convergence and the development of a posteriori error 
estimates is central to this book. 

To keep matters as simple as possible in the present chapter, we focus on 
elliptic problems and do not include a treatment of control and state constraints. 
Domain decomposition algorithms for such constrained optimal control problems 
will be the subject of future research, although we do provide such an algorithm for 
a state constrained optimal control problem for wave type equations in Chapter 8. 
The idea pursued in this chapter is very simple and attractive. It has been used by 
Benamou and Despres [10] for a Helmholtz- type problem with a purely distributed 
control (see also [16]), i.e., a control acting on the entire domain rather than just 
on its boundary. They observed that the corresponding optimality system could be 
viewed as a complex Helmholtz equation. Therefore, a domain decomposition of 
the complex Helmholtz equation results in a domain decomposition of the original 
optimality system. We describe their idea, introduce the domain decomposition, 
prove convergence and provide a posteriori error estimates. It turns out, however, 
that this point of view cannot be carried over to boundary control problems. Nev- 
ertheless, once the domain decomposition method is established in the distributed 
case, one may use the method as a paradigm also in the case of boundary con- 
trols. Again, we consider a domain decomposition method, prove convergence and 
provide a posteriori error estimates. 



4.2 Distributed Controls 



In order to fix ideas let us begin with a standard elliptic optimal control problem 
which has been considered by Benamou [7] and Despres. [16] 



miriueu / {\w{u) - Wd\‘^ + dx 
Jn 

—Aw = f -\-u infi 



w ■■ 



0 on9f^. 



(4.2.1. 1) 



where U C L^{Vt) is closed and convex, C R^, / G 




no 
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There is a unique solution to (4. 2. 1.1). The optimality system is given by: 



—Aw = f + u inll 
—Ap = w — Wd inO 
\ w = 0 = p on dQ 




+ iyu){v — u)dx > 0, 



\fveU 



The derivation of (4. 2. 1.2) follows standard procedures. In particular, iiU — L^(fl) 
then u is given by the adjoint state p in the following typical form: 



1 

u= — p 

V 



Thus, in this case the optimality system is given by 

1 

—Aw — f p inO 

^ —Ap = w — Wd inO (4.2. 1.2) 

w = 0 = p ondQ 



Thus the optimality system is a coupled elliptic problem with the coupling occur- 
ring in two places. 

In order to obtain a reasonable decomposition procedure of (4. 2. 1.2), Ben- 
amou and Despres developed the following embedding into a Helmholtz problem 
with complex coefficient /c G C as follows. Let 2 be the (complex-valued) solution 
of 

—Az kz = g infl 

< z = 0 ondQ. (4. 2. 1.3) 



and observe that for 



i 




9 = f- 



(4.2. 1.3) is equivalent to (4. 2. 1.2). Hence, a convergent domain decomposition of 
(4.2. 1.3) will result in such an algorithm for (4.2. 1.2). This observation leads one 
to suggest a Robin-type algorithm. 
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4.2.2 Domain Decomposition 



Algorithm 4.2.2.1 (Benamou, Despres) Given data , at level n, compute the 
solutions of the local problems 



together with 



where for n > 1 



-A<+i + lp^+i = /i in a 
- Wid in Hi 
= 0 = on dCl n dQi 



dvi 



-w. 



n+1 



+ lip, 



n+1 



A”. 



„n+l 



duii 



= Pi 



A"- 



ijV'. = 






(4.2.2.1) 

(4.2.2.2) 



(4.2.2.3) 



4.2.3 A Complex Helmholtz Problem and its Decomposition 

Let us consider the complex model problem 

( —Az + kz = f in f2 
dz 

— (3 z = h on Fi (4.2.3. 1) 

ou 

1 2 ; = 0 on To 



with - To U Li, k,f3eC, f e L2(J7;C), h C L2(ri^-,C). We are interested in 
solutions z € C) of (4. 2. 3.1). We proceed as in Benamou ([7]). Consider the 

auxiliary problem 

—Az z — f in O 
dz 

{^^Pz = 0 on Li (4.2.3.2) 

dv 

z = 0 on To 

with /G L2(f];C). 

We have 

J {—Az-\-z)zdx = -J -^zzd'y-i- j \V z\^ \z\^ dx 

Vt Ti Q. 

= J (3\z\‘^ d'y + J \Vz\‘^ + \z\‘^ dx. 

Ti n 
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Thus 



Re{-Az + kz, z)>C ||zllHi(n.c) 



if Re/? > 0. The problem (4. 2. 3. 2) is therefore coercive in i7^(0;C), if Re/? > 0. 
We may then describe the original problem (4.2.3. 1) as a perturbation of (4. 2. 3. 2) 
as follows. Let R : L^{n]C) x L^{Ti;C) be defined by R{f,h) 

z, where z G is the unique weak solution of (4. 2. 3. 2). Moreover, let 

T : H\n;C) H^n^C) be defined by Tz = R{{1 - k)z,h). Then with F = 

R{f^h) we see that z solves (4.2.3. 1) weakly in i/^(Q;C) if and only if z satisfies 
{I — T) z = F. This is because {I — T)z = F^z = Tz-\-F = R{{1 — fc) z + /, h). 
Now since Q is bounded, T is a compact map in Upon applying the 

Fredholm alternative we are left with a uniqueness problem for (4.2.3. 1). To this 
end it is sufficient to consider zero data f = 0 = h. By multiplying (4.2.3. 1) by z 
and integrating over we obtain 



0 = y* {-Az F kz) zdx = J --^zzdyF j k\z\^ dx 

Q Ti n 

+ / I V.p <lx = / ffl.p 4, + / I V.l’ dx + / 4.^ 

Vt Ti VI Q. 



This implies 

Im(/?) J |zpd 7 + Im(fc) J |z|^dx = 0. 

Ti Q 

If we assume that Im(/0) and lm{k) have the same sign, then both terms 
are equal to zero. If, in addition, we assume that Im(^) and Im(A:) do not vanish 
simultaneously, then either Im(/c) ^ 0, which implies z = 0 in Q, or Im(/?) 7^ 0, 
which implies z = 0 on Fi and, in turn dz/du = 0 = z on Ti implies z = 0 in 
by unique continuation. Thus one obtains the following result. 



Theorem 4.2.3.1 (Benamou) Let f e L^(fi;C), h G L^(Fi;C) be given. Assume 
that fc,/? G C satisfy 



> 0, lm{P) Im(fc) > 0; lm{k) + Im(/?) 7^ 0. 
Then problem (4.2.3. 1) admits a unique weak solution z in i/^(fi;C). 



With this result at hand we may now consider the following domain de- 
composition procedure which, for the sake of simplicity, we write down for two 
subdomains in an unrelaxed form. The general case may then be handled as in 
the preceding sections. Let z'^ G be the unique weak solution of 



'-Az^Fkz^ = f in n, 
^+Pz^=gf on r 
z," = 0 on dO,i n dQ, 



(4.2.3.3) 
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with / = C) and G L^(F; C), i = 1, 2. Update the inhomogeneity gf by 

= 2(}zJ-g;, i = l,2, j ^ i. (4.2.3.4) 

Together with (4. 2. 3. 4), the transmission condition (4. 2. 3. 3) at n + 1 reads 



dui 



+ ^,n+l^gu+1^2l3z^ 



= 2(3z^ 



dz'- 



■9i 



■PzJ 



dz^ 

= i = l,2, jj^i, 

which, upon convergence, reduces to the correct transmission conditions for the 
global problem across the interface F, as in the real case. 



4.2.4 Convergence 

In order to show convergence, we consider the errors 



:= 



(4.2.4.1) 



where i = 1,2, are the restrictions of the solution z to the global problem. 
Obviously, satisfies (4.2. 3. 3) with f = 0 and (4. 2. 3.4). Let g = (^ 1 ,^ 2 ) C 
Z/^(FjC)^ be given. The norm of g is defined by 




We consider the map 

r : L^{T;Cf ^ 

Tg := (2/362-^2, 2/3 d - gi) 
where e solves (4. 2. 3. 3) with / — 0 and (4.2. 3. 4). We have 

[ \2I3 6i - gif d'y 

i=l 

= ^ f [^\(3eif -ARe f3eigi-\-\gif]d'y 

i=l p 



=\\gf + ^j2 j 

i=^ r 
i=l 'I 



Re {(3ei {(3 ei - gi)) d'y 



Re {/3 a — ei) d'y. 



(4.2.4.2) 



(4.2.4.3) 



(4.2.4.4) 
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If we multiply (4.2. 3. 3) with / = 0 by /? and integrate over Q we obtain 



/ 



0= {—Aei-\-kei)/3eidx 



— - j -^eiPeidj + P j \SI Cif dx -\- k f3 J \eif dx 



or 



/ 



0 I -^eieid^ = 0 j \\/ 6i\‘^ dx + k 0 j \eif dx. 
r Qi 



Therefore (4. 2. 4.4) gives 



2 

\\rgf = \\gf-^ ^{Re(^) j \'7ei\‘^dx + Re{kp) j \eifdx}. (4.2.4. 

^—1 o 



5 ) 



It is clear from (4. 2. 4. 5) that the operator T defined by (4. 2. 4. 3) is nonex- 
pansive if 

Re(/3) > 0, Re(fc^) > 0. (4.2.4.6) 

We define an iteration as follows. Given G C) set 

n>0. (4.2.4.7) 

Then (4. 2. 4. 7) is equivalent to the iterative process (4.2. 3. 3) with / = 0 and z'^ 
replaced with e^, together with (4. 2. 3. 4) (again with replaced with ef). 

In order to prove convergence of (4. 2. 4. 7) we assume in addition to (4. 2. 4. 6) 

Re{0)-^Re{k0) >0. (4.2.4.S) 

We have from (4. 2.4. 5) and (4. 2.4. 7) 

2 

= llfl"ll'-4^{Re(^) j \Ve^fdx + Re{k0) J \e^f dx} (4.2.4.9) 

Q, Cti 



We have three cases to consider 

i) Re{0) > 0 and Re(fc^) = 0. In this case (4. 2. 4. 9) implies 

Ve^-^0 in L^{ni;C), i = l,2 
and, in turn, ^ 0 in H^{Qj]C). But then also ef\r ^ 

ii) Re(^) = 0 and Re(fc^) > 0. 



0 in L2(T). 
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In this case (4. 2. 4. 9) implies only — > 0 in However, upon multiplying 

(4. 2. 3. 3) (/ = 0, Zi ^ 6i^ n ^ n + 1) by we obtain after integration 

0 = y’(-Ae”+' + fce”+')^dx 

= + J + J 

r Qi 

which implies 

j |Ve^+^dx = -Re(fc) j \e^+^fdx 

+ Rey (/3e”+i -5”+i) e^+id7 (4.2.4.10) 
r 

= -Re(fc) j \e^+^\‘^dx-Re j 

r 

where we have used (4.2. 3.4) (n n + 1, Cj) and Re(3 = 0. 

Since [g'^) is bounded in L^(r;C) according to (4.2.4.9), we infer from 

(4. 2. 3. 4) (with n ^ n I, Zj ^ ej) that {e'j)\r is bounded in L^(F;C). By 

(4.2.4.10) we conclude that (ef) is bounded in C). This implies that e^|r 

0 strongly in L^(T;C). Going back to (4.2.4.10) we then conclude that ^ 0 in 
H^{ni]C). 

hi) Re(/3) > 0 and Re{k^) > 0. This case is obvious. 

We conclude that 0 in i = 1,2 

Theorem 4.2.4.1 Let i = 1,2, be given in L^(T; C) and let /?, A: G C satisfy 

Re(/?) > 0, Re(^A;) > 0, Re(^) + Re{Pk) > 0. 

Then as n oo the solutions zf, i = 1,2, of (4. 2. 3. 3) and (4. 2. 3. 4) converge 
strongly in H^{Q.i',C) to the restriction of z on Qi, where z is the solution of 



—Az + kz = f in Q 
z = 0 in dO,. 



(4.2.4.11) 



Remark 4.2.4.1 

i) The method can be extended to an arbitrary number of subdomains. 

ii) The method can be relaxed as in the preceding chapter. 

iii) The proof is an adaption of the one given by Benamou[7] combined with the 
updating procedure given by Deng [15]. 

iv) The method also extends to more general second-order complex equations. 
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4.2.5 Methods for Elliptic Optimal Control Problems 



We consider (4.2.4,11) with k = j3 = \ + ifi, z = w + g = f — ^ Wd. 
Then 



i 1 

—Az -\-kz — — Aw H — (“Ap — w) -] — p 



= f- 




9 ^ 



which is equal to 



-Aw-\ — p — f-) —Ap — w — Wd in Q. 
u 

w = 0^ p = 0 on dO, 



that is, to the original optimality system . 

We go back to the domain decomposition procedure (4. 2. 3. 3), (4. 2. 3.4) and 
replace the complex quantities according to our setting above. We obtain 



-A wf + -pf = f, ~^Pi = 'wf - Wd in Qi 

— w” + A wf - p” = g2 on T 
< V ^ 

^Pi +Xpf + = hl on r 

^Wi = Q = pi on 

together with the updates 

= 2 {\p] + - h]. 



(4.2.5.1) 



(4.2.5.2) 



The iteration (4.2.5. 1) and (4. 2. 5. 2) contains, besides i/ > 0, the parameters A, g 
which have to satisfy 

A > 0, // < 0, A — /i > 0. (4. 2. 5. 3) 

The canonical choice in the context under consideration isA = 0, g = —S E 
E, z/ = 1 and results in the iteration 



' -Awf -\-pf = f in 
< -Apf = wf - Wd in Qi 
^Wi = Pi =0 on dO,i n dft 




(4.2.5.4) 



(4,2.5.5) 
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g'l+^=2Sp]-g^ 

= -25 Wj - /i” 



Of course (4. 2. 5. 6) can equivalently be expressed as 



9i 

K 



dw^+'^ 

SpT' 






+ Sw 



n—1 



(4.2.5.6) 



(4.2.5.7) 



4.2.6 An A Posteriori Error Estimate 

We consider (4.2.3. 1) and its decomposed counterpart (4. 2. 3. 3) and introduce the 
error 

:= - Zi (4.2.6.1) 

as usual. Then z'^ satisfies 

— A z]^ k z^ = 0 in Qi 

^+f3z^=g- on r (4.2.6.2) 

= 0 on dO^i n dQ 



g^+^ =2(3 zj-g^ on T. 

Then with 


(4.2.6.3) 


ai(zi,Vi) := / (V Zi ■'Vvi + k ZiVi)dx 




{wi,Vi)r := j WiVid'y 

P 


(4.2.6.4) 


We obtain the variational form of (4. 2. 6. 2) 




Vi) = {gf - (3 z^, Vi)r, ^ViEVi, 


(4.2.6.S) 


together with the update (4.2. 6. 3), that is. 




ai{z'",Vi) + f3{zi,Vi)r = {gi,Vi)r ,Vui € P, 
( , <^)r = 2/3(S; -g^,ct>)r ,y<f>eW, 


(4.2.6.6) 



where, for simplicity, we have assumed that j3i = j3j = f3 ^ C. Using the notation 
of Section 2.3.6, we obtain 




118 



Chapter 4. Optimal Control of Elliptic Problems 



and 

( 3 {z^,<i>)r<mci\\~znvAmw. 

Notice that 

^i) = “ / ^ j 

r r 



and thus, as Re(fc) = 0, 




|rni2 
\^k \ 



dx + Im(^) J 



z:fd'y = lm I g^z^d^, 
r 



j I V zn^ + Re(j3) J d^ = ReJ if dr 

Qi r r 



We have 

Reai{z'^~^^,vi) + Rea2{z'^,V2) 

= Re{r,^^ - !3zl+\v,)r 
-\- Re{g2 - 0Z2,V2 )v 
= Re{ri^^-(5-z^,+\vr-V2)T 
+ Re - /35^^^;2)^ + (fc" -(^^ 2 ,^ 2 )^) 

= i?e(p”+^ -ti2)r 

+ Re +g 2 -2(3 Z 2 + 13 Z 2 - (3 ■i; 2 )r 

= i?e(g"+^ -U2)r 

+ i?e (/3 (z2 - z^"^^),V 2 )t 



(4.2.6.S) 

(4.2.6.9) 



(4.2.6.10) 



(4.2.6.11) 



(4.2.6.12) 



according to (4.2. 6. 6). Set vi := 5"”''^, V 2 ■= and insert these into (4.2.6.12) to 
obtain, according to (4. 2. 6. 7) and (4. 2. 6. 8), 



Re ai (5”+i , 5”+^ ) + Re a 2 {z^, z^) 

< Cl prr'ii iNr' - 4 iir + m C 2 wz^iw. - z^wr. (4.2.6.13) 

Obviously, as fc G C\R and because of the boundary conditions on dQ we have 
Ci\\zi\\v. <Reai{zi,Zi) = j \V Zi\'^ dx < Ci\\zi\\y.. 

Qi 



Thus, the estimate (4.2.6.13) gives 



pr'iiv.+ii^ 2 ”iiv.<c(/j) ii^r'- 4 iir, 



(4.2.6.14) 
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where now C{(3) is a generic constant depending on (3. By changing the order of 
the domains we may write (4.2.6.14) in a more symmetric way: 

+ ii^riki + + 11^2 ik2 

< - 4llr + 114+' - 4llr) (4.2.6.15) 

By defining the total error as 

e” - II 4 II V, + II 4 II (4.2.6.16) 



and the mismatch along F as 

:= 114+1 _ 4 II 2 (4.2.6.17) 

we obtain the a posteriori error estimate 

e"’"+i := e" + e”+i < C(^) (44+^ + (4.2.6.18) 

Let us translate the estimate (4.2.6.18) into the notation of the original prob- 
lem (4. 2. 1.2). Recall z = w where w,p are real-valued functions. Then, of 

course, 

11411k = / 

= I |V<|2rfx+l I \Vp^fdx + 1 Kpdx + 1 j Wp'lfdx 

Qi Qi Qi fli 

= IKII^. + i|l4fK- 

Thus pf ||vi > (Ikriki + Ikrllvi)- Hence with the redefinition of as 

e” := llw;" llvi + ^ ||Pi Hk + ||«^2 IIk + 4= IIp^IIk (4.2.6.19) 

y/U y/V 

and 

£^.-"+1 = ||«,«+1 - «,;||2 + i 114+1 -4||2 (4.2.6.20) 

we obtain the following theorem. 

Theorem 4.2.6.1 Lei the error measure he defined by (4.2.6.19) and the mismatch 
of the consecutive iterates along F be given by (4.2.6.20). Then, there is a constant 
C depending only on the geometry ofQi, ^2 cind ^ > 0 along F, such that 



e”’”+i < + ^21’"+' 



(4.2.6.21) 
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4.3 Boundary Controls 

Let us consider a standard elliptic problem again, but now with a control acting 
through the boundary on 0: 






subject to (4.3. 1.1) 

—Aw = F in 0 

dxD 

It; = 0 on To, — = / on Pi, 
dv 

where 50 = roUPi, meas(ri) > 0. The optimality condition for (4. 3. 1.1) is given 
by 

f = on Ti, (4.3.1.2) 

where p solves the adjoint problem 

—Ap = K,{w — Wd) in 0 

dp (4.3.1.3) 

p = 0 on To, — = 0 on Ei. 
ov 

The complete optimality system is expressed as a system of coupled problems: 

—Aw = F, 

—Ap = K{w — Wd) in 0, 

w = 0 = p on To (4.3. 1.4) 

dw ^ dp ^ ^ 

— +p = 0, ^=0 on Ti. 

du du 



4.3.2 Domain Decomposition 

As the coupling in (4. 3. 1.4) is both on the boundary, for the adjoint variable, and 
in the interior for the direct variable, a reformulation as a complex problem as 
in (4.2.3. 1) is not possible. Still, the analysis in the last section leading to the 
decomposition method (4.2.5. 1), (4.2. 5. 2) suggests the following procedure. 

-Aw^l = Fi, -Api = Kiw'l - Wdi) in Q.i 

^< + A<+MP”=5r on r 

+ = on r 

on n To =: To,*, 

dw^ dp^ 

-F~ = =: Ti,, 

dl^i dl^i 



(4.3.2.1) 
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together with the updates 



hr^=2{xp]-fiw^)-h]. 



(4.3.2.2) 



For simplicity we assume that meas(ro,i) > 0 and meas(ri ,i) > 0. As always, 
(4. 3. 2. 2) can be underrelaxed by the introduction of a parameter e G [0, 1) such 
that 



= (1 - e){2{\w] + ppj) - gj] + eg^ 
= (1 - e)[2{\p^ - M<) - ft"] + eh]. 



4.3.3 Convergence 

For the sake of clarity we do not consider a relaxation in this section. Relaxation 
will become more essential for dynamic problems. We proceed much like in the 
last section. We introduce the local errors Wi = Wi — w\i^ Pi = Pi — p\i, which 
solve (4.3. 2.1), (4. 3. 2. 2) with the superscripts removed and with F = 0 = Wd and 
( 51 , 52 , fti,ft 2 ) e ft2(r)4 4^. We set 



= E 

i=l 



/ 



jXip dr 



(4.3.3.1) 



and introduce the map T : X X defined by 



T{X) = {2{Xw2 +MP 2 ) -P2, 2{Xwi Fp.pi) -gi, 

2{Xp2 - PW 2 ) - h2, 2{Xpi - pwi) - hi). (4.3. 3. 2) 

A fixed point of T corresponds in a one-to-one way to a solution of (4. 3. 1.4) with 
F = Wd = 0. Hence T has zero as its only fixed point. 

We first want to see under which conditions T is a nonexpansive map. We 

have 



2 2 

\\TX\?x='F [ d'y + 'f^ [ \2{\pi- pwi)-hi 

i=l p i=l ^ 

= E / [^{>^d!i+ppif -4{\wi+ppi)gi+gf]d'y 

i=l p 

+ E/ pWif -^JPi- pwi)hi + hj]d'y. 



d'y 




122 



Chapter 4. Optimal Control of Elliptic Problems 



This may be written 



=11^11^ + XI / 4(Aw)i + |Upi){(AtZ;i+/xpi)-5i} 

2=1 'I 



d'y 



tj 

i=l X. 



+ 






4(Awi - jj.pi){{Xpi - pLWi) - hi} dj 



i=l t 



{\wi-\- ppi) -^Wi d'j 



(4.3.3.3) 



-4 X / (Api-jUWi) -^Pi 
2=1 i ^ 



d^. 



We then multiply the homogeneous state equations in (4.3.2. l)i by W{ and pi and 
integrate over Q.i to obtain 

0 = J AwiWidx = j Wid^ — J pi'Wid'y — J V li;? dx 

r Ti,i Qi 






0 = j {Api + KWi)pi = j ^Pi + K j WiPidx - j \Vpi 

fli r Qi Oi 



dx 



and 



0 = j AwiPidx = j Pid'y - j pf d'f - J X/ WiV Pi dx 

Cli r Tl,! 



0 = J {Api + K,Wi) Wi dx — J Wid'y K J dx ~ J V PiV Wi dx. 



Thus, 



j {\wi ppi) -^Wid^ = \ j + j VwiVpidx 

r Qi Q.i 

+ A j pi'Wid'y + p, J pUi (4.3.3.4) 

ri,i ^i,i 

J {\pi - pwi) ^Pid'y ^ X J \V Pi\‘^ dx - X K J WiPidx 

r n 

-\- pK J wf dx — p J V piV Wi dx. (4.3. 3. 5) 
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If we insert (4.3. 3. 4) and (4. 3. 3. 5) into (4. 3. 3. 3) we obtain 
= 11^11^-4^ A / {\Vw^\^ + \Vpi\^}dx 

i 

j wl dx - \ k J WiPi dx) 

^=1 o o 



-4 



2 

-4E(^ / Pi Wid'f + p / pI dl) (4.3.3.6) 

ri.i Ti.i 



We discuss three cases: 

i) A = 0, /i > 0 

ii) A > 0, /i = 0 

iii) A > 0, /i > 0 

i) In this case (4. 3. 3. 6) reduces to 



||TXf^ = ||Xii^-4 

Thus, the iteration of errors 



j WwiW"^ dx + fi I pfrf7}- (4.3.3.7) 

ni Ti 



xn+i = T{X^) 



satisfies 



|| X ”+ 1 ||^ = || X ”||2 



A’ 



2 

-A'^Ipk j \\wf\\‘^dx + p j |p”prf7} (4.3.3.S) 

Hi r,i 



Iterating (4.3. 3. 8) to zero, we can conclude that 

(X”) neN is bounded 



(4.3.3.9) 



0 strongly in L^(Qi) 
strongly in L‘^{Ti^i). 



(4.3.3.10) 



Hence dvf^ jdvi 0 strongly in L^(ri,i) and ^ 0 strongly in L^(f^i), 
since the limit p'^ solves the Laplace equation with Cauchy data on Fi^^. 
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According to (4. 3. 3. 9) and (4. 3. 2. 2) and A = 0, w'^ are bounded in 

But 



I \Vp'l\Ux = K I w'lPldx + iJi I <p”d7 + I KPl 



dj. 



Hence, p'^ is bounded in This implies p'^ 0 strongly in T^(r) and 

pf — » 0 in Then, because 

I |V<pdx = I {g^-p^p^)wUl- J 

r Pi 

we conclude that also wf is bounded in H^{Q>i) and hence wf ^ 0 in 
ii) In this case /i = 0, A>0 and (4. 3. 3. 6) reduces to 



\\TX\\l = ||X||^ - 4A ^ / (|V^i|2 + iVpip) 

i=l A 



dx 



-4A 



WiPidx + j piWid'y}. 

Ti 



(4.3.3.11) 



i=l 



The convergence in the case thus depends on the geometry and the choice of 
K. There is no general convergence result that we can infer from this analysis. 

hi) In the case A > 0, > 0 we write (4. 3. 3. 6) as follows 



=11^11 



A* 



■4A^{ [ [|Vu;,p + |V 

i=l o 



Pi\ 



+ ^ KWi 

A 



< 



-KWiPi]dx + j \piWi + jpj]d'y} 

Ti 

l|V||^-4A^{y’[lVu>,|2 + |Vpip 

'^sp^]dx + j [-^P^ + jpl]d^}. 






(4.3.3.12) 

Hence, for ^ sufficiently large we compensate the terms J ^ swf dx and 
f ^wfdj by the Poincare inequality. We may, therefore, for f sufficiently 
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large, conclude that 



strongly in H^(yti) 

^ 0 strongly in 

The condition on ^ can be made explicit in terms of the geometry of fi, and 
the penalty term ac > 0. 

Theorem 4.3.3. 1 For A = 0 and /i > 0, and A > 0 and /a > 0, where in the latter 
case /i/A is sufficiently large, the errors of iterative scheme converge strongly to 
zero in the -sense. 



4.3.4 An A Posteriori Error Estimate 



We consider the errors Wi, Pi as in the preceding section. They satisfy the opti- 
mality system (4.3. 1.2) with Fi =0, Wd^ = 0 and gf, hf instead of gf, hf. For the 
sake of simplicity we consider the standard case A = 0. Thus, 



- A<=0, 



-Ap" = KWi in Cli 



dvi 

dui 



+ on r 






h7 on r 



wf=0 = p^ on ToDdQ =:To^^, 
’ dui 



dw^ drF 

^ =-Pi^ = o on Finaa-ri,, 



together with 



= 2 m = - 2 m - h] 
The variational form of (4.3.4. 1) is obtained as usual: 

d 



0 = — J Aw^ Vidx = — J 

fli dO-i 

j fflvid'y + j -9?) Vi (1^ + j 



J 



wf Vi dj I V w'^ 'V Vi dx 

tti 

V • V Vi dx. 



Hence with 



(4.3.4.1) 



(4.3.4.2) 



(4.3.4.3) 







V Wi'V Vi dx, 




r 



Wi • Vi d'y, 
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equation (4.3.4. 3) has the form 

ai{w^,Vi) + (pf,Vi)ri,. + {npt,Vi)r = {9i,Vi), V e Vi. (4.3.4.4) 

Accordingly 

J Vidx = - j Ap2 Vidx = j {-fj, w'^ - h'^) Vi d^ j V vi dx 



or 

aiiPi^Vi)- (iiWi,Vi)r - i^{Wi,Vi) = {h^ \fvieVi. (4.3.4.5) 
With W = Vi\r, the space of traces on F of functions in Vi, we have from (4. 3.4. 2): 

{g'^+\cP)r = 2{w],<P)r-{g^,cl>)r, y<f>eW 

{h^+\4>)r = -2 <t>)r - {h], <f>), ^<f>eW. 

We use the notation of Section 2.3.6. Thus, Vi = tr~^ (f) for some (j) eW. 
Therefore, (4. 3. 4. 4), (4.3.4. 5) can be expressed as 



aiip7,tri ^4>) - {p,Wi, 4>)r - K{w^,tr^ = {K^,(f>)r, V(f>eW 
ai{wf,tr-^ <j>) + {p^, fr|r,ir“V)ri,i + {pp7,(f>)r 
= {gi,4>)r, y<f>eW. 



This gives 



{g? - pPlAh 



= t^i ^ 0)ri,, + ai{w^,tr- ^ <t>) 

<C\\tr-^\\ UWwiMWv^ + mWv,) 



(4.3.4.7) 



(4.3.4.8) 



and 



(ft” + /x<,0)r <C\\tr- ^11 \\(t>\\w{\\p7\\vi + \\wf\\vi) 



Moreover, 



{g<P,'wf)r< C||/i|| ll^llvv ||w”||vi 
{p<l>,Pi)r< Cll/ill ll^llw ||p”||vi- 



(4.3.4.9) 



(4.3.4.10) 



For the sake of simplicity, in (4.3.4.8)-(4.3.4.10), we replace the constants C by a 
generic one. We note, however, that all constants involve just \(3\, the geometry of 
flj and given problem data. The values of those constants can be given explicitly. 
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Consider 

0.1 ,vi)+a2{w2 ,V2) + ,Ui) + a2{ffi,U2) 

= - + (5^' 

- (P2.^2)ri,2 + (52 - 552>^2)r 

+ k{w"'^^,ui) + 

+ k{w2, U 2 ) + (^2 + fJ.W2,U2)r 
= (p?'^\wi)ri.i - (P2>«2>ri,2 
+ K (u;”‘''\ui) + k(w”,U2) 

+ (5?"^^ - 5P2 > '^i)r + {KP2 - Pi »^i)r (4.3.4.11) 

+ {92 - PP2,V2 - vi) + {g^ - fj.p^,ui)r 
+ +/iui^,iii)r - {p{w2 - w'^'''^),ui)r 

+ {h2 + pW2,U2-Ul) + {h2 + pW2,Ui)r 
z= - - (p2^V2)r^,2 

+ + K,{W2,U2) 

+ {p{P2 -Pi^^)>vi)r+ -w^),ui)r 

+ {92 - Pp2y'02-Vl}r+ >Jl2- pW2,U2~Ui)r. 



We set v\ := V 2 = W 2 , u\ := U 2 '■= P 2 and obtain from (4.3.4.11) 

ai (in];'+\m^+^) + 02 (w^,w^)+ai (Pi'^\pi~^^) + 02{P2,P2) 

= -((p^\<+V.+(P?,^2")r.,J 

+ K((w^+\p^+^)n^ + (w2^P2h2) 

+ {p (p^ - p”+i), in”+i)r (4.3.4.12) 

+ {p{w^+^-w^),p^,+\ 

+ {g^ - ppl, - <+i)r 
+ {h^-pw^,p^~p^,+\. 

We now choose vi = V 2 = P 2 , u\ = U 2 = Then (4.3.4.11) 

gives 



IIK+'llr.,. + KII^,2 + +«ll^2”lln2 



= (p(p^-pr'),pr')r- (mk 



~n\ ^7,^+1 \ 



- {92 - PP 2 , pr' -P 2 )r + {h^ -pw^, - w^)r. (4.3.4.13) 

On the other hand, the mixed terms in (4.3.4.12), namely 

(p”+\<+i), (p^,w^},k{w^+\p^+^),k(w^,p^), 
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can be estimated by the Cauchy- Schwarz inequality as follows: 



(^ 2 ,^ 2 ) <^\\w2\\h,2 + I \\P2\\r^,„ 

y \\wrYn,+'^P\\Pi^Tu., 

ac(iZ;2",p?)<^|K||^,+km||p-2”||2^. 



(4.3.4,14) 



As the terms IN 2 llri 2 ’ 11^2 11^2 present in (4.3.4.13), 

we need to compensate them by taking i/, fi sufficiently small. The size of i/, fi will 
depend on Poincare’s inequality and, hence, on the geometry of Jli, fi 2 - 

Indeed, for the sake of symmetry, we may equally well begin in (4.3.4.11) 

with 



ai (w;",Ul) + 02 (w2"^\u 2) + Ol (Pi,Oi) + 02 (P2‘^^U2)• 



(4.3.4.15) 



By putting things together and using estimates (4. 3.4.8), (4.3. 4. 9), (4.3.4.10) on 
the right-hand side of (4.3.4.12), (4.3.4.15) and the corresponding estimates on 
the right-hand sides that would appear in (4.3.4.15), we obtain a constant C > 0 
depending on the geometry only such that 

+ 11^2 + 11^2 11 V2 + 11^2'''^ 11 V2 + 11^2 11^2 

< C[\\w^+^-w^\\r + \\w^+^-wnr+ 1K+' - P^llr + - Kllr] 

X [IK+'lk, + IbMv. + + lbr'lk2 

+ IKlb. + IKlb. + Ib2”lb2 + Ib2llv2]. (4.3.4.16) 
We may then introduce the total error 






(4.3.4.17) 



and rewrite (4.3.4.16) using again the Cauchy-Schwarz inequality and another 
constant C to the effect that 

(e" + e"+i)2<C {|K+i-a;”||r + lbr'-p"llr}(e" + e”+i). (4.3.4.18) 



If we introduce the errors on the interface P by 



7n,n+l 



<+'-<b+ibr'-p?iir 



(4.3.4.19) 
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then (4.3.4.18) becomes 

e" + e”+i < C (4.3.4.20) 

Then, with 

gn,n+l _ ^ ^n+1 (4.3.4.21) 

we obtain the following a posteriori error estimate. 

Theorem 4.3.4.1 Let measure of error be defined by (4.3.4.21) and 

(4.3.4.17). Let the mismatch of the iterates along the interface T be defined by 
(4.3.4.20). Then there is a constant C, depending solely on the geometry of Vli, 
Q >2 CL'^d the parameter p> 0 along the interface, such that 

e”’"+i < C (4.3.4.22) 




Chapter 5 



Optimal Control of One-Dimensional 
Partial Differential Equations on Graphs 



5.1 Introduction 

In this chapter we continue the discussion of domain decomposition of optimal con- 
trol problem for partial differential equations started in Chapter 4. However, here 
we focus on partial differential equations on graphs and, more precisely, on elliptic 
and hyperbolic equations. We first discuss elliptic optimal control problems on 
graphs. The global problem is defined and domain decomposition procedures are 
formulated in the cases of both distributed and boundary controls. Next we con- 
sider optimal control problems for hyperbolic systems, in which final value control 
is emphasized. Higher-dimensional analogs of the methods and results obtained 
here are discussed in Chapters 6 to 9. 



5.2 Elliptic Problems 

5.2.1 The Global Optimal Control Problem on a Graph 

We recall the notation of Section 3.2. Let uji denote a subinterval of (0,^i). We 
define 

j{f) ^ i (5.2.1.1) 

i&C J€J^ 

and consider the optimal control problem 

inf J(/), U := niecL\wi)P* x (5.2.1.2) 



J. E. Lagnese et al. Domain Decomposition Methods in Optimal Control of Partial Differential Equations 
© Birkhauser Verlag 2004 
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subject to 



-[KM + Ri n)]' + Rf K,{r[ + Rin) + Si n 

_ f Iwi fi, i € C 
~\o, ie I\C ’ 

Ti{vj) =0 J G Jdj i s 
Sij[Ki{r[-\- Riri)]{vj) = fj, J £ J^, 

£ij [Ki{r'i + RiVi)] (vj) = 0, J £ Jn\Jni i ^ 
£ij Ylij [Ki{r[ + Ri r,)] {vj) = 0, J G Jm, i£lj 

E + Riri)]{vj) = 0, J G Jm- 

ieij 



xe{0,Q 



ielj 



(5.2.1.3) 



In (5.2.1.1)-(5.2.1.3), C denotes the set of control-active edges and the charac- 
teristic function of cj^, C Jn is the index set of control-active Neumann nodes 
and /^ > 0 is a penalty term. 

The optimal control problem (5. 2. 1.2), (5. 2. 1.3) can be put into variational 
form as follows 



inf J(/) subject to a{r,(f) = b{f^ip), V G V, (5.2. 1.4) 

f eZ// 

where 

Kfy‘P) + E 

i^C 

^ r V- 

:= ^ / fi-(pidx-\- ^ fj - Cijipiivj)- 
i€C J. Jej^ 

By standard arguments, problem (5. 2. 1.4), (5. 2. 1.5) admits a unit optimal control 

fopt |3y 

/r‘ = -PiUn i e c, /7‘ = -Mvj), JeJM,ieIj (5.2.1.6) 

where p — {pi}iei is the solution of the adjoint system 



-[Ki{p\ + RiPi)]' + Rf Ki{p[ + RiPi) + SiPi 

= «(ri-r°), x£{QJi) 
Pi{vj) =0, J G Jd, i £lj 
^ij[Ki{p'i + RiPi)]{vj) —0,j£ Jn, i £lj 
Ilij [Ki{p'i + RiPi)] (vj) = 0, J G Jm, i G Ij 

E ^tj [RiiPi + RiPi)]{vj) = 0, J G Jm, i e Ij. 



(5.2.1.7) 
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(There is an obvious duplication of notation in (5. 2. 1.7), since the symbol pi has 
been used previously for the dimension of the system on edge i. However, the 
intended meaning of pi should be clear from the context in which it is used.) 

The adjoint problem (5.2. 1.7) can be expressed in variational form as follows 

a{p,if) = K{r — V (/; G V. (5. 2. 1.8) 

The optimality system for the optimal control problem (5. 2. 1.2), (5.2. 1.3) con- 
sists of (5. 2. 1.3), (5. 2. 1.6) and (5. 2. 1.7), which can be conveniently expressed in 
variational form as 



\a{r,^) + b{p,^)=0 (5.2.1.9) 

= K{{r -r°), (f), V € V. 

System (5. 2. 1.9) is the standard format encountered in Chapter 4 with the notation 
of Section 3.2 of Chapter 3. Consequently, the domain decomposition technique 
which we apply to the optimality system (5.2. 1.7) is completely analogous to the 
one discussed in Chapter 3 and applied to the network model of Section 3.2. 



5.2.2 Domain Decomposition 

We consider the following system on a single edge i at an iteration number n + 1: 



'-[Ki ((rr')' + R^ rr')]' + + Ri 

^ ifieC 

|o if i e I\C 

-imp^+^y + R^p^+^)Y + RfmpY+^y + r,pY+^) + s,pY+^ 

= K(r"+i-r«), xe{0,i,) 

(vj) = = 0 , j €Jd, i&Rj 

r suimrY^^y + Ik r”+')] {Vj) = -py^\vj), 
\eu[Ki{{pY+^y + ikpY^^)]{vj) = 0, 

(eij[Ki{{rr^y + RirY+^)] {vj)=0, 

\eij[Ki{{pY+y + RiPY^^)] (vj) =0, J e Jn\J^, i e Ij 
I eu [K,{{ry+^y + Ri rf+i)] (t;j) = 0 , 

\su Da [KiM^^y + RiP7^^)] (vj) = 0, JeJM,i^Ij 

'euiC+f imrY^^y + Ri r”+^)](t;,) + a, C,j ry+\vj) 
+!3jCupY^\vj) = \Yj, 

' euiCtjY + RiPY^^)]{vj) + a, CupT\vj) 

-I3j Cij {vj) = p2j, j£jM,i€ Ij. 



(5.2.2.1) 

(5.2.2.2) 

(5.2.2.3) 

(5.2.2.4) 

(5.2.2.5) 

(5.2.2.6) 




134 



Chapter 5. Control of Partial Differential Equations on Graphs. 



The inhomogeneities A^- , are given by 

2] C,jr;{vj)-Curnvj)) 

S CjjpiM-cuvnvj)) 

jeij 

E e,j{C+jf[Kj{{r^y + Rjr^)]{vj) 

je'Ij 

- eu {CfjY [Ki{{r^y + Ri rDK^j)) (5.2.2.7) 

and 

E Cjjp^{vj}-CuP7ivj)) 

^ jeij 

E C,jr]{vj)-Curnvj)) 

- if- E p”)i 

jeXj 

- (C+f [KiMY + Rip7)] (Vj)). (5.2.2.8) 

According to Section 3.2 we can express (5. 2. 2. 7) and (5. 2. 2. 8) in a more 
compact form 

Qj(r)i := Sij (C+jf [Ki{r'i + n r,)] {vj) (5 2 2 9) 

Pj{r)i ;= Cij Vi (vj), J G Jm, i 6 Ij 

and Qj{r) = {Qj{r)i)i^Xj, Pj{r) = {Pj{r)i)i^Xj. We also recall (3. 3. 2.1); 

Sj{w)i = -j- Wj -Wi, W = {wi)i^Xj- 

j€lj 

Thus, A^j and fi^j defined in (5. 2. 2. 7), (5. 2. 2. 8) can be expressed as 

A”; = Sj {aj Pj{r^) + Pj{p^) - Qj{nY 
p^j = Sj {aj Pjip^ - aj Pj{r^) - Qj{p^))i. 

We introduce 

— \n — //^ 

9ij \j^ ^ij ^^iJ' 

Then satisfy the relations 

=■■ iaT^Y = Sj ( 2 «j Pj(n + ^f3j Pjipn - 9% 

Kj" =■ = Sj {2aj Pj(p”) - 2(3j Pj{n - hJ}Y- 



(5.2.2.10) 

(5.2.2.11) 

( 5 . 2 . 2 . 12 ) 
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We also introduce the nodal forms 

au{ri,(pi) ;= Cijn{vj) ■ Cu ipi{vj) 
buifj,<fi) ■= fj ■ Cij (pi{vj), i G Ij. 



(5.2.2.13) 



In fact, a^j, bu do not explicitly depend on i but we keep the index in order to 
indicate that we deal with the edge i. If we also set 



h{Pi,v) 




Pi ■ (fi dx, 



i G C 
ieI\C 



the local system (5.2.2.1)-(5.2.2.8) may be expressed in the variational form 



ai{r7, Pi) + otj auivi, Pi) + (3j au{pi, (pi) 

+ bij{p2, p) + biip'l, ip) = bij{g^j, (pi), V G Vi 
ai(Pi,Pi)+0!j au {pf ,Pi)- Pj au (r” , tpi ) 

= bijih'lj, tpi) + /t(rf - r°, pi), V G V, 

= Sj{2{aj Pj{r^ + Pj Pj{p-)) - g:})i 
= Sj(2(aj Pj(p^) - Pj Pjin) - h-j)i. 

We may also introduce a relaxation parameter e G [0,1) such that 

= (1 - e) Sj {2{a, Pjin + fdj Pj{p^)) - 9^j)i Peg^j 
= (1 - £) {2{aj Pj{p^ - Pj Pj{n) - h-j)i +eh^j. 



(5.2.2.14) 



(5.2.2.15) 



5.2.3 Distributed Controls 

In this section we assume that = 0 and that Ui = (0,^^), Vi G X. Then 
bi{Pi, p) = {Vii for all i G X. Let us write (5.2.2.15) in complex form. We define 
z := r + ip, where now i denotes the complex unit in order to not confuse the 
notation with an edge index. We define 5j = aj — \ (3 and set 

. 1 

z r 3-1 — 7 =p 



and hence 



1 

Zi :=riP\—^Pi. 

V 



We extend all real bilinear forms ai(-, •), aij(-, •), 6ij(*, •) to complex- valued func- 
tions and set 



at{z,rp) ■■= ai{z,rp) 

Ci{z,xp) := -iy/K{z,'ip) = k{z,'4)). 



(5.2.3.1) 

(5.2.3.2) 
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Then 

Y 

= ai{ri,'4)i) + {pi,'tpi) + ^ {ai{pi,'ipi) - K{ri,'4>i)). 

Thus with a^(-, •) = ^ •) and so forth, we see that 

lex 

'll;) + c(r, V^) = k{rd,'il^), V G 

where contains now complex- valued elements, is equivalent to 

a(r, ip) + 6(p, (/?) = 0, V (/? G V, 
a(p, (/?) = /^(r - Td, ip), V G V. 

which is the same as (5. 2. 1.9). 

As for the local system (5.2.2.14), we proceed as follows: Define 

G = kvd 

a^i{zi,'il;i) Ciizi.'ipi) F 5j alj{zi,'il;i) 

= V^,GV. 

Then 

=Sj{25jPj{z^)-F'}),. 

This is equivalent to 

di {n, Pi) + hi {pi,pi) + aj aij (n, Pi) 

+ 0J au {pi, Pi) = bij (gfj,Pi), Pie Vi 
di {Pi, Pi) - K in, Pi) + aj au {pi, Pi) 

-(3jdij in, Pi) = bij{h^j,pi) -K{rf,pi), \J p£Vi. 

(2 [xj Pjin + pj Pj (pin)) - g'}), 

= Sj {2{aj Pj{p^) - I3j Pj(r”)) - h%. 

Thus (5. 2. 3. 5) reduces to (5.2.2.14) for Vi,,pi replaced with Ti,Pi. 

As for consistency of the above scheme, upon convergence we have 

Fj + SjFj = 2SjPj{z). 

If we apply Sj to (5. 2. 3. 7) we obtain 

since Sj = L 



(5.2.3.3) 



(5.2.3.4) 



(S.2.3.5) 



(5.2.3.G) 



(5.2.3.7) 



Fj + Sj Fj = 2(5j Sj{z) 
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This implies 
and in turn 



Pj{z) = Pj{z) 



Cij Zi{vj) = Cij Zj{vj), y i, j e Ij. (5.2.3.S) 

This is the continuity required for r* and pi in the global system. On the other 
hand 



Fj + Sj Fj = — ^2 Fij 



(5.2.3.9) 



dj 

which implies 

Fij =Sj Y Fj{z)i. 

i€lj i^Tj 

In order to check consistency with the global model we have to apply test 
functions 'ipi = ^ G V. They satisfy (5. 2. 3. 8). As a result we obtain 

5] b^j{Fi:„A) = Yl F^j-cu^vj) 

i^Tj iETj 

= (E Fu)-CioJ^vj) 

= E PMi-CijUvj)- 

ieij 

If we sum (5. 2. 3. 5) over i ^Ij we obtain 



(5.2.3.10) 



E [aiizi,ipi) P Ci{zi,ilji)] 
ieTj 

= E (Ci,V’i)+ E PijiFiJ ,i>i) - E 

ieTj lElj ieXj 



But 

o-u{zi,tpi) = Cij Zi{vj)Cw4>i{vj) = Cij Zi{vj)Ciji>ig{vj) 
for some io G Tj, as ipi = tp\ei, ip &V. Therefore, and because of (5.2.3.10), 



E Kj (Fu,iPi) = 0 . 

ieXj ieXj 



and, hence, (5.2.3.11) reduces to 

E = E (5.2.3.11) 

ieXj ieXj 

controlled node, the form ci in (5. 2. 3. 2) reduces Now, each edge connects precisely 
two nodes. Therefore, if we add (5.2.3.12) over all J G we obtain 

a\z, + c(z, V G Jj, (5.2.3.12) 



which is (5. 2. 3. 4). 
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Convergence 

According to the last section, in order to prove convergence of the iterative process 
(5.2.2.1)-(5.2.2.8), we may concentrate on its complex form (5. 2. 3. 5), which is 

< + Ci {Zi,ipi) + 8j alj {z^,xpi) 

= + (5.2.3.13) 

=Sj{2SjPj{z^)-F^)i. 

System (5.2.3.13) is very much in the spirit of (4. 2. 3. 3) and (4. 2. 3. 4). However, as 
we are dealing with a graph rather than with two or even more serially connected 
domains, we have to give a proof of convergence. To this end we introduce the 
local errors 

= -z^ ie X, (5.2.3.14) 

where z^ solves (5.2.3.13) and Zi = zje^ with z solving the global system (5. 2. 3. 4). 
For all J G we have Fj := (Fij)i^jj. We introduce F := (Xj)j^j^ and define 
a space A' = C^, where £ := ^ dj Pi i with the standard norm 

J^Jm 



i^'Ij / 



(5.2.3.15) 



In (5.2.3.13) we may now eliminate {Gi^'ipi) and replace by e^. We then define 
the map 

T:X^X 

(5.2.3.16) 

T{F) = {Sj{25jPj{e)-Fj))j^j^. ^ ^ 

As we have proved consistency of (5.2.3.13) with the global problem (5. 2. 3. 4), a 
fixed point F of T ‘solves’ the global system in the sense that the corresponding 
e in 

F = Sj{2Sj Pj{e) - Fj)jej^ = T{F) 

solves (5. 2. 3. 4). We are thus led to consider the fixed point iteration 

^n+l ^ (5.2.3.17) 



In fact, we could as well consider the relaxed version 

^n+i = (^i-e) T{F^) + 5 F^. (5.2.3.18) 



However, we do not want to obscure the proof by adding yet another complication. 
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We first investigate under which conditions T is non expansive. We have 









= E E + \SjjFj)if 






-2Re{Sj{25jPj{e)i-Fij)} 

=\\n\p^ E E R<sj{j~^))i 






[Sj{5^pj{e)-FjU. 



In (5.2.3.19) we have used 



E \Rj{Fj)i\^ = {Rj Fj,Sj Fj) = \Fj\\ 



(5.2.3.19) 



E (<5j Pj{e))i • Sj{6j Pj{e) - Fj), 



= E Sj{ 5 j Pj{e))i ■ Sj{ 5 j Pj{e) - Fj)i 

i^'Ij 

— E Fj{e))i ■ { 8 j Pj{e) - Fj)i 

i^'Ij 

= 8j E ■ {^J F'iJ ^i{vj) - Fij) ( 5 . 2 . 3 . 20 ) 

iETj 

= E i^Jahie^,ei) - bl{Fu,ei)) 

= ^j - Ci{ei,ei)) 

i£Tj 

= - 8 j E «?(ei,ei)- E ^JCi{ei,ei). 



According to (5. 2. 3. 2) 



Ci{ei,ei) = k / le^l dx. 



(5.2.3.21) 



Thus, with (5.2.3.21) in (5.2.3.20) we obtain from (5.2.3.19) 

iiwii^ = 11 ^^ 11^ -4 E E 



■4 E i?e(jjfc) E Ci(ei,ei). ( 5 . 2 . 3 . 22 ) 
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This is precisely the situation met in (4. 2. 4. 9) except for the fact that we took 
5j = aj — \Pj here. For simplicity, we take Sj = 5 aX> all nodes, even though the 
more general case might give some additional freedom in practice. There are again 
three cases to consider. 

i) Re{S)>0, Re{U) = 0. 

We infer a^(e^,e^) ^0, V i G X as n — » oo. Moreover, (F-j), J G Jm, ^ C Xj 
are bounded. But then, according to (5.2.3.13)2 (after applying Sj) the traces 
Cij e^{vj) are uniformly bounded in i, J. Thus there exists a subsequence rij such 
that Cij e^^{vj) Together with aiie^.e^) 0 this implies that Ui = 

const, z G X and, in turn, that Ci{e^^ , ) converges to Ci{ui,Ui). The first equation 

in (5.2.3.13) (always with e^’s and Gi = 0) then implies that F^J converges to Fij. 
But then the second equation in (5.2.3.13) shows that F^J is also a convergent 
sequence whose limit Fij may conceivably differ from Fij^\H G Xj. As Ui is a 
constant solution of (5.2.3.13), necessarily = 0 and, hence, Cij Ui{vj) = = 0 

and CiM Ui{vM) — = 0? where J, M are the bounding vertices of the edge i. 

We may then infer Fu = Fim = 0. The same argument applies to all edges. Thus 
Fij = 0 according to (5.2.3.13)2. 

In conclusion, on the subsequence rij , the errors converges to zero strongly 
in Vf. It follows that ef ^ 0 strongly in Vf, Vi G X. 

ii) Re{5) = 0, Re(5k) > 0. 

In this case c^(e^,e^) -^0, Mi e X, and Fj is bounded according to (5.2.3.22). 
But then (5.2.3.13) implies that a^(e^, e^) stays bounded. Hence, the traces e'^{vj) 
converge to zero, which in turn implies (again going back to (5.2.3.13)) {Gi = 
0, 6i ^ Zi etc.)) that a^(e^, e^) ^ 0, which shows that — > 0 strongly in Vf . 

hi) Re{5) > 0, Re{S k) > 0. 

In this case it is obvious that ^ 0 strongly in Vf . 

We have thus proved the following theorem. 

Theorem 5.2.3.1 Consider the optimal control problem (5. 2. 1.2), (5.2. 1.3) with 
uj- = (0,^z), Vi G X, and = 0. Then there exists a unique family of opti- 
mal controls f = {fi)ieT a unique corresponding weak solution r = {ri)i^x 
solving (5.2.1.2), (5.2.3.14). 

Furthermore, let r^ = p^ = {pf)iei unique solutions of 

(5. 2. 2.1), (5. 2. 2.6) and (5. 2. 2. 8) with aj = a, (3j = f3, V J G Jm- Then un- 
der the assumption o; > 0, /3 > 0 and a f3 > 0, the solutions rf, p^ converge 
strongly in Vi to the solutions ri, pi of the optimality system (5. 2. 1.3), (5. 2. 1.6) 
and (5.2. 1.7) such that ri, pi are the restrictions to edge i of r, p and the controls 
are computed according to (5. 2. 1.6). 
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5.2.4 Boundary Controls 

We recall the decomposed system (5.2.2.10)-(5.2.3.2) or equivalently (5. 2. 3. 8), 
(5. 2. 3. 9). As usual, we introduce the errors 

(5-2.4.1) 

where solve (5.2.2.10)- (5. 2. 3. 2) and r^, pi solve (5. 2. 1.4), (5.2. 1.7) and 

(5. 2. 1.8), with = 0. Thus we consider the case of boundary controls, only, 

that is, C = 0. We will repeatedly use the representation (5. 2. 3. 6) for the history- 
coupling terms. We follow the general philosophy as usual and introduce a state 
vector 

^ := G K'" = ^ (5.2.4.2) 

with d = Pi ‘ The space A' is endowed with the standard norm 

J^Jm i^'Ij 

11^11^= E E 

J^Vm i^'Ij 

The iteration, in terms of the errors, can now be written as follows: 

T: 

Pj{f) + f3j Pj{p)) - 9j)i^ij, (5. 2.4.4) 

Sj{2{aj Pj{p) - f3j Pj{f)) - hj)ieTj) j^j^- 

The fixed point iteration 

^n+l ^ (5.2.4.5) 

is then equivalent to (5.2.2.10)-(5.2.3.2) for the errors rf^, h^j, gfj. We can of 
course also consider a relaxation as usual, but for the sake of simplicity we stay 
with (5. 2.4. 5). 

The following calculation shows that T is non-expansive. 

E E \Sj{2iajPj{f) + l3jPjip))-~gj)i\^ 

+ E E Pj(p) - Pjif)) - 

J^Jm iETj 

=/ + // 

where 

'=E E [A\Sj{aj Pj{f) + (3j Pj{p))if 

J&Jm i^Tj 

- 4(<Sj(aj Pj{f) + (3j Pj{p))i (Sjgj)i + 

• Sj{{aj Pj{f) + I3j Pj{p))i - gij) + \(Sjgj)i\'^ 
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and 

11= T. T. Pj{p) - pj Pj{f))^ 

J&Jm 

■ Sj{{aj Pj{p) - f3j Pj{f))i - hu) + \{Sjhj)if}. 

We can rewrite I, II as 

1= ^2 y~! {|g»Jp + Cijfi{vj) + /?j Cijp{vj)) 

• {oij Cijfi{vj) + (3j Cij Pj{vj) - Qij)} 

"=E E + 4 q:j Cijpi{vj) - (3j Cij fi{vj)) 

J^Jm 

• {oLj Cijpi{vj) — f3j Cij ri{vj) — hij)}. 

According to the boundary conditions at multiple nodes (5.2.2.15) (taken without 
index because of (5. 2. 3. 5)) 

E E 

■ {aj Cij fi(vj) + (5j CuPi{vj))} 

■ (ajCuPiivj) - 0jCijfi{vj))} 

Now 

0 = y {-[Ki{fi + Hi fi)]' + RJ Ki{f'i + Ri n) + Si fi} ■ fi dx 

= -Ki{f'i + Ri Ti) ■ rilo* + j {Ki{r'i + Ri fi) ■ {f[ + Ri n) + 5* f* • h} dx 

0 

“ -^ 2 (^ 2 ? ’^z) 1 0* “b ^2 (^2 ? ^ 2 ) J 

and 

0 = ^ai{ri,Vi) -^Bi{ri,ri)\Q^ 

iex iei 

= ^ai{ri,ri) - ^ ^ eu{C^j)^ Ki{r[ + RiV - i){vj) - Cu ri{vj) 

J^SfM i^Xj 

+ E 
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that is, 

E E UK + n)M ■ Cij h{vj) 

= '^ai{fi,fi) + ^ Pi{vj) -fiivj). (5.2.4.7) 

Accordingly, 

E E ^i{p'i + RiVi){vj) ■ CiJ Pi{vj) 

u 

= 'Y^ai{pi,pi) - K E / fi-Pidx, (5.2.4.8) 

i^X i^X Q 



E E UK + ^iU^j)-CijPi{vj) 

J^Jm i£Xj 

= E«i(^i>Pi)+ E (5-2.4.9) 

iei 



E E upi+RiU^j) ■ Cijfi{vj) 

J^Jm i^Xj 



i^X 



— K 



E 

i^X 



/ 



' dx. 



(5.2.4.10) 



Let us for simplicity assume that aj = a, Pj = /3. Then using (5. 2. 4. 7) and 
(5. 2.4.9) we find 

E E [UK + ^iri){vj)] ■ {aCijfi{vj)+pCijPi{vj)) 

J^Jm i^Xj 

= a '^ai{fi,fi) + 0 ^ai{fi,pi) 
i^X i^X 

+ a E 

J^Jn 

+/3 E 



(5.2.4.11) 
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while using (5. 2.4. 8) and (5.2.4.10) we obtain 

XI X ■ {o^CiJ Pi{vj) - PCiJ fi{vj)) 



= a X X / 

iel iel n 



fi ■ Pi dx 



ti 

- /? X + /^'^X / (5-2.4.12) 

iEX i^X Q 



Therefore 

\\TX\\% = \\X\\l-4a{a{f,f)+a{p,p)) 



-4(a X Pi{vj) ■ -Tiivj) + (3 X 



J€JZ 






— /^q;^ f Ti ' pidx P I \rif dx) (5.2.4.13) 

iGX Q i^X Q 

There are three cases to consider: 

i) Q; = 0, ^ > 0 

ii) o > 0, /? == 0 

iii) a > 0, ^ > 0 

i) In this case (5.2.4.13) reduces to 

U 

l|2'X|||. = ||X|||.-4/?( X Ik(^^j)P + «X / 

'TC Af-n- 






iex 



and, obviously, T is non-expansive. The iteration of errors satisfies 

Xn+l ^ 



||X"+if^ = ||X"||^-4^(X I^”(^J)I" + «X / 

iex I 

from which we infer as usual 

(X^)nGN is bounded (5.2.4.14) 

rf-^0 strongly in L^(0,^i) (5.2.4.15) 

P^{vj)^0, ielj, JgJ^. (5.2.4.16) 
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According to (5.2.4.15), pf 0 strongly in i G Jj, J G since 

in the limit, has to solve the elliptic problem on (0,^^) with Cauchy data on uj, 
J G J^. Equation (5. 2. 4. 8) has as its local analog 

ai{p7,p7) = PCuf^vj) • CijPnvj) + Kj • C^jpUvj). (5.2.4.17) 

But (5.2.4.14) implies that rf{vj)^ pf{v j) are bounded. Thus a{pf,p2) is bounded 
for alH = 1, . . . , n. 

Similarly, 



0 -{fi,f")= Pij ■ Cij r” {vj)-l3Cij Pi {Vj )-Cij ff {Vj ) 

-Pi{vj)-ff{vj) 

implies that a(f^,ff) is bounded for all i G I. This implies that rf{vj) ^ 0 at 
all nodes, and pf{vj) 0 at all nodes to which a controlled edge is incident. 
In turn, according to (5.2.4.17), (5.2.4.18), we have — > 0 strongly in H^{0,£i) 

for all indices, while p'^ ^ 0 strongly in for all edges i incident to a 

controlled node. Assume now that G is a tree with all but possibly one simple node 
satisfying (controlled) Robin conditions. Then we can proceed from the controlled 
simple nodes, where the limiting fi and Pi are all identical to zero. Then, at the 
penultimate nodes we transmit zero Robin boundary data across the vertices. This 
procedure can be repeated until we reach the clamped node. In effect, all solutions 
ff, p'f will strongly tend to zero in H^{0,£i). 

ii) In this case (5.2.4.13) does not allow one to infer that T is nonexpansive. 

iii) In this case (5.2.4.13) and the Cauchy-Schwarz inequality applied to the 
mixed terms show that for j3/a sufficiently large, we have nonexpansivity 
and the same arguments as in case i) apply. 

Note that all this holds true for the unrelaxed iteration. Analysis of the relaxed 
iteration is left to the reader. That case is handled as in Chapter 3. See also 
Chapter 9 for the 2-dimensional case. 

To summarize, we have proved the following result. 

Theorem 5. 2.4.1 Assume that C = 0 and that the graph G is a tree with all but 
possibly one simple node satisfying controlled Robin conditions. In the cases a = 0, 
^ > 0, and /3 > 0 with P/a sufficiently large, the errors of the iterative scheme 
strongly converge to zero in the -sense. 



(5.2.4.18) 
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5.3 Hyperbolic Problems 

5.3.1 The Global Optimal Control Problem on a Graph 

We consider the following standard final value optimal control problem 

T T 

min{J(/) := i f \fi\‘^dt+^ f \gj\‘^ dt 

’ iec I J€Jn 0 

+ ^||(r(T),r(T))-(ro,n)||vx«} (5.3.1.1) 

subject to (3.4.1.1)-(3.4.1.7). Note that this formulation tacitly assumes that all 
simple Neumann nodes are controlled. For this reason we have written jTv, the 
index set of all simple Neumann nodes, in place of 

In what follows we concentrate on the more difficult case of boundary controls 
and leave the case of distributed controls to the reader, that is, we take C = 0. We 
also make the notational change gj ^ fj in (3,4. 1.4) and (5, 3. 1.1). There exists a 
unique set of optimal boundary controls fj^JE Jn such that 

fj{t) = t C (0,T), J G Jtv, i E Ij, (5. 3. 1.2) 

where p satisfies the backwards running adjoint system 

MiPi = [Ki{p[-h RiPi)]' - RJ Ki{p[-h RiPi) - SiPi in Qi (5. 3.1. 3) 

Pi{vj,t) = 0, J G Jd, ^ C Jj, t E (0,T), (5.3. 1.4) 

Cijpi{vj,t) = Cjjpj{vj,t), J E Jm, ij Elj, tE (0,T), (5.3.1.5) 

£ij Ki{p[ -h RiPi){vj,t) - ai Pi (vj,t) = 0, J E Jn, i elj, t E (0,T), (5.3. 1.6) 
E = 0,JeJM,te (0,T), (5.3.1.7) 

i^Tj 

EijUij Ki{p'^ + RiPi){vj,t) = Q, JeJM, i elj,t e (0,T), (5.3.1.8) 

p{T) = K{r{T) - n), p{T) = -K A{r{T) - ro), (5.3.1.9) 

where again A denotes the Riesz isomorphism between V and its dual V*. The 
superimposed ‘o’ denotes the linear map 

dt : L^(0,T;RP0 {H\0,T;W^)Y 

T 

dtPi-=Pi- {Pi,^) = -j Pi'(pdt, V(/) G i7^(0,T;M^'). 

0 



(5.3.1.10) 
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where, in abuse of notation, pi denotes the dimension of the system on edge i 
and not the adjoint variable pi\ we use these notations in parallel as the intended 
meaning should be clear from the context in which the symbol pi is used. 

The forward system (3.4.1.1)-(3.4.1.7) can be expressed by (3.4.1.19) as 



r Ar + BB* r = Bg 
r(0) = ro, r(0) = n, 



(5.3.1.11) 



where instead of (3.4.1.14) we take 13 ^/aB, and g 

form as 

{r,ip)v + a{r,ip) + a ^ 'f'ii'fj) ■ 

J^Jn 



or in variational 



= E /j-y’i(^j), V, te(0,T) ( 5 . 3 . 1 . 12 ) 

J^Jn 

r(0) = ro, r(0) = n, 



The solution has regularity 



(r,r) e C([0,T]; V X H), r^ivj) e 



Similarly, the backward system (5.3.1.3)-(5.3.1.9) can be expressed as 

p T Ap — B (B p)~ 0 (5 3 1 13) 

p{T) = - n), p{T) = -KA{r{T) - ro) 



or, with the transformation 



p = q^ p=-Aq, 



as 



q + Aq-BB*q = 0 

q(T) = k(t{T) - ro), q{T) = k{t{T) - n). 
Equation (5.3.1.15), in its variational form, reads as follows 

{q,il))v + a{q,il}) - a ^ ^^(vj) V’i(wj) = 0, V G V, t 6 (0,T) 

J^Jn 

q{T) = K(r(T) - ro), q(T) = «(r(T) - n). 



(5.3.1.14) 

(5.3.1.15) 



(5.3.1.16) 



Existence and uniqueness of solutions r, q follow as in Section 2.5.1. See also 
Section 9.2 for the higher-dimensional setting. 
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5.3.2 The Domain Decomposition Procedure 

We introduce the following boundary form on Jiv, Jm- 

bi{ri,ipi):= aiTiivj) ■ Lpi{vj) + Y Pj ri{vj) ■ Cu ipi{vj). (5.3.2.1) 

JESjsI - ■ 

iexj iexj 

The local energy form is given by 

ai{ri,<pi) := j {Ki{r'i + lUri) ■ {ipi + Riipi) + Sin ipi} dx. (5.3.2.2) 
0 

For simplicity, we neglect Mi (it is hidden in the inner product otherwise) and 
introduce, first in the strong formulation, the typical local problem on edge e^: 

Vi = [Ki{r[ + Ri Vi)]' RJ Ki{r[ + Ri u) - SiTi= Fi in Qi, 

ri{vj,t) = o, JeJo^ icij, tc(o,r), 

Sij Ki (r - FRiVi) {vj ,t) + ai n {vj , t) 

— /j(0? J C J^N’, i C Xj, t G (0,T), 

+Riri){vj,t) = 0, J G Jm, ielj, te (0,T), 

Ki{rl + Ri ri){vj,t) + (3j Cu ri{vj,t) 

= J C Jm, i C Xj, t G (0,T), 

n(-,0) = r^o, n(0,0) = Vi. 

Note that if edge connects two multiple nodes, both (5. 3. 2.4) and (5. 3. 2. 5) are 
vacuous, while if joins a simple node to a multiple node, either (5. 3. 2. 4) or 
(5. 3. 2. 5) is vacuous. 

The variational form of (5.3.2.3)-(5.3.2.7) can be written using (5.3.2. 1) and 
(5. 3. 2. 2) as follows 

+cii{ri,ipi) + bi{ri,(pi) 

= {Fi, ipi)m + Y <Pi{vj) + Y V </?i G Vi (5.3.2.9) 

J j\j- J £J' 

ieXj iGXj 

We may view the quantities fj as real controls and the parameters Xu as virtual 
controls. Thus for each index i we introduce a control space 

Ui := JJ RP- X JJ W\ (5.3.2.10) 

J GJ'jsf' J • 



(5.3.2.3) 

(5.3.2.4) 

(5.3.2.5) 

(5.3.2.6) 

(5.3.2.7) 

(5.3.2.8) 
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More concretely, Ui = x if connects two multiple nodes or a Neumann 
node to a multiple node; else Ui = We define the bounded linear mapping 
V* by 

{l3i{fj,gij),<Pi)vi= ^2 ^2 9 iJ-Cij g>i{vj). (5.3.2.11) 

J J 

i^Tj iexj 

With this notation (5. 3. 2. 9) may be expressed in the variational form 

iri-) ^i)Vi “i“ ^i) "b ^ 1(^25 — i^F F J QiJ^ i ^i)Vi (5.3.2.12) 

for all ipi G Vi. The variational equation (5.3.2.12) may equally be reinterpreted 
in the strong formulation as 

hFAn^BB^ri = Fi + Bi{fj,gij) in V*. (5.3.2.13) 

This is the standard format of Section 2.5.1, and, therefore, for /j, A^j G 
L^(0,T;R^^) we obtain (3.4.1.25)-(3.4.1.27). Similarly, we obtain the analog 
of (3.4.2.12) 



1 

i{T),ri{T))\\l.^^.+ f {ai\h{vj,t)f 

0 

T 

+ Ki{r'i+Riri){vj,t)\‘^}dt+ Y [ {l^j\Cijri{vj,t)\‘^ 

. J 

JeJu. 0 

+ ^ \iCfjY Ki{r\ + Rin){vj,t)\^)dt 

T T 

= ll(»’o,n)||vixH. + Y f Y f (5-3.2.14) 



iexj 



JEJm- 

ieXj 



We proceed to derive a similar standard formulation for problems associated 
with adjoint variables . Therefore we consider the system 



Pi = [Ki{Pi + RiPi)]' - RJ Ki{Pi + RiPi) + SiPi in Qi, 
Pi{vj,t) = 0, J e Jd, i€lj, te (0,T), 

o 

o ~ 

Sij Ki{pi + RiPi){vj,t) -ai Pi (vj,t) =fj {t), 

J € Jni i £ Xj, t G (0,T), 

eij'n.ijKi{p^ + RiPi){vj,t) = Q, J e Jm, ielj, te (0,T), 



(5.3.2.15) 

(5.3.2.16) 

(5.3.2.17) 



(5.3.2.18) 
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Ki{pi + RiPi){vj,t) - fijCij Pi {vj^t} = 9ij (t), 
JeJu, ielj, te{0,T), 



(5.3.2.19) 



m{T) = poi, Pi(T)^qoi, (5.3.2.20) 

with (poi,qoi) e Wj X V*, {fj,gu) € Ui- 
If we introduce 

Pi — Qi<) Pi — ^i Qi (5.3.2.21) 

and 

fj := fj, g^j := gu, (5.3.2.22) 

VPJ 

then (5.3.2. 15)-(5.3. 2.20) can be written as 

iii + Aqi- Bi B* q, = Bi{fJ,g^j) ^ ^ 

Qi{T) = -A~^ qoi, qi{T) == poi, 



which, in turn, can be written as a forward problem by the transformation t 
T—t. Thus, the well-posedness of (5.3.2.15)-(5.3.2.20) is governed by transposition 
of Theorem 3.4.1. 1 of Section 3.4.1 and (5.3.2.21), (5.3.2.22), (5.3.2.23). 

As a consequence the solution of (5.3.2.15)-(5.3.2.20) has regularity 



(Pi,Pi)€C(0,r;WixV*), 

Pi{vj,-) £ L^{0,T]W'), J&JN,i&Ij, (5.3.2.24) 

Cijpi{vj, •) G L^(0, T;E^*), J G Ju,i € Im- 



Just as in Section 3.4.2 we want to employ absorbing conditions at the in- 
terfaces vj, J E Jm^ or, if possible, even transparent conditions. This choice will 
enhance the speed of convergence. We set: 

euiCtjf KiUvr^y + rr^){vj,t) 

+ fijCijr'y^'^{vj,t) + ^jCijp'l^'^{vj,t) = X'ljit) (5.3.2.25) 

and 

Ki{{p^+'^)' + RiP^+^){vj,t) 

- Pj Cij Pi {vj, t) + 7 j Cij fi {vj, t) = Pij{t) (5.3.2.26) 




5.3. Hyperbolic Problems 



151 



for t G (0,T), J G Jm, i ^ The coupling parameters A^j(-), /x^j(-) are given as 
follows: 



and 



KAt)=Pji-^ E Cjjf^{vj,t)-Curnvj,t)) 



j€lj 



-ij- E + 

jeij 

- Sij {C+fKi{{r^y + Riry){vj,t)) 



(5.3.2.27) 



O qU qU 

PuA)= E ^3 {vj,t)-CiJ Pi {vj,t)) 



j€lj 



z V— V ^ o 

+ 7j(^ E ^3 ^ (^•^’^)) 









jeij 



£a(c+)^^:.({pn'+-Ripn(^j,i))- 



(5.3.2.28) 



As for consistency with the original transmission conditions (3. 4.1. 3), (5.3. 1.5), 
(3.4. 1.5), (5. 3. 1.7), we sum (5.3.2.25), (5.3.2.26), (5.3.2.27) and (5.3.2.28) over 
i G Xj, and assume convergence as n oo. 

We obtain 

E KM + Rin){vj,t) 

+ /3j E Cijri('i;j,t) + 7 j E 

iEXj i€Xj 

= ,0j E +7j E CijPi(vj,0 

zGXj *GXj 

iETj 



This provides first of all 

E eij{C+fKi{r' + Riri){vj,t)=0, 

ieij 



(5.3.2.29) 
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and secondly, utilizing (5.3.2.25) and (5.3.2.27), 

Pj [Cij Ti{vj, i)~ ^ Cij fj{vj, t)) 

’’ j€Jj 

+ 'rj{Cijpi{vj,t) - ^ Qjpj{vj,t)) = 0. (5.3.2.30) 

j€Jj 

A similar procedure, applied to (5.3.2.26), (5.3.2.28), leads to 

+ = 0 (5.3.2.31) 



and 



- 0j{Cij Pi {vj,t) - ^ ^ Cij Pj {vj,t)) 

jexj 

+ U (Cij fi (vj,t) - ^ Cjj Tj {vj,t)) = 0. (5.3.2.32) 

jeij 

As the kernel of dt is {0} we infer from (5.3.2.30), (5.3.2.32) that 

^ jeij 

CiJPi{vj,t) = Y X] 

j€lj 



i elj and t G [0,T]. 

This implies 

Cijri{vj,t) = Cjjrj{vj,t), Cu Pi{vj,t) = Cjj Pj{vj,t), (5.3.2.33) 

because of the compatibility conditions of the initial data. Equations (5.3.2.29), 
(5.3.2.31), (5.3.2.33) constitute the global transmission conditions conditions on 
the graph. 

For easier reference we write down the iteratively coupled system 

f rf+i = + R^rr') - 

= imp^^y + R,p^^)r - Rimp^y + R^p:+^) - s.p^^ 

in Qi (5.3.2.34) 

r^+\vj,t)=p"+\vj,t)=0, J£Jd, ielj, te{0,T) (5.3.2.35) 
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Sij nuiC+V + Ri = 0, 

eu nu{Ctj7 + RiVl^^){vj, t) = 0, 

J eJm, i&Ij, te{0,T) (5.3.2.36) 

©n+l 

SijKi{{p^+^y + RiP^+^){vj,t)-ai P, {vj,t) = 0, 

JeJN,ieIj,te (0,T) (5.3.2.37) 



' eu Ki ((r"+^)' + Ri r"+^)(wj,t) + (3j Cu fy^^{vj,t) 

+ ljCup'l^\vj,t) = \ij{t), 

' eijKi{{p^+^y + RiP^+^){vj,t)-l3jCu 

on +1 

+ lfjCiJ Ti (Vj,t) = p'ljit), 

J G. ^ ^ ^ ^ r) (5.3.2.38) 

r”+'(0) = roi, r”+i(0) = rii, 
p”+\T) = K{fy+\T) - rn), (5.3.2.39) 

p'l+\T) = -KA-\ry^\T)-Vi,i), 

together with (5.3.2.27) and (5.3.2.28). 

The question of well-posedness of this coupled system is not easily answered 
directly. However, and this is precisely one of the main reasons for this class of 
domain decompositions, the decoupled optimality system (5.3.2.34)-(5.3.2.39) and 
(5.3.2.27), (5.3.2.28) can be interpreted as an optimality system of a decomposed 
optimal control problem. We consider only the case where edge connects a 
Neumann node to a multiple node. The other cases are handled similarly. We 
define 






J?[f.9) = \ E / \fj?dt + U{n{:r)MT))- 

T 

+ J E - f i\9^J\^ + \^JCiJMvJ)-p2Jf)dt, (5.3.2.40) 



jejm- i. 



where p^j is such that -4>u, Pu, Xu e L'^{0 ,T;Rp*). 
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The optimal control problem on edge i is given by 
inf J{f,q) such that 

U.9)eUi 

fi = [Ki{r'i + Ri Ti)]' - RJ Ki{r'i + Riri) + Si n in Qi 
n{vj,t) =0, J ejD,i€lj,te (0,T), 

Sij Ki{r[ + Riri){vj,t) + airi{vj,t) = fj, J £ J^, (0,T) (5 3 2.41) 

^ij{CtjY + Riri){vj,t) = 0, J e Jm, j e Jj, i e (0,T) 
eu Ki{r'i + Ri ri){vj, t) + fij Cu ri{vj,t) = Xu{t) + gu{t), 

J eJM,ielj,te (0,T), 

»"i(0) = no, hiO) = rii. 

Problem (5.3.2.41) is a standard quadratic optimal control problem of tracking 
type, for which there exist a unique solution. Exploiting the optimality conditions 
for (5.3.2.41) one reveals, after some standard calculations, the system (5.3.2.34)- 
(5.3.2.39) with indices n + 1 placed on r^, pi. Therefore, iterating (5.3.2.34)- 
(5.3.2.39) together with (5.3.2.27), (5.3.2.28) is equivalent to iterating (5.3.2.41) 
together with (5.3.2.27), (5.3.2.28). Thus, the decomposition of the globally de- 
fined optimal control problem into local problems which is coupled upon iteration, 
is equivalent to a decomposition into locally defined optimal control problems cou- 
pled upon iteration. In addition, this decoupling procedure is completely parallel. 

As for the analysis of convergence of this iteration we refer to Chapter 9, as 
the technical details of the proofs are rather similar. 

We conclude this chapter with the display of some numerical results for a pla- 
nar grid of 40 elastic strings, see the set of Figures 5.1. We begin with the initial 
configuration. The next figure shows the free evolution after 50 time units. This 
‘forward’ numerical simulation has been done using the domain decomposition pro- 
cedure of this chapter. The next two figures (all within Figure 5.1) show the result 
of the action of boundary controls acting at the end of the strings (with the ex- 
ception of those excited at the beginning) at 10 and 50 time units, respectively. As 
a matter of fact, we display even real time capable suboptimal results which have 
been obtained using the so-called instantaneous control paradigm which, in turn, 
consists of a Newmark discretization with respect to time of the partial differential 
equations and a corresponding discretization of the cost function. Optimization 
then is done with respect to just one time step, at every step. This strategy has 
also come to be known as a one-step moving horizon or rolling horizon control 
law. This paradigm has been considered by Hundhammer and Leugering [47] and 
Hundhammer [46] in the context of wave equations. In these papers more numer- 
ical experiments and additional references are given. See Hinze and Kunisch [44] 
and Choi, Hinze and Kunisch [12] for instantaneous controls applied to parabolic 
problems. As a matter of fact, the method of instantaneous controls is a very 
active field of research. As this strategy, which also uses the domain decomposi- 
tion developed in this chapter, is mainly of numerical interest at this point, we 
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dispense with its detailed description here. It is very remarkable that instanta- 
neous controls perform almost identically to those obtained by exploiting exact 
(and hereafter discretized) necessary optimality conditions. This phenomenon is 
visualized by Figures 5.2, 5.3 following the example of a grid. 






Figure 5.1: Grid of 40 elastic strings (a,b) uncontrolled at t = 0 and t = 50, (c,d) 
controlled at t == 10 and t = 50 time units 
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(c) t — 0.4 



(d) t = 0.5 



Figure 5.2: Comparison of optimal control, instantaneous control and one-step 
gradient method 






Figure 5.3: Comparison of optimal control, instantaneous control and one-step 
gradient method 





Chapter 6 

Domain Decomposition in Optimal Final 
Value Control of Dissipative Wave Equations 



6.1 Introduction 



This chapter is concerned with domain decomposition methods for the computa- 
tion of the solution of the optimality system associated with final value optimal 
control of second-order hyperbolic equations in which the control action enters 
through a dissipative boundary condition. More specifically, we consider optimal 
final value control of solutions of hyperbolic systems of the form 



d‘^w 



V • {AVw) cw = F in Q := Q X {0, T) 



w = 0 onS^ :=r^x(0,T) 



D 



|^+a^ = /o„E»:=r»x(0,T) 

duo 

i(;(0) =wq, — (0) = vq in Q. 



( 6 . 1 . 1 . 1 ) 



In (6. 1.1.1), n is a bounded domain in with boundary F, >1 is a positive 
definite symmetric matrix and c is a nonnegative scalar function defined on fi, 
r = r U r where F^, F^ are relatively open and disjoint subsets of F, u is 
the exterior pointing unit normal vector to F and dwjdvA = * (AS/w). Also, 

a is a nonnegative scalar function defined on F^, and F, / are given external 
forces defined on fi x (0,T) and F^ x (0,T), respectively. Control of the system 
is exercised through the boundary force /. 

The natural energy functional associated with equation (6.1.1.1(i)) is 



m = [ 

Jn 





dw , 


2 


L\ 




+ AVw{x, t) • Vw{x, t) + c\w{x, t)p 



dx. 



The system (6. 1.1.1) has the following important properties: (a) in the absence of 
external forces it is dissipative if a{x) > 0 on a set of positive measure, that is 
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E{t) < E^(0) and E{t) — > 0 as ^ oc; (b) solutions of (6. 1.1.1) have finite energy 
for alH > 0 provided E{0) is finite and F G L^{Q. x (0,T)), / G x (0,T)), 

and f{x,t) = 0 on the set {{x,t) : a{x) = 0, 0 < t < T}. The latter requirement 
is crucial for the conclusion. Indeed, if a = 0 and / G L^(F^ x (0,T)) there is a 
loss of regularity; solutions of (6. 1.1.1) will in general not have finite energy for 
any t > 0 regardless of the regularity of the other data entering into the problem. 

With regard to optimal final value control, the improved regularity that dis- 
sipation affords allows one to penalize in the natural energy norm the deviation of 
the solution at the final time from its target state. This choice of norm naturally 
affects the resulting optimality system which, in the case of spatial domain decom- 
position, leads to an iterative algorithm that is quite distinct from the classical one 
based on the nonoverlapping Schwarz alternating algorithm as adapted to optimal 
control problems and that does not seem to have been previously considered in 
the literature. 

In addition to spatial domain decomposition, we also present iterative time 
domain and combined space-time domain decomposition algorithms. In each case, 
convergence of the algorithm is established and a posteriori error estimates in 
terms of the mismatch of the iterates at the interfaces of the subdomains are 
derived. 



6.2 Optimal Dissipative Boundary Control 

6.2.1 Setting the Problem 

We consider the system (6. 1.1.1) where T > 0, fl is a bounded domain in with 
piecewise smooth, Lipschitz boundary T := T^UT^, ^ 0 and is relatively open 
inT,r nr =0,z/is the unit exterior normal vector to F. We assume that the 
matrix A = {aij) is symmetric and uniformly positive definite in with L^(fl) 
entries that are piecewise in ri. That is, there are open, connected sets C fl, 
i = 1, . . . ,/, such that = 0, and such that G and 

has a extension to Thus (G.l.l.li) means that 

d^w 

— - V • (A\q,Vw) + c\n,w = F in X (0, T), i = 1, . . . , /, 

together with certain transmission conditions on the interfaces d^li fl dQ.j (see 
Section 6.4.1 below). 

We further assume that c G with c{x) > 0 a.e., and that a G L^{T^) 

such that ao infpN a{x) > 0. The boundary term a{dw/dt) makes the above 
system dissipative and improves the regularity of the solution. Indeed, as will be 
shown in the next section, if 



{wo,vo)&H:=Hh{n)xL^Q), F e L^{0,T - / e (6.2.1.1) 
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then (6. 1.1.1) has a unique solution with regularity 

{w, 6 C'([0,T];W), (6.2.1.2) 

neither property of which is true if a = 0. Here 

is the closure in of C^(f2) functions that vanish ouTd- 

Therefore, for any (zq^zi) eH one may formulate the optimal control problem 

inf^^J(/) subject to (6. 1.1.1), (6. 2. 1.3) 

where 

Hf) = |/|2rfS + |||MT),^(T)) - {zo,zr)fn- (6-2-1.4) 

This problem has a unique optimal control given by 



/opt = -p|s« 



(6.2.1.5) 



where p is the solution of the backwards running adjoint system 



^ - V • {AVp) + cp = 0 in Q 



p = 0 on 



dp 

dvA 



adtp = 0 on E 



N 



p{T) = k{^{T) - zi), ^(T) = ~kA{w{T) - zo) in 0 



( 6 . 2 . 1 . 6 ) 



(see Section 6.2.3 below), A is the Riesz isomorphism of if^(fi) onto its dual space, 
and dt is a certain time dijBFerentiation operator that is specified in the next section. 
The optimality system for the optimal control problem (6. 2. 1.3) consists of the 
coupled system (6. 1.1.1), (6.2. 1.6), (6.2. 1.5). In what follows, we shall describe and 
analyze various domain decompositions procedures for the numerical calculation 
of this system. 



Remark 6.2.1. 1 Instead of L^(E^) one may choose as the control space those 
L^(S^) functions that are supported in x (0,T), where is a subset of 
of positive (n — l)-dimensional measure. The analysis presented below may 
easily be adapted to this more general setting with only minor modifications. 



Remark 6.2.1.2 Instead of controlling the system (6. 1.1.1) through the boundary 
function /, one may treat / as a given input to the system and exercise control 
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through the distributed force F. More generally, one may consider locally dis- 
tributed controls where a; is a nonempty open subset of Q and 1^^ is the 
characteristic function of a;. If the control space is taken to be L‘^{u x (0,T)) and 
if, in the cost functional, F is penalized in the natural norm in this space, then 
the optimal control is given by 



P=-PimT) 

where p is the solution of (6.2. 1.6), so that the optimality system in this case con- 
sists of (6. 1.1.1), (6. 2. 1.6) and (6. 2. 1.7). The domain decomposition algorithms, 
and their analysis, that are presented in this chapter may be adapted to this opti- 
mality system with only minor changes. One particular modification of note is the 
following. In order to prove convergence of the spatial domain decomposition con- 
sidered in Section 6.4 in the case of this optimality system, it is necessary to modify 
the dynamics (6.1.1.1)i by introducing locally distributed damping a{dw/dt) into 

(6.1.1.1)i, and the corresponding term —a{dp/dt) into (6.2.1.6)i, where a G L^(fi) 
satisfies a{x) > 0 and infy a{x) > 0; cf. Section 6.3.4, especially Example 6. 3.4.1. 



6.2.2 Existence and Regularity of Solutions 

If Vo), F and / satisfy (6. 2. 1.1), the existence of a unique solution of (6. 1.1.1) 
with regularity (6.2. 1.2) and depending continuously on the data in the relevant 
spaces follows, for example, from [63, Theorem 7. 6. 2. 2], which contains the system 

(6. 1.1.1) as a special case. However, for the sake of completeness and to set up the 
notation that we use in what follows, we shall outline proofs of these facts here. 

The space H := L^(fi) denotes the standard space of Lebesgue square inte- 
grable real- valued functions defined on fi. The standard inner product and norm 
on H are denoted by (*, •) and || • ||, respectively. If either 

(i) c{x) > 0 on a set in of positive measure, or 

(ii) ^ 0 



then 



ll«V' = 



/ 



(AV(?!)- V(/) + c|(/)p)dx 



1/2 



( 6 . 2 . 2 . 1 ) 



defines a norm on i7^(f2) that is equivalent to the standard H^{Q) norm. In what 
follows we shall assume that either (i) or (ii) or both are satisfied, and for the 
remainder of this chapter assume that V is endowed with the norm 

(6.2.2. 1). We identify H with its dual space and denote by F* be the dual space of 
V with respect to i7, so that V C H C V* with dense and continuous injections. 
The duality pairing between elements (jf G F* and (/> G F is written ((/>*, 0)^. 
When (j)* e H we have (</)*, 0)^ = (</>*,</)) and one should interpret (</)*,</)) as 
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(0*, (j))Y when (j)* G V* and (j) eV. We denote by A the canonical isomorphism of 
V onto V*. Define 



DA = {cf>eV : Acf>GH}DH^{a)nHhm, \mo^ = \\A(t>\\. ( 6 . 2 . 2 . 2 ) 



A is then an isomorphism of onto H and, formally, functions in satisfy 
the boundary condition dcp/duA = 0 on 

Set U := L^(F^) and let us define a bounded linear operator B : U V* 
by 

{Bg,ct>)v= [ V^g(j>dV, V(/> G K 

Jr^ 

Its dual operator S* G C{V, U) (identifying U with its dual space) is then given 
by 

= ^/a(j)\l'N. 

With this notation, the system (6. 1.1.1) may be written as the abstract equation 



^ +Aw = F + B(f/y/^) in F*, 

. . dw 

w{0) = Wo, —(0) = Vo, 



(6.2.2.S) 



where / G L^(0,T;[/) and where we may take F G L^(0,T;iF), for example. 
Indeed, if we multiply (6.1.1.1(i)) by (j) G V and formally integrate the product 
over Q we obtain by Green’s formula 

{^+Aw,(t>)v+ [ a^4>dr= f F<pdx+ f f(f>dr, ^<pev. 
ot^ Ji^N ot Jq Jy'n 



Equivalently, by introducing 



B* 



W-- 



f w 
[dw/dt I ’ 



"VS 

Wo 



B*4>2 — 4>2\r '^ ) 
T = 



-A -BB*)’ (fi(//VS);’ 

D(A) = {(</>!, <^2) GVxV: A</>1+ BB*<P2 G H), 
<t>i\ _ 1 

4>2/ 

O' 

Fj 



•Wo 

Vo 



we may write (6. 2. 2. 3) as the first-order problem 



dW 

— = AW + F + Bf, 



W"(0) = W^o- 



(6.2.2.4) 



The following is well known and not difficult to prove. 
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Proposition 6.2.2.1 A is the infinitesimal generator of a Co semigroup {S{t) : t > 
0} of contractions on H = V x H. 

The unique mild solution of (6. 2. 2. 4) is therefore given formally by 

W{t) = S{t)Wo + / S{t- s)[T{s) + Bf{s)] ds, 0 < ^ < T. (6.2.2.5) 
Jo 

However, the control-to-state operator defined by 

Lf{t):= f S{t-s)Bf{s)ds 
Jo 

needs to be properly understood since Bf does not necessarily take values in H. 
This is clarified in [63, Theorem 7. 6. 2. 2] where it is proved that that the linear 
map (Wo,J^,/) ^ {W,B*W) is continuous from H x L\0,T’H) x L^{0,T]U) 
into C([0,T];?^) x L^(0,T; ?7), a property that may be deduced from the a priori 
estimate 



0-mW\\loo^O,T;H) + 



a 



f - ^Mb*w 






L2(0,T;t/) 



or, equivalently. 






L2(0,T;t/) 



(1-5) 



dw 

‘•"•a' 






L 



L°°(0,T;'H) 
T 



dw 



dvA 



+ a 



dw 



dt 



L2(0,T;C/) 

, 0 < 5 < 1 , ( 6 . 2 . 2 . 6 ) 

dT, 



< 



\\{wo,vo)\\n + ^(j^ (^jjF{x,t)\‘^ dx^ d^j + (6.2.2.7) 



The estimate (6. 2. 2. 6) can be proved by standard energy methods. Proceeding 
formally for the moment we obtain from (6. 2. 2. 4) 






dt 



l\mt)fn-l\\Wofn = -l 

+ jjim, W{t))n + (B(/(i)/v^), dt. (6.2.2.8) 

We have, or any J > 0, 

[\F{t),W{t))r, 

Jo 



S 1 






yo: 



+ 






dw , 



2(S(/(i)/ \/a), 
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Use of the last two expressions in (6. 2. 2. 8) yields (6. 2. 2. 6). The above calculation 
can be completely justified for data /) in W x L^(0, T; H) x L^(0, T; U) by 

approximation with smoother data and passage to the limit; cf. [43, Section 5.2]. 



Remark 6.2.2.1 When F = 0 one has the energy identity 






dw 

dvA 



+ a 



dw 

~dt 



dS 



\\{wo,vo)f^+ [ l|/|2dE (6.2.2.9) 



for every T > 0. 

Let A* denote the dual operator of A. It is an unbounded operator in H* = 
V* X H given by 



A* 



0 -A \ 

1 -BB^r 



D(A*) = {(01,02) e U* X U : 01 -^^02 G H}. 



The operator A* is the generator of the semigroup S*{t) dual to S{t). Therefore, 
if Pq G H* then P{t) = S*{T — t)Po G C{H*) is the unique mild solution of 



By writing 



dt 



-A*P, P{T) = Po. 




Po 



ro 

Po 



this system is the same as 



A dp 

— = — = —r -}- BB p, 

dt dt 



r{T) = ro, p{T) = po, 



from which one sees that p formally satisfies 



( 6 . 2 . 2 . 10 ) 



(6.2.2.11) 



-^-BB*^+Ap = 0, p{T) = PO, ^(T) - -ro + BB*p^. (6.2.2.12) 

When (ro,po) G P(A*), then from our previous discussion (6.2.2.12) has a unique 
solution with {p,dp/dt) G (7([0,r];H), B*{dp/dt) G L^(E^). When (ro,po) G W*, 
the solution of (6.2.2.12) is understood as the second component of the mild 
solution of the problem (6.2.2.11). A more useful characterization of the solution 
of (6.2.2.12) in this case is provided in the following result. 
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Proposition G.2.2.2 (ro,po) C W*. Then (r,p) is the solution of (6.2.2.11) if 
and only ifr = Aq, p = dq/dt, where q he the solution of 

^ + A = 0, q{T) = Vo, ^(T) = po. (6.2.2.13) 



Proof If q satisfies (6.2.2.13), it is trivial to check that r = Aq^ p = dq/dt is the 
solution of (6.2.2.11). Conversely, if (r,p) is the solution of (6.2.2.11) and we set 
q = A~^r, then dq/dt = p and 



d‘^q 

~d^ 



dp 

dt 



= + = -Aq + BB* 

dt 



dq 

~di' 



q{T)=A-^ro, ^{T)=Po. 



Corollary 6.2.2.1 Let (ro,po) C H* and {r,p) be the solution of (6.2.2.11). Then 

B*peL^{0,T‘U). 



Proposition G.2.2.3 Let (ro,po) C H* and (r,p) be the solution of (6.2.2.11). Then 
(r(0,p(0)), p andB^^p are the unique elements inH* , C([0,T];^*) and L^{0,T]U), 
respectively, satisfying 



{{r{0),p{0)),{(po,(f>i))n+ f {p{t),G{t))dt+ [ {B*p{t),g{t)/^fa)udt 

Jo Jo 

= ({ro,Po),{<l>{n^{mn, 

V(0o,0i)eW, GgL\ 0,T-,H), gGL^0,T-U), (6.2.2.14) 
where (f) is the solution of 

^ + BB*^ +A4>=^G + B{g/V^) 

4>{o) = (f>o, ^( 0 ) = 

and where {-,')n scalar product in the TP —TL duality. 

Proof. We have 



(6.2.2.15) 



Im) 



\dt 

so that 



0 



G{t)J + \B{g{t)/M 



0 



dt (6.2.2.16) 



{iro,Po),{4>{n^imn = ((r(0),p(0)),(^o, </>!))« 



+ 



f {p{i)yG{t))dt+ [ {B*p{t),g{t)/^/a)i 
Jo Jo 



dt. 
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Thus (r(0),p(0)), p and satisfy (6.2.2.14). On the other hand, the map- 
ping ((0o,0i),G,5') {(j)^d(j)/dt) is bounded H x L^{0,T]H) x L^(0,T;C/) 

C([0,T];7Y), so that for any (ro,po) C H* the right side of (6.2.2.14) is a continu- 
ous linear functional on W x L^(0,T; H) x L^(0,T; U). 

Thus there are unique 

(fo,po)eW*, peL^{0,T-,H), peL\o,T-,u), 



such that 



{{ro,Po),i4>in^{T)))n = {{fo,Po),{<Po,4>i))n 



+ 



[ (p{t),G{t))dt+ [ {p{t),g{t)l^/a)udt, 

Jo Jo 

y{4>o,4>i)en, GgL\ 0,T-,H), g€L^{0,T;U). 



It follows that necessarily 

(^o,Po) = (r-(O).p(O)), P = P, p = B*p. 



We shall also need to consider the inhomogeneous problem 



- = -A*P + Bf, P{T) = Po, 



(6.2.2.17) 



where Pq 6 H* and / 6 L‘^{0,T;U), whose unique mild solution is given formally 
by 

P(t) = S*{T - t)Po - L'f{t), (6.2.2.18) 



where 



L'f{t) = S*{s-t)Bf{s)ds. 



(6.2.2.19) 



One can prove as above that the mapping (Pq?/) (P?P*p) is continuous from 

W* X L2(0,T;C/) into C([0,T];W*) x L^{0,T;U), so that (6.2.2.18) is indeed the 
mild solution of (6.2.2.17). To see this we write 



P = 



r 



Po = 



PoJ 



Then (6.2.2.17) is the same as 



^ = Ap, ^ = -r + BB*p + B{f/ \/a), r{T) = ro, p{T) = po- (6.2.2.20) 
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From (6.2.2.20) we have, proceeding formally, 
^(IbolP - Ib(i)ll^) = “ ^ {r{s),p{s))vds + 



Wp{s)\\lids 

+ [ {B{f{s)/y/a),p{s))vdt, 



Hence 



bo 



l|2 

llv 



II-4-V 




{r{s),p{s))vds. 



\\p{t)f + \\r{t)\\l., +2 \\BMs)fuds 

= Iboll^ + Iboll^v -2 j\B{f{s)l^),p{s))vds. 

By writing 

2{B{f/Va),p)v = 2{f/y/a,B*p)u = \\f/y/a- B*p\\l - \\f/Va\\l - \\B*p\\l 



one obtains the a priori identity 



IbWII" + IbWiPy. + l\\\BMs)Wl + ll/b)/v^ - B*p{s)fu)ds 

= Iboll^ + Iboll^ + I " \\ f { s )/ M \ Us - (6.2.2.21) 

The above computation is justified for sufficiently regular Pq and / and then may 
be extended to (Pq, f) x L^(0,T; U) by density. One can see from (6.2.2.21) 
that the mapping (Po,/) {P^B*p) is continuous from H* x L^(0,T;P) into 

C{[0,T]-,n*)xL^{0,T-,U). 

From (6.2.2.20) one formally obtains 



dt^ dt 

dp, 



= — B(//Va), 



p{T) = Po, ^(T) = -ro + BB*po + B{f{T)/^). 



( 6 . 2 . 2 . 22 ) 



If (ro,po) C D{A"^) and / is sufficiently regular, say / G H^{0, T; U) with /(T) = 0, 
then from our previous discussion (6.2.2.22) has a unique solution with (p, dp/dt) G 
C([0,T];W), B*{dp/dt) G p2(E^). If, however, (ro,Po) C H* and / G L2(0,T;P), 
the solution of (6.2.2.22) is understood as the second component of the mild 
solution of (6.2.2.20). 

The same argument used in the proof of Proposition 6. 2. 2. 2 yields the fol- 
lowing result. 
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Proposition G.2.2.4 (^o?Po) C TV, f G L‘^{0,T]U). Then (r,p) is the solution 

of (6.2.2.20) if and only ifr = Aq, p = dq/dt, where q be the solution of 

^ +Aq = B{f/V^), q{T) = A-^ro, ^(T) = po- (6.2.2.23) 

Corollary 6.2.2.2 (ro,po) C H* , f G L^(0,T;[/) and (r,p) be the solution of 
(6.2.2.20). ThenB*pe L^{0,T;U), 

The next result is analogous to Proposition 6. 2. 2. 3 above. 

Proposition G.2.2.5 Le^ (ro,po) C H*, f G L^(0,T;[/), and (r,p) 6e the solu- 
tion of (6.2.2.20). Then (r(0,p(0)), p and B*p are the unique elements in H* , 
C([0,T];i7*) and L^(0,T; C7), respectively, satisfying 



{{r{0),p{0)),{(j)o,(l)i))n+ f {p{t),G{t))dt+ f {B*p{t),g{t)l ^/a)i 

Jo Jo 

= ((ro,po),(</>(T), f (T)))k - 



dt 



en, G e L\0,T;H), g e L\0,T-,U), (6.2.2.24) 



where (j) be the solution of (6.2.2.15). 

Proof. We start with regular data (0o, (j)i), G, g such that the solution of (6.2.2.15) 
satisfies {(f),d(j)/ dt) G C([0,T];D^ x V). From (6.2.2.16) We have 



:)■(>)). 



S*{T) 



ro\ ( <t>o 



Pol ’ V^i 



■H 



G{t)J \B{g{t)/y/^) 



G{t) ^ \B{g{t)/M 



f (^S*{T-t) 

= [ {p{t),G{t))dt+ f [B*p{t),g{t)l^/a)udt 
Jo Jo 

[(gw) + (w)/v/S) 

Prom (6.2.2.19) we obtain 
^L'f{t), 



dt 



n 



dt 



J / n 



dt. (6.2.2.25) 



n 



G{t)J \B{g{t)/^) 



J / H 






0 



G{t)J + yB{g(t)/V^) 



0 



ds. 



n 
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Therefore 




(6.2.2.26) 



Equation (6.2.2.24) follows immediately from (6.2.2.25) and (6.2.2.26). 

The above computations are justified for solutions (f) of (6.2.2.15) having the 
regularity assumed above and may be extended to data (0o,0i) E H, G, g ^ 
L^(0,T;i/) X L^(0,T;[/) by density, using continuity properties of the mapping 
from data ((</)o, 0i), G, g) to ((0, d(j)/dt),B*{d(j)/dt)). We have therefore proved that 
(r(0),p(0)), p, B*p satisfies (6.2.2.24). On the other hand, using the same proper- 
ties of this mapping we see that for any (ro, po) C H* and / G L^(0, T; U) the right 
side of (6.2.2.24) is a continuous linear functional onHx L^(0, T\H)x L^(0, T\U). 
It follows that (6.2.2.24) has one and only one solution in W x L°^(0,T;W)x G 
L^(0,T; U) and that (r(0),p(0)), p, B*p is that solution. 

Proposition 6. 2. 2. 5 allows us to interpret (6.2.2.20) as the abstract form of a 
certain boundary value problem. Set 

ipi(0,r;[/) = {0G L2(0,T;[7) : d(f)/dt G L^{0,T;U)} 

mw;u) = r{\\m\i + m/dtm\\i)dt. 

Jo 

Denote by (iif^(0,T; [/))* the dual space of i/^(0,T; U) with respect to the pivot 
space L^(0,T; U). A bounded linear operator dt : L^(0,T; U) (JT^(0,T; [/))* is 
defined by 

{dth,4>h- {h,^)udt, (6.2.2.27) 

where (•, denotes the inner product in the (i/^(0,T; [/))*, if^(0,T; U) duality 
pairing. We note that dfh is not the time derivative dh/dt of h in the sense of 
distributions; the latter is the restriction of the former to i7g(0,T;C/). The dual 
operator d* : H^{0, T; U) i-^ T^(0, T; U) is given by 




It is easy to check that TZ{d^) = L^(0,T; U) and thus N{dt) = {0}. 
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Now consider the system 



^ - V ■ (AVp) + cp = 0mQ 
p = 0 on 

dp „ ^ j ^ 



dUA 



adtp = dtf on 
dp. 



(6.2.2.28) 



p{T)=po, ~{T) = -r,. 



If we multiply (6.2.2.28(i)) by the solution of (6.2.2.15) and formally integrate the 
product over x (0, T) we obtain (recalling the meaning of dtp and of dtf) 

+ j^pGdxdt + j^^pgdT, = {{ro,po)M{T),^{T)))n 
-[ f^dH, y{<t>o,4>i)en,iG,g)eL^{Q)xL\i:^), (6.2.2.29) 

J^N Ot 



which is the same variational equation as (6.2.2.24) if we identify dp/dt with — r. 
Thus the solution (r,p) of (6.2.2.20) may be interpreted as the solution, of the 
boundary value problem (6.2.2.28) wherein r == —dpjdt. That is to say, by defini- 
tion the solution {p, dp/dt) of (6.2.2.28) is (p, — r), where (r,p) is the solution of 
(6.2.2.20). Equivalently, according to Proposition 6. 2. 2. 4 the solution of (6.2.2.28) 
may be expressed as 



dq dp 

'Ft 

where q is the solution of 



Aq, 



(6.2.2.30) 



d^q 



— V • {AVq) + eg = 0 in Q 
g = 0 on 



q{T)=A~^ro, ^(r)-Po. 



(6.2.2.31) 



We summarize the above discussion in the following Proposition. 

Proposition 6.2.2.6 For any {po^'f'o) ^ H x V* and f G L^(E^), (6.2.2.28) has 
a unique solution with {p, dp/dt) G C([0,T];if x V*), G L^(E^). Further, 
{— (dp/dt) (0),p{0)), p and p\^N are the unique elements in V* x H, C([0,T]; H) 
and L‘^('E^), respectively, that satisfy (6.2.2.29). Moreover, (6.2.2.30) holds, where 
q is the solution of (6.2.2.31). 
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6.2.3 The Global Optimality System 

Let {zq,zi) G H and consider the optimal control problem 

inf subject to (6. 1.1.1), (6.2.3. 1) 



where 



Jif) = \f?d^ + f (IHr) - zoWl + ll^(T) - ^i||2). (6.2.3.2) 

where k > 0. By virtue of properties of the map {{wq^vo), f) {w,dw/dt) dis- 
cussed in the previous section, the existence of a unique optimal control /opt is 
standard. It is characterized as the solution of the variational equation 



fopthdE + k[{A{w{T) - zo),m)v + (^(T) - 21, ^(T))] = 0, 

V/i e (6.2.3.3) 

where V’ is the solution of 



dt^ 



V • {AWip) + op = 0 in Q 



V’ = 0onS^, P^+a^=honI,^ 
OVA Ot 

V’(O) = ^(0) = 0 in 

Let p be the solution of the backwards running adjoint system 

d‘^p 



dt^ 



V • (AVp) cp = 0 in Q 



p = 0 on E 



D 



dp 

duA 



— adtp = 0 on S 

,dw , 



N 



p(T) = K{^{T)-z,)eV{n), 



dp 

dt 



(T) = -i^A{w{T) - zo) e y* 



(6.2.3.4) 



In view of (6.2.2.29), p satisfies 

= 4{A{w{T) - zo)MT))v + (^(T) - 21, ^(T))] = 0, 

V/i e (6.2.3.5) 
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It follows immediately from (6. 2. 3. 3) and (6. 2. 3. 5) that 



/opt — 



(6.2.3.6) 



The global optimality system consists of (6. 1.1.1), (6. 2. 3. 4) and (6. 2. 3. 6). 

Again we emphasize that, because of Proposition 6. 2. 2. 6, the adjoint variable 
p is given by (6.2.2.30) where q is the solution of 



d^q 

dt‘^ 



- V • {AVq) + cq = 0 in Q 
q = 0 on 

OUa Ot 



q{T) = k{w{T) - zo), f^{T) = 4^{T) - z,). 



(6.2.3.7) 



6.3 Time Domain Decomposition 



6.3.1 Description of the Algorithm 



We decompose the time-span (0, T) into K + 1 subintervals Ik, k — 0,1, . . . ,K,hy 
setting 

0 = To < Ti < T2 < ■ ■ • < Tk < Tk+1 = T, (6.3.1.1) 

i.e., Ik ■= (Tk,Tk+i), and introduce locally defined functions Wk ■= w\ik> Pk •= 
and so forth. Next, the optimality system (6. 1.1.1), (6. 2. 3. 4) and (6. 2. 3. 6) is 
decomposed into K + 1 subsystems defined on Ik, k = 0, ... ,K, which are coupled 
through the time-wise transmission conditions 



Wk{Tk+\) = Wk+i{Tk+i), 



dwk 



{Tk+i) 



dwk+i 






dt ' dt 

Pk{Tk+l) = Pk+l{Tk+l), 
dpk irr, N _ 9Pk+ 
dt dt 



-(Tfc+i) 



(6.3.1.2) 



for A: = 0, . . . , AT — 1. The coupling conditions (6. 3. 1.2) are then uncoupled by the 
following iteration in n; 



-^(Tfc+i) - /3pri(T,+i) = 
f3^{Tk+i) + Awl+\Tk+,) = vlk+i 

(6.3.1.3) 

-^{Tk) + Ppl+\Tk) = filk-i 
(9n"+^ 

-d^{Tk) + Aw^+\Tk) = vlk-i 
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where 

<k+i = /?-^(Tfe+i) + ^<+i(Tfc+i) 

dl- (6-3.1.4) 

i^lk-i = —^{Tk)+m-iin) 

vh-i = -0-^{Tk) + Aw^_,in) 



for k = 1, ... where /? > 0. In Iq or Ik the first or the second half of 

(6. 3. 1.3) and (6.3. 1.4) are valid, respectively. It is readily seen that, upon conver- 
gence, (6.3. 1.3) and (6. 3. 1.4) reduce to (6. 3. 1.2), hence (6.3. 1.3) and (6. 3. 1.4) are 
consistent with (6. 3. 1.2). A similar splitting has been proposed by Benamou for a 
different control problem in [7]. However, no analysis is given in [7]. 

For the sake of reference we write down the complete set of decoupled systems: 



n+l 

- V • (ylV<+i) + = F, 

fl2 n+l 

- V • (^Vp”+') + = 0 in Qfc := n X /fc 



(6.3.1.5) 



w 



n+1 



= pI+^=0 onSf :=r^x4, 



dw^+^ 



dvA 



= 0 



dpl+^ 



dUA 



dt 



0 on Ef 



x4 



(6.3.1.6) 

(6.3.1.7) 



<+i(0) = n;o, ^^^(0) = noinO 
pI+\T) = k{^-^{T) -z,)gH (6.3.1.8) 

-^{T) = -KA{w^^+\T)-zo)eV* 

subject to (6. 3. 1.3), (6. 3. 1.4). In (6. 3. 1.7)2, dt is the bounded linear operator from 
L‘^{Ik]U) into {H^{Ik]U)Y defined analogously to (6.2.2.27) above. 

We now show that, for {Mfc,fc+i.»?fc,fc+i) and {Pk,k-i^Vk,k-i) given inHxV*, 
the decoupled optimality system (6.3.1.3)-(6.3.1.8) corresponds, in fact, to an 
optimality system concentrated on the time- interval Ik- We omit the superscript 
n+1 for the time being and focus first on the internal intervals Ik, k = 1,...,K — 1. 
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Define the following cost functional on 7^: 



J^{fk,9k,k-i,hk,k-i) := \ fkdTdt + ^{\\wk{n+i) - A-^Vk. 



fc+illv 



+ \\-^'Wk{Tk+i) - Mfc,fc+illlf + \\9k,k~i\\]{ + ll/ifc,fc-i||v.}- (6.3. 1.9) 
We then consider the following optimal control problem on Ik- 

illf Jk^fki9k^k~lihkk—\) 

fk€LHE^) 

subject to 

O^w 

- V • (^Vwfc) + cwk = Fk in Qk, 

lUfc = 0 on Sf , (6.3.1.10) 

dwk , dwk . 

^ + o„ Ej, 

Wk(Tk) = A'~\'n'i^k-i + ^k,k-i) in V, 

^(Tfe) = -(M^-i+5M-i) in H. 

In order to derive the optimality system associated with the optimal control 
problem (6.3.1.10) we introduce the auxiliary sensitivity system 

d^'ipk ^ X , _ ^ ^ 



- V • (AVipk) + = 0 in Qk 

ipk = 0 on sf 

drpk d-ipk j N 

= A on E* 

i-kiTk) = A~'hk,k-i,^^{T’k) = -gk.k-1 in U. 



(6.3.1.11) 



The directional derivative of Jk at fk, gk,k-i, hk^k-i into the direction of fk, 
9k,k-i^ hk,k-i is set to zero. We obtain as a necessary and sufficient condition for 
optimality the variational equation 

0 = y fkfkdF, + ^{Awk{Tk+i) - V’fc(Tfc+i))v 

+ ^(Tk)) 

+ ^( 9 k,k-l, 9 k,k-l) + ^(A~^hk,k-l,hk,k-l)v, 

V/fc G L'(E^), (h,k-i, 9 k,k-i) e n*. ( 6 . 3 . 1 . 12 ) 
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We now consider the following adjoint system 
d'^Pk 



dt^ 



V • {AVpk) + cpk=0 in Qk 



Pk = 0 on E 



D 



(6.3.1.13) 



^ - adtpk = 0 on Sf 
OVA 

Pk{Tk+i) = l(^(Tfc+i) - e H 

^(Tfc+i) = -l{Awk(Tk+,) - vlk+i) e 

If (6.3.1.13)i is multiplied by the solution of (6.3.1.11) and the product formally 
integrated over Qk one obtains 

0 = {^{Tk+,Uk{TkAi))v - {~{Tk),A-^hk,k-i) 



dt 



- {Pk{Tk+i), ~^{Tk+i)) - {pk{Tk),gk,k-\) + j PkfkdT,, 



or 



J PkfkdT, = ~{Awk{Tk+i) - r]'^^k_^_i,ipk{Tk+i))v 

+ ^{^iTk+i)-glk+x,^iTk+i)) 

+ {A-^^{Tk), hk,k-i)y + {Pk{Tk),gk,k-i)- (6.3.1.14) 

The above calculation is justified by virtue of the definition^ by transposition, of 
the solution of (6.3.1.13); cf. the calculation in the previous section. 

Prom (6.3.1.12) and (6.3.1.14) we obtain 

0 = y ifk+Pk)fkdi:-{A-^^{Tk),hk,k^i)y 

- {pk{Tk),gk,k-i) + -;s{gk,k-ijgk,k-i) + 

p p 

V A G L"(Ef ), (hk^k-uSk^k-i) G H\ (6.3.1.15) 
Taking variations in (6.3.1.15) gives 



fk — Pk 



(6.3.1.16) 
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hk,k-i=0^{Tk) in V*, (6.3.1.17) 

9 k,k-i = f3pk{Tk) in H. (6.3.1.18) 

If the optimality conditions (6.3. 1.16)-(6.3. 1.18) are inserted into (6.3.1.10) we 
obtain from (6.3.1.10) and (6.3.1.13) 



Wk{Tk) = A-\plk_,+(i^{T)) 

~{Tk) = -plk+i-PPk{Tk) 
p,{Tk+,) = ^{^{Tk+i)-plk+i) 

^{Tk+i) = -^{Awk{Tk+,)-vlk+i), 

which are precisely the conditions (6.3. 1.3), where Vk,k-i 

are given data. 

We conclude that the iterative decoupling procedure for k = — 

1 according to (6.3.1.3)-(6.3.1.8) produces the optimality system corresponding 
to the optimal control problem (6.3.1.10). The interpretation of (6.3.1.10) is as 
follows. One introduces “artificial controls,” or “virtual controls” hk^k-i, 9k,k-i 
(see Pironneau and Lions [76, 77]), which serve to match the initial and final 
conditions in terms of the iteration history, while optimizing also with respect to 
the “effective control” fk- 

Let us now consider the boundary intervals Iq and 7x- On Iq define the cost 
functional 

JSifo) ■■=IJ /o"^S+^{||«;o(Ti)-.4-\"i|Pv' + ||^(Ti)-pS,i|||,} (6.3.1.19) 



and consider the optimal control problem (which contains a slight conflict in no- 
tation between the solution and the initial data) 



d'^wo 



inf Jaifo) subject to 

fo€L^E^) 

- V ■ {AVwo) + cwo = Fq in Qo 



D 



Wo = 0 on Eg 

dwQ dwo , 

^ + »^=/o on E„ 



wo(0) = Wo, 



dwp 

dt 



vq in Q,. 



(6.3.1.20) 
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Problem (6.3.1.20) has the same structure as the global problem (6.2.3. 1), (6. 2. 3. 2). 
Hence, the optimality system is analogous to the one considered there. It is only 
necessary to look at the end conditions 

Po(Ti) = 1(^(Ti)-Moi) 
or 

(6.3.1.21) 

l3^{T,) + Awo{T,)=vl,. 

The necessary and sufficient condition for optimality yields 

/o = -PoL^- (6.3.1.22) 

I 

The conditions (6.3.1.21) are precisely the matching conditions for wo{t), Po{t) at 
t = Tx. 

The cost functional associated with the final interval Ik is 



JKifK,hK,K-i,gK,K-i) J /IrdS + 2{ll^^(^a:+i) - ^ollv 



+ \\^^{Tk+i) - ziW^} + ■^{\\9k,k-i\\h + ll^a:,if-i||y*} (6.3.1.23) 

and the optimal control problem is 

inf JK{fK,hK,K-i,9K,K-i) subject to 

/k6L=(S«) 

d^WK 

V • {AVwk) + cwk = Fk in Qk 

wk = 0 on (6.3.1.24) 

dwK , d K 

^+a-WK = fK on 

'^k{Tk) hK,K-i) in V, 

^^{Tk) = -{Pk,k-i+ 9k,k-i) in H. 



The optimality system for (6.3.1.24) is examined in the same way as above. 
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In conclusion, the decoupled system (6.3.1.3)-(6.3.1.8) is a decoupled system 
of optimality conditions associated with the optimal control problems (6.3.1.20), 
(6.3.1.10) and (6.3.1.24) on Iq, {h}k=i^ respectively. By observing that the 
conditions 

propagate with n, it follows that the iterative procedure (6.3.1.3)-(6.3.1.8) is well 
defined for n = 0, 1, . . ., provided {ji\ fc+i) ^ H x V* for fc = 0, . . . , - 1 

and eHxV*fovk = l,...',K. 

This iterative decoupling procedure (6.3.1.3)-(6.3.1.8) is analogous to and 
reminiscent of a Jacobi iteration. A Gaufi-Seidel variant of the iteration would 
consist of solving from fc = 0 to fc = A" and using the most recent transmission 
values at the corresponding left end Tk of the interval Ik = {Tk^Tk^i). Moreover, 
the usage of “virtual controls” is reminiscent of a shooting method. 



6.3.2 Convergence of the Iterates 

We consider the iterative procedure with the basic step described in (6. 3. 1.3), 
(6. 3. 1.4). In fact, we consider a relaxation of the iteration step through the intro- 
duction of a relaxation parameter e G [0, 1) and replacement of (6.3. 1.3), (6.3. 1.4) 
with the under-relaxed iteration 

= (1 +e(^(Tfe+i) -M(Tfe+i)) 

/3^(T,+i) + = (1 - + e(/3-^(T,+i) + Awm+i)) 

—^{Tk)+0pl+\n) = (1 - eK,fc_i +e(-^(Tfe) +M(Tfe)) 



^ at 



(Tfc) + Aw^,+\Tk) = (1 - e)r^lk-i + 



In order to prove convergence, we introduce the errors 



(6.3.2.1) 



Pk 



;«+l _ .,"+1 



Pk -Pk, ^k 



n+1 



: W 



n+1 



Wk> 



These functions satisfy 



( <9277,^+1 

^ — v-(>iVtD;^+^) + cii)”+^ =0 



■n-\- 

— h V7 . i 4- 

dt^ 



Q2pn+1 



- V • (AWpl+^) + cpl+^ =0 in Qk 



(6.3.2.2) 



w 



n+1 






on E 



D 
k 5 



(6.3.2.3) 
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+pr =0 






- = 0 



onS^ 



'^;«(0) = ^(0) = 0 
-^(T) = -kAwI+\T) in fi 



subject to 



-^(Tfc)+^pri(Tfc)=/i^,fc_i 

-f3^^{Tk) + Aw^,+\Tk) = 



where, for n > 1, 



/S^+I = (1 - e){-^{n+,) - /3p^+i(Tfc+0) + <^{Tk+i) - m(Tk+i)) 

rk,k+i = (1 - e)(^-^^(Tfe+i) +^tZ;^+i(T,+i)) +c(/?^(rfc+i) + ^<(Tfc+i)) 
duu^ 

Kk-i = (1 - e)(-^(Tfe) +/3p^_i(Tfe)) +e(^(Tfc) +/3p^(Tfc)) 

fllk-i = (1 - t){-p-^{n) + Awl_,{n)) + e(-/3^(Tfe) + ^<(Tfe)) 



T/O - /yO 
/^A:,fc+1 — Pfc,fc+1 



(dWk^l 



(^fc+l) /?Pfc+l (^fc+l)) 



«2,t-i = x£,t-i - + Amin)) 
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We shall prove the following result. 

Theorem 6.3.2.1 Let /3 > 0. Then 

(i) for any e e [0, 1) 

Pfc — > 0 strongly in L'^iT'k )> k = 0, . . . ,K 
-^Om C{Io;VxH) 

0 , strongly in {Hq ) 

{pl,^)^0inC{lK-,HxV*). 

(ii) For any e G (0, 1) and for k = 0^ . . . , K 

^0 inC{h;VxH) 

(Pfe.^)^O mC{h-,HxV*) 

0, strongly in L^{T,^). 

Remark 6.3.2.1 Part (i) shows that, in particular, for any e G [0, 1) the effective 
local optimal controls {p^|E^}j^o converge strongly to the global optimal control 
p|x;iv, and the deviation ||(u;^(T), {dw^/dt){T)) — {zq^zi)^u of the local optimal 
trajectory dt) at time T from the target state {zq,zi) converges to the 

deviation \\{w{T)^ {dw / dt){T)) — {zq^ ^i)\\n of fhe global optimal trajectory at time 
T from the target state. An a posteriori estimate of the error in the approximation 
is derived in the next section. 

Remark G.3.2.2 When e = 0 it is possible to show that 

{wl, -^) ^ 0 weakly* in L°°(0,T; V x H) 

^ Biii^ 

— ^ ^0 weakly in L^(Ej^), k = 1, . . . ,K 

Bt 

Bn^ 

{pI, -^) 0 weakly* in L°°(0, T-,H x V*), k = 0, . . . ,K - 1. 

provided the following backwards uniqueness property is valid: if w satisfies 
(6. 1.1.1) with F = 0 / = 0, and if w{T) = {dw/dt){T) = 0, then necessarily 
^0 = ”^0 = 0. In dimension one it is known that this uniqueness property is true 
provided a is constant and a ^ 1, but its validity otherwise seems to be an open 
question. 



dw^ 

Bt y^n 



dw^ 

Bt yn 
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Proof of Theorem 6. 3. 2.1. We set 



X = {H X V*f^ 

with the standard product norm. We define a bounded linear operator T \ X X 
as follows. Let 

X = {j^k,k-l,fjk^k-l)k=l} ^ ^ (6. 3. 2.9) 

and let {wkjpk)k=o be the solutions of (6.3.2.2)-(6.3.2.6), (6. 3. 1.3) with the su- 
perscripts n and n + 1 removed. Set 



TX = -/3pfc+i(Tfc+i),/3^(Tfc+i) + 

(^^(Tfc) + /3pfc_i(rfc),-/3^^(Tfe) + (6.3.2.10) 

Note that X is a fixed point of T if and only if the transmission conditions (6. 3. 1.2) 
are satisfied, that is, if and only if {wk^Pk)k=o ^be solution of the global opti- 
mality system (6. 1.1.1), (6. 2. 3.4) and (6. 2. 3. 6) with vanishing data 

Fk = wq = Vo = zo = zi = 0 (6.3.2.11) 



Since, in this case, the optimal control is clearly /opt = 0, it follows that the only 
fixed point of T is X = 0. 

The significance of the mapping T is that, if we set 



X" 



{(Pk,k\-1 ’ Vk,kXl)k=0 ’ ’ '^k,k-l)k=l } 



and let {w'^.Pk) be the solutions of (6.3.2.2)-(6.3.2.6) with n replaced by n — 1, 
then 






i-~{Tk) + fSpum, + Awt_,{Tk))ti}^ 

hence the iteration step (6. 3. 1.3), (6. 3. 1.4) may be expressed as the fixed point 
iteration 



Xn+l ^ ^j5^n 
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while the relaxed iteration (6.3.2. 1), (6. 3. 1.4) may be written as the relaxed fixed 
point iteration 

Xn+i ^ (1 _ e)TX^ + eX”. (6.3.2.12) 

Let X E X he given by (6. 3. 2. 9) and Wk, Pk be the corresponding solution 
as above. Set 



£k{t) := ||wfc(t)llv + 

K-l 



dwk 



dt 



{t) 



+ l3H\\Pk{t)f + 



dpk 

dt 



{t) 



V- 



lSk(Tk+i) + £k(Tk)] + So(Ti) + £k(Tk) 



k=l 

K-l 



(6.3.2.13) 



(6.3.2.14) 



= + ^fe+i(^fc+i)]- 



k=0 

The following result shows that T is nonexpansive. 

Lemma 6.3.2.1 For any X ^ X given by (6. 3. 2. 9) we may write, 

+ ||rx||^ = f-x, 

where 



T 



= j jld^X2l3K[\\wK{T)fy + 

k=od^k ^ 



dWK 



dt 



(T) 



(6.3.2.15) 

(6.3.2.16) 



Proof of Lemma 6.3.2. 1. We have 



ll^ll 



X 



K-l. 
k=0 ^ 



dwk 



dt 



{Tk-\-i) - Ppk{Tk-^i) 



+ 



f3^{Tk+i) + Awk{Tk+i) 



K 



+E 

k=l 



^{Tk) + dpkiTk) 



+ 



-(3^{Tk) + AwkiTk) 



}■ 



(6.3.2.17) 



A straightforward calculation shows that (6.3.2.17) may be written 



K-l 



ll^ll^ = E i^k{Tk+i) + £k{Tk)] + £o(Ti) + £k{Tk) 



k=l 



K-lr 



)&; 



k=0 ■- 



+ 2/3(pk(Tk), -^(T x)) - 2P{-^{Tk),wk{Tk))v‘ (6.3.2.18) 
We note that the product of (6. 3. 2. 2)2 with Wk of (6.3.2.2)i (with Fk = 0) 



gives 




184 



Chapter 6. Control of Dissipative Wave Equations 



In addition, the last two terms of (6.3.2.18) may be written 



+ 2(3k |^||^k(T)|P^ + 



dwK 



dt 



(T) 



= 2(5 pI dY. + 2(3k ( ||tix(r)||^ + 



It follows that 



V 



11^11^ = ^ + -^, 



dwK 



dt 



(T) 



(6.3.2.20) 

(6.3.2.21) 



A similar calculation yields 

1 

dwk+i 



\\rx\\% = J 2 \ 

fe =0 



dt 



(Tk+i) - /3pk+i{Tk+i) 



+ 



(3^^{Tk+i) + Awk+i{Tk+^) 






u 

fc=l 



dwk- 



dt 



-{Tk)(5pk-i{Tk) 



(6.3.2.22) 



+ 



-l3^^{Tk) + Awk-i{Tk) 



■e-T. 



This completes the proof of Lemma 6.3.2. 1. 

To continue the proof of Theorem 6.3.2. 1, set 



£l{t) := |K(t)||t^ + 



dwl 



dt 

K-l 



it) 









+ 



dt 



{t) 



V* J 



£:” = 2;[5r(Tfc+i) + 4"+i(rfe+i)] 



(6.3.2.23) 



fc =0 



J^ = 2d 






dY + 2(5K[\\wl{T)\\l + 



dw 



K 



dt 



(T) 



Prom (6.3.2.21) and (6.3.2.22) we have 



11X”|||. = £:” + JP", ||TX”||^ = 



(6.3.2.24) 



Lemma 6.S.2.2 For any e € [0, 1) we have 

<£■”- (1 - 2e)J^, n = l,2,. 



(6.3.2.25) 
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Proof of Lemma 6 . 3. 2. 2. The relaxed iteration ( 6 . 3. 2 . 1 ), (6.3. 1.4) may be expressed 
as the relaxed fixed point iteration (6.3.2.12), as noted above. Hence 

||X”+1||^ = (1 - ef\\TX^W\ + + 2e(l - 

By using (6.3.2.24) this equality may be written 

^n+i ^ 2e(l - c){TX, X^) x (6.3.2.26) 

Furthermore, 

\{TX,X^)x\ < ||TX"|U||JSs:”|U = (6.3.2.27) 

Inequality (6.3.2.25) follows immediately from (6.3.2.26) and (6.3.2.27). 

Iterating (6.3.2.25) down to index n = 1 we obtain 



n+l 

^n+i < ^1 _ ^ Cp{e)XP, (6.3.2.28) 

p=l 



where 

Cp(e) = 2(1 - e), p = 2,...,n; ci(e) = 1 - 2e, c„+i(e) = 1. 

The crucial inequality (6.3.2.28) implies 

{wl{T), -^{T)) 0 strongly in F x if, (6.3.2.29) 

Pfclsj^ — '0 stronglyin L^(S^), k = 0,...,K, (6.3.2.30) 

bounded. (6.3.2.31) 

It follows from (6.3.2.29) and ( 6 . 3. 1 . 8)3 that 

(PUT), 0 strongly in if x V*. (6.3.2.32) 

Since, for the solution of ( 6 . 1 . 1 . 1 ) (with F = 0) the mapping taking ((icq, t’o), /) 
to ((^^;, ^), ^Is^) is continuous from {V x H) x L^(E^) into L^(0,T; V x H) x 
L^(S^), it follows from (6.3.2.30) and Wq{0) = ^^{0) = 0, that 

dw^ 

«, -^) 0 strongly in C(/o; V x H) (6.3.2.33) 

— ^ 0 strongly in ) 

y iV 



dWn 



dt 



(6.3.2.34) 
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Similarly, for the solution of (6.2. 1.6) the mapping from the final data to 
((p,|f),PiE") is continuous H x V* ^ L°°{0,T;H x V*) x L2(S”) SO in par- 
ticular we obtain from (6.3.2.32) 

iP’k, -^) ^ 0 strongly in C{Ik; H x V*). (6.3.2.35) 

This proves part (i) of Theorem 6.3.2. 1 

Now suppose that 0 < e < 1. To obtain the stronger convergence results of 
part (ii) of Theorem 6.3.2. 1 we use the result of Schaefer [94] stated in Proposition 
2. 3. 7.1 above. Since 0 is a fixed point of T, it follows from Proposition 2. 3. 7.1 that 

Wrj^x^ - = {i- e)\\rx^ - -> o. 

Prom (6.3.2.24) we obtain 

\\rx^ - X^% = 2{S^ - {TX^,X^)x). (6.3.2.36) 

We have 

(TX,X^U = E 1 - (^Pk+iiTk+i), -^(Tk+i) - ppm+i)) 

+ (/3^(Tfe+i) + + 

+ El ^{Tk) + m{Tk)) 

k=i ^ 

+ + Aw^,_,{Tk), -P^{Tk) + AwUTk))y,y 

After a little calculation one finds that 

{TX,X^)x =2Y,\{—l^{n+^),^{Tk+,)) + {wu+,{n+i),MTk+i))y 

k=0 ^ 

^2(p^+i(Tfc+i),pfe(Tfe+i))+/32(^(rfe+i),^(Tfe+i))^.|. 

(6.3.2.37) 

It follows from (6.3.2.37) and the definition (6.3.2.23) of f" that 

K-l. 

f" - {TX^X^U = E \\^k{Tk+i) - <+i(Tfc+i)|p^ 

k=0 ^ 

+ - -^(Tk+i) +p^pun+i)-Pt+iin+i)r 

+ /J2 M(rfc+i)-^^(Tfc+i) ^ (6.3.2.38) 
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Therefore, for fc = 0, . . . , A" — 1 we have 

Wk(Tk+i) - w)fc+i(Tfc+i) ^ 0 in V 

pUTk+i)-pt+iin+i)^0 inH 

^(Tfc+i) - ^^{Tk+i) ^0 inH (6.3.2.39) 

^(Tfc+i) - ^^iTk+l) - 0 in F*. 

By what has already been proved we have 

^Oin C{Ik;HxV*) 

SO that, in particular, 

{p-^(TK),^iTK))^0mHxV*. 

It then follows that from (6.3.2.39) with k = K - 1 that 

{pI-i{Tk), -^(Tk)) ^OinHxV*, 

from which we may deduce that 

-Oin C{Ik-i;HxV*). 

By repeating the argument we conclude that 

{Pk, 0 “ C{h-, H X V*), k = K,K-l,...,0. 

Similarly, since we have already proved that 

->0in C{Io;VxH) 

we have 

rhh'^ 

«(Ti),^(Ti))^0inFxi7. 

Use of (6.3.2.39) with k = 0 then gives 

rhli^ 

K(Ti),^(Ti))^0inFxif. 

Since also, from part (i) of Theorem 6. 3. 2.1, 

Pi Ie« ® strongly in ) 
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we may conclude 



and 



«,^)^0in C{h-,VxH) 



dw^ 



dt 






0 strongly in L^(Ey). 



In particular, 

«(T2), -^(72)) ^QmVxH 
and so forth. This completes the proof of Theorem 6.3.2. 1. 



6.3.3 A Posteriori Error Estimates 



The purpose of this section is to derive estimates on the norms of the errors 
'^k — '^k ~ Pk = Pk ~ Pk in terms of the mismatch of the nth iterates 
or of successive iterates, across the break points t = Tk-\-i, fc — 0, . . . , X — 1. In 
fact, for this purpose it is convenient to work with the auxiliary variables qk, q^ 
instead of the adjoint variables Pk^Pk' Here qk = q\i^^ where q is related to p 
through (6.2.2.30) and where q is the solution of (6. 2. 3. 7). Similarly, the local 
adjoint variable p'^ may be expressed as 









dt ’ 



dt 



= -M 



where A: = 0, . . . , K, is the solution of 









^ V-(AVg^+i)+cg^+i 



0 in Qfc 



9fc 



2+^ = 0 on EP 



dvA 



— a 



^=0o„Ef 

dt ^ 



zo), 



d^ 

dt 



(T) 






In addition, at the break points t — Tk the functions q^ must satisfy the 
constraints (6. 3. 1.3) which, in terms of these functions, take the simple forms 



\-^k-\-l) P \-t-k-\-l) P'k,k-\-l 

-/3g^+i(Tfc+i) +<+i(T,+i) = 






■/3 






dt ^ ^ dt 

(3q2^\n)+w2+\Tk) 



(Tk) = t^lk-i 

<fc-i 



(6.3.3.1) 
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where 



dw 






^+\{Tk+i) - 



dt ' ^ ^ ^ dt 

Vk,k+l = ~/^9fc+l^fc+l) + '^k+li'^k+l) 






dwu , dq] 

'=-^Tfc) + /3 



fc-i 



(6.3.3.2) 



(Tk) 



dt " dt 

vlk-i=PQk-iiTk) + w^,_,{Tk). 

Thus, w^, satisfy the decoupled systems 



_V.(^V<+^) + cu;”+i =Ffe 



at2 

dt^ 



-V-(^Vg”+fy + c9r =0 inQfc 

iD 



onS^ 



( dw] 



n+l 



M!! 

duA 



+ a 



dwl^^ , dq, 



,n+l 






dt 



0 



— a 



dt 



(6.3.3.3) 

(6.3.3.4) 

(6.3.3.5) 



= 0 on Sf 









-0 v-y-sp, ^ 

n+l/r7-.\ _ 



-(0) = V’ 



9rfyT) = ««+fyT)-^o) 

(T) = k{^{T) - z,) infi 



(6.3.3.6) 






dt ^ ^ dt 

subject to (6.3.3. 1), (6. 3. 3. 2). 

If we relax the iteration (6.3.3. 1) as in the previous section and introduce the 
local errors 



w 



then satisfy 



-+i = <+i 



- Wk, 









qk 



( d'^w 



df^ 

Q2^n+l 

dfi 



- V ■ (AVw’^+^) + cw^+^ 



V-(^VC+i) + cC 



~n+l 



~n+l^~n+l^Q OnEi, 



= 0 

0 in Qk 
->£) 



9u;"+i dw2+^ 



dvA 

~n- 

% 



+ OL- 



dt 






dt 






dvA 



— a 



dt 



(6.3.3.7) 

(e.3.3.8) 

(6.3.3.9) 



= 0 on Sf 
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^o^^(0) = ^(0) = 0 

rK^\T) = KW-+\T) 



subject to 



1 rr 1 r," 

P Q_^ V-^fc+l) ~ Pfc,fc+1 

o~n+l(rp^ \ I ~n+l 



-^(t.) + /3^TO = a;,,_. 






where, for n > 1, 



(6.3.3.10) 



(6.3.3.11) 



Mfc,fc+i = (l-e){^^(7’fc+i)-/3^(r/t+i))+e(^(Tfc+i)-^^(Tfc+i)) 

^M+i = (l-e)(-^C+i(rfc+i)+<+i(Tfe+i))+e(-^9l(T,+i)+^^(Tfc+i)) 

MM-i = (l-^)(^(r.)+^%i(T,))+€(^(T,) + /3^(T,)) 

= (1 - e) (^C-i + <-i (r^)) + e(/3C(Tfc) + <(Tfc)) 

(6.3.3.12) 



mU+1 = Mm+1 - ^ 

»?fc,fc+i = ’Ifc.fc+i - {-!^Q{Tk+i) + w(Tfc+i)) 

- {^(Tk) + H%{Tk)) 



(6.3.3.13) 



Vk,k -1 = Vk,k-l - {l3q{Tk) + w{Tk)) 

Prom Theorem 6.3.2. 1 one immediately deduces the following convergence 
properties of the auxiliary variables 

(i) for any e G [0, 1) 



^ 0 strongly in fc = 0, . . . , X 






(ii) For any e € (0, 1) and for = 0, . . . , AT 



(gl,^)^0 inC(4;W). 
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We define the global error at the nth iteration^ e^, by 



max 

0<k<K 



dw 



dt 






+ max II 



Ql yilL-(7fcM 



+ 






( 


dw'j^ 


2 






dWk 


2 


ddl 




K 


dt 


+ 


dt 


j + a( 


dvA 


+ 


dvA 


jj 



dE. 



We also define, for t e Ik ^ the pointwise local error at the nth iteration as 






«))lfc + / /, 

JTk 



a 



IIKW.fw)l6 + 



dwl 


^ 1 
+ - 


dwl 


dt 


a 


dvA 



^dVdt 



+ 



dQk 


^ 1 
-h - 


dql 


dt 


a 


dvA 



\drdt 



and we set 



e"'”+i= max ||e^ + e"+M 
0<k<K ^ ^ 






which we refer to as the cumulative global error at the nth and {n + l)st iterations. 
In what follows we shall obtain estimates of e'^ and in terms of the quantities 



0«/,n dw^ 

Sl,^,{Tk+x) = |l«(T,+i) - <+i(Tfc+i), -^(T.+i) - 



dt 



{Tk+i 



2 

n 



+ \\{qUTk+i) - q^+ATk+i), ^(Tk+i) - ^^{Tk+i) 



dt 



2 

•H’ 



Sk:k+Hn+i) = ||K(T.+i) - 

+ ||(q^(Tfe+i) -g”+i(rfe+i),^(Tfc+i) - ^(Tfc+i))||^. 

The quantities and are measures, respectively, of the 

mismatch of the nth iterate and of successive iterates across the break point t = 
Tk-^i. They may be expressed directly in terms of the adjoint variable instead 
of q^ if desired by observing that = \\idPk/dt,Pk)\\n-- 

The main results of this section are the following error estimates. 

Theorem 6.3.3.1 Let e G [0, 1). Then 

K-l 

e” < CV£^ + d^^{ J2 ^k,k+i('^k+i)Y'^ (6.3.3.14) 

k=0 



where 

C = v^max(l, l/^)(2 + max(||o;“^||£^oo(riv), «))). 
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Theorem G.3.3.2 Let e G [0, 1/2). Then 

e«.n+i < ^ + £k+SiTk+i))Y'^ (6.3.3.15) 

k=0 

where 

Ce = \/2max(l, l//3)(2 + (1 - 2e)~^ max(||Q;“^||^oo(riv), /^)) (6.3.3.16) 

It shall be shown below that < C with a constant C that is explicitly 

computable in terms of (3, K and the input data to the global and local optimal 
control problems. We therefore have the following corollaries. 

Corollary 6.3.3. 1 Let e G [0, 1). There is an explicitly computable constant C, de- 
pending only on f3, K and the input data to the global and local optimal control 
problems, such that 

K-l 

e-<C{Y,^wiTk+i)Y'". (6.3.3.17) 

k=0 

Corollary G.3.3.2 Let e G [0,1/2). There is an explicitly computable constant Ce, 
depending only on e, (3, K and the input data to the global and local optimal control 
problems, such that 

^„.n+i < c,{ ^ (^fc%'(T,+i) + (^^^+1)) (6.3.3.18) 

k=0 

Theorem 6.3.3. 1 is a consequence of the following two lemmas. 

Lemma 6.3.3.1 Let e G [0, 1). Then 

K-l 

< N/2max(l,/3)(f” + (6.3.3.19) 

k=0 

Lemma 6.3.3.2 Let e G [0, 1). Then 

K-l 

e" < 2 V 2 max(l, l//?)\/^{ 

k=0 

+ 1 max(||o;“^||^oo(rjv), k).F”. (6.3.3.20) 
Similarly, Theorem 6. 3. 3. 2 follows immediately from the following two results. 
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Lemma 6.3.3.3 Let e G [0, 1). Then 

+ (1 - 2e)J^ 

k=0 

(6.3.3.21) 



Lemma G.3.3.4 We have 

^n,n+l 

k=0 

+ Tmax(||a“^||^oc(rN),/t)(j^+^ +^). (6.3.3.22) 

Proof of Lemma 6.3.3. 1. We start with the fundamental recursion (6.3.2.25), which 
we write as 

2(1 - €)J^ < (£" + r')- (5”+i + (6.3.3.23) 

Prom (6.3.2.24) the right side of (6.3.3.23) may be written 

11^11^ - < li^” - x"+i|u(iix"iu + iix"+'iu) 

<2{l-e)\\X^-TX^\\x\mx - ) 

since {||X’^||;fc’} is a nonincreasing sequence. Since 

w^^^ATk^,) - <(Tfc+i) = <+i(T,+i) - <(T,+i) 

and, similarly, for the other components, it follows from (6.3.3.23), (6.3.3.24), 
(6.3.2.36) and (6.3.2.38) that 



(K-l 

< x/2max(l,/3)||X”|U \ ^"fc+iCT’fc+i) 

I fc=0 

which is the conclusion of Lemma 6.3.3. 1. 

Proof of Lemma 6.3.3. 2. We first observe that the solution of (6. 1.1.1) with F = 0 
satisfies the following a priori identity (see Remark 6.2.2. 1): 







a 



dw 


^ 1 

4. _ 


dw 


dt 


a 


dUA 



= \\{wo,vo)fn+ f f -\f\‘ 
Jo Jr^ ^ 



dTdt 



dVdL 0<t<T. (6.3.3.25) 
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We apply (6.3.3.25) to on the interval Ik to obtain 



{w,{t),~{t))\\^ + — +-^l \drdt 






1 



dTdt, (6.3.3.26) 



valid for Tk <t < Tk+i and for fc = 0, . . . , ii'. The first term on the right is written 






W-iffi), 






W)ll^ 



+ ||K-i(rO, -^{Tk))\\l,. (6.3.3.27) 



Application of (6.3.3.25) to Wk_i yields 






iTk-i 



dt a duj\ 



+ IK^fc-i(^fc-i), 



pTk r 1 2 

+ / / ^ dTdt. (6.3.3.28) 

JTk-i Jr^ ^ 



From (6.3.3.26)-(6.3.3.28) we obtain 






fTk-i 



(“ “a“ 

\drdt 



= II «m). I& - II W-iW). i 

+ l|«_i(T,_i),^^(Tfc_i))||5^ 



1 |^9T-i|' 



1 |%" 



/ / ^ drdt+ / / ^ dTdt. (6.3.3.29) 

iTk-i -/T/i 
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We repeat the argument, using (6.3.3.27), (6.3.3.28) with k replaced by fc — 1 
to replace the term (Tfc_i)) ||^ in (6.3.3.29), and so forth 

down to fc = 0. 

Since 

<(o) = {dw^/dt){o) = 0, 

we end up with 




This identity is valid for t e h and for fc = 0, . . . , X. It follows that 



dw 



.a.^ + 



k=0'^^h 



a 



dwi 


^ 1 
+ - 


dw^ 


dt 


a 


di/A 



dS 



K-l 



^ ^J2\\(^k+iin+i),—^in+i)) - K(Tfe+i),^(Tfc+i))i|^ 

k=0 

X { II (Tfe+i), ^(Tfe+i)) 11„ + II ^(T,+i)) 11^} 



+ 2 



iij 



dt 



dL. (6.3.3.31) 



By using the Cauchy-Schwarz inequality, the first sum on the right side of 
(6.3.3.31) may be estimated by 



V2{ II (wm+i) - <+i(r.+i), -^in+i) 

k=0 

^ { E ll«(n+i), ^(n+.))||; + IIK+. 

k=0 



dw] 



fc+i 



dt 



m + Ojlfc }' 



rhn^ 



dt 



fc+i 



))!&} 



1/2 
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and therefore 






5WfcM|2 



+ 



k=0'^^k 



a 





^ 1 

H — 


dw^ 


dt 


a 


duA 



dL 



K-l 



< 



dwV 



2v/2{ 5; II «(Tfe+i) - <+i(T,+i), ^(Tfc+i) 



dw 



/c+l 



k=0 



K-l 



>< { E II ^(^^+1)) ll« + II 



dt 

dwl 



{Tk-\-i 



|2 . 1/2 

\ni 



|2 1 I /2 



k=0 



dt 



K 



+ 2 ^/ i 

JyN a 

k=0^^k 

We estimate q]^ in a similar manner, starting with 

dqi^ o 



dt 



9ql 



dt 



dL. (6.3.3.32) 






a 



piv 



dql 


^ 1 
+ - 


dql 


dt 


a 


dvA 



drdt 






t E Ik- 



For the term on the right we have, as above. 



||(gl(Tfc+i),^(Tfc+i^'"" 

d€ 



n 



dq] 



||(97(Tfc+i),^(Tfc+i))|7-||(C+i(Tfc+i),^(rfc+i 



dt 



dt 



\n 



dql 



+ II («« 11; - 

Iterating the argument leads to 



a 



dq] 



k-\-l 



dt 



+ ■ 



a 



dq] 



k+l 



dUA 



I dTdt. 




m=k 



diJi^ 9 

+ «2||7"(T),-^(T))||^, teh,k = 0,...,K. (6.3.3.33) 
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Therefore 






Ql )\\L‘=-(ik-,n) 



+ 



k=Q'^^k 



a 



dql 


^ 1 
+ - 




dt 


a 


dvA 



dE 



K-l 






k=Q 



K-l 



2 ^1/2 



k=0 



dw 



+ 2K2||(tI;^(T), J(T))||;. (6.3.3.34) 

From the Cauchy-Schwarz inequality and the definitions of 8'^ and 8j^ 
we obtain 



K-l 



{5^11K(Tfc+i)-<+i(Tfc+i),^(Tfe+i) '=+1 

fc— 0 



dt 






2 -, 1/2 



K-l 



dWu 



dwu 



X {EII«w+')-^»+>))IIh + lW+i(^‘+i).-^w«))U 

k=D 

+ { E IHiTk+i) - ^(Tfc+i) - %^(T.+i))||^} 



2 . 1/2 



k=0 

K-l 



>< { E II ^(^'^+0) £ + II 



k=0 



K-l 



< max(l, Y, £lk+i{Tk+i)Y'^ . (6.3.3.35) 



fc=0 



The definition (6.3.2.23) of gives 



e/ - 



dql 



dt 



A, 7," „ 1 

dY.+2K^\\{wl{T),^{T))f^ < -max(||a-i|Uoo(r«),«).F". 



fe=o 

If follows from (6.3.3.32), (6.3.3.34)-(6.3.3.36) that 






(6.3.3.36) 



ar-i 



e" < 2\/2 max(l,l/,5)\/^{E + 4max(||o ^||L-(r«),«:)-^ 



k=0 



13' 



Proof of Lemma 6. 3. 3. 3. The starting point is the recursion formula (6.3.2.25), 
which is written 

jr^+i + (1 _ 26) <8^ - (6.3.3.37) 
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We proceed to estimate 






K-l 



{ [£«(Tfe+i) - £^ti(Tk+i)] + [£^+i{Tk+i) - £^^HTk+i )] }. 

k=0 



( 6 . 3 . 3 . 38 ) 



We have 



< |K(T,+i) - <+|(rfe+i)||v(|K(Tfe+i)||v + lK+i(Tfe+i)||v) 



+ /32||q^(rfe+i) 






(rfe+i)||) 

■ q2tl{Tk+i)\\vm{Tk+i)\\v + \mtliTk+i)\\v) 



dt 



dt 



+/J"ll¥(n+l)-^''*+‘ 









'71+1 



dt ^ dt VII dt 

By using the Cauchy-Schwarz inequality we obtain 



dt 



k=0 

<V2{Y, [IKCT.+i) - wll\{n^,)fy + ||^(T.+i) - 

/e=0 

+ + U (r^+i ) - qlXl (Tfc+i ) ll^y + + II ^ (Tfc+1 ) - ^ (T,+1 ) f ] } '/" 

X { E [{Min+i)fv + lK+'(Tfc+i)fv) + (ll^(7fc+i)ir + ll^^(7’fc+i)||') 

k=0 

+/3^(ll9Kr.,oilt+IK:;ffitOllt)+/5"(ll^m+i)||Vll^W+or)]}‘'^ 

< V2max{l,0){JX£kMi(Tk+i)V^\^ ( 6 . 3 . 3 . 39 ) 

k=0 k=0 

where 



= {\\wl{Tk+,)fy + ||u;”+i(Tfc+i)||^) 

+ {\\^{Tk+i)f + \\^^{n+,)f) + d\M(Tk+i)\\X + MktliTk+i)fv) 
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Similarly 



k=0 

< (6.3.3.40) 

k=0 k=0 

It follows from (6.3.3.38)-(6.3.3.40) that 



• { E (Cw (^<^+1) + £k+tkiTk+i))y^' (6.3.3.41) 

k=0 

The proof is completed by noting that 



E (KktiiTk+i) + Sfc";"u (T’fe+i)) = 



(6.3.3.42) 



Proof of Lemma 6. 3. 3. 4. Prom (6.3.3.30) and (6.3.3.33) we have 



pTm+l 



1 /ll^9m|2 , \\dq^\2 



Jt^ ay dt 



^ ( W |2 , II |2 



+ -Hm(n^{T))t + UwTHn^ 



(T))\\l), (6.3.3.43) 



St = E{||«Vi(^-+i). ^^{Tm+i))\\l - ll«(T„+i), ^(r„+i) 



«+i(T„+i),-^^(T„+i))||^ 



«+HT™+i),^^(T„+i))||^} 



S^=E 



l+\Tm+i), ^(r„+i))|l^ - ||(C+i(r„.+i), 






+ ||(C(r™+i),^(T„+i))||^-||(CVi(7’m+i),^(T„+i))|li^ 
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By the Cauchy- Schwarz and other elementary inequalities we have, for all k 



K-l 



k—O 



2 

n 






dt 



K-l 



X (E + II W(J’wi). ¥<^*+1 

k=0 



\n 






dt 



A similar estimate holds for E^. It follows that 



max + e2\\Loo(j.) 

0<k<K ^ /clli. I, k) 



K-l 



< 



V 2 max(l, + £"+!{ + ^k+tk(Tk+i)] } 



1/2 



k=0 

+ ^ max (|| a "'^|| i , oc ( rN ),«;) + 

Proof of Corollary 6.3.3. 1. Since = ||A’’^||^ is nonincreasing, it is sufficient 

to show that f ^ < C for some constant C depending only on p, K and the 

input data to the global and local optimal control problems; that is, on (ico,i;o )7 
(zo,zi), F, K, {{fJ-k,k+vVk,k+i)}k=o ^ {(Mfe,fc-i,»?°,fc+i)}f=i, and the coefficients in 
the system (6. 1.1.1). 

From (6. 3. 2. 8) we have 



K-l 



— ^2 {\\(i^k,k+l^Vk,k-\-l)\\^ixV* + \\{f^k+l,kTVk-^l,k)\\‘HxV*} 



k=0 



K-l 



< 






k=0 



K-l 



+ 4 5^{iKTfe+0lly + ||^( rfc + i )|| V / 3 " lb ( rfc + i ) i |2 + /?2||^(Tfc+i)f^.}. 

k=0 



Use of (6. 2. 2. 7) with 5 = 1/2 gives 
5 ^m|2 



(W, ^)||i=o( 0 ,T;H) < 2||(wo,^’o)|lw + 2^^ lb|2dE + 4||F|| 



Li(0,T;//)‘ 
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Similarly, 

II (P’ lll~(0,r;HxV^*) = II («’ %) llloc(0,T;W) ^ (^(^) - llw' 

Thus 

K-l 

<2 E {ll(/^fc,A:+l)^fc,fc+l)llffxy + ll(Mfe+l,fc)^fc+l,fc)llHxv} 
k=0 

+ AK max(l,/32){2||(u;o, vo)|||^ M\F\\Ii(^o^t-,h) 

+ AC^II {w(T) - ^ 0 , ^(T) - zi) 11^}. (6.3.3.44) 

Since J{p\^n) < -^(0) we have 

\P? + «|| {w{T) - zo, ^(T) - zi) < k|| {w{T) - 20, ^(T) - 2i) 11^ 

where w is the solution of (6. 1.1.1) corresponding to f = 0. From (6. 2. 2. 7) we 
have 

||(t&(T), ^(T))||^ < 2||(u;o,t;o)||?, + 4||F||i.(o,:r^^). 

Therefore 

\pf + k|| {w{T) - 20, ^{T) - Zi) 11^ 

< 2k[2||(u;o, ' t^o)||^ + + IK^o? ^2:1)11^] (6.3.3.45) 

It follows from (6.3.3.44) and (6.3.3.45) that 

<C:= 2 f {Il(/^fc,fc+i5^fc,fc+i)ll//xy-^ + ll(Mfc+i,fc5^fc+i,fc)lll/xv*} 

k=0 

+ 8{Kmax(l,^2) + /^max(2||a“^||^oc(r^),/^)}{||(u;o,^;o)||?i + 2||F|||i(o^y.^)} 

+ 2/^max(2||a~^||2.oc(riV),A:)||(2:o, 2 : 1 ) 11 ^. (6.3.3.46) 

This completes the proof of Corollary 6.3.3. 1. 

Corollary 6. 3. 3. 2 follows immediately from (6.3.3.46) since < 



6.3.4 Extension to General Dissipative Control Systems 

The time domain decomposition procedure described above for the system (6. 1.1.1) 
may be extended without difficulty to general second-order control systems with 
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dissipation. Let V and H be Hilbert spaces such that V ^ H. We denote by 
V* the dual space of V with respect to the pivot space H and by A the Riesz 
isomorphism of V onto V*. Let U be another Hilbert space and S be a bounded 
linear operator from U into F*, and let /C be a bounded linear operator on H. We 
consider systems of the form 



cPw 

dt‘^ 



+ Aw + BB* 



dw 

dt 



= B{ICf) + F in y* 



ry(0) = Wo, 



dw 

dt 



(0) = Vo. 



(6.3.4.1) 



In this system the initial data {wo,vo) x H, F £ L^{0,T; H), and the control 
function / € L^(0, T;I/). The system (6. 1.1.1) clearly falls into this framework 
wherein the spaces V and H, and the operator B, are those defined in Section 
6.2.2, and the operator ICf := {l/^/a)f. 

Set H :=V X H. From [63, Chapter 7], or through the arguments of Section 
6.2.2, system (6.3.4. 1) has a unique solution with regularity 



{w,—)eC{[0,T]-n), B*w £ H\0,T-,U) 
and the following estimate holds (cf. (6. 2. 2. 6)): 






+ / ||>C/||J,<«, 0<<i<l. (6.3.4.2) 

In addition, if F = 0 one has the identity (cf. (6. 2. 2.9)) 






= \\{wo,vo)\fn+ [ WICfWudt- (6-3.4.S) 
Jo 

One may therefore consider the optimal control problem 



inf 

/6L2(0,T;[/) 



\\f{t)\\ldt + 4HT),^{T)) - {zo,zO\\ 



(6.3.4.4) 



subject to (6. 3.4.1), where (zq,zi) is the desired target state. There is a unique 
optimal control / = /opt characterized as the solution of the variational equation 



f {f,g)udt + K.{A{w{T)-zo),i’{T))^ 
Jo 






yg £ L‘^{0,T;U), (6.3.4.5) 
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where ^ is the solution of 

V’(o) = ^(0) = 0- 

Introduce the adjoint variable p as the solution of 
^+Ap + Bdt{B*p) = 0, 

p{T) = k{^{T) - z,), ^(T) = -^A{w{T) - zo). 



(6.S.4.6) 



dt 



The solution of (6. 3. 4. 5) must be properly interpreted, for example by the transpo- 
sition method, along the lines of Section 6.2.2. In this interpretation the operator 
dt : L^{0,T-,U) ^ {H^{0,T-,U)Y is defined by 

{dth, <!>) = - J\h{t), ^4> e H\0, T; U). 

System (6. 3. 4.6) has a unique solution with regularity 

{f^,p)eC{[0,T]-n*), B*peL\ 0 ,T-,U). 

A formal integration by parts in the equality 

‘•'^,cPp 



0 = J +Ap + Bdt{B*p),'ip)ydt 



that may be justified by the arguments of Section 6.2.2 leads to 
rT 

n 1T*R*rn\rr - 1 ^/ AfonfT\ - 

fv 



0 - [^{g, K.*B*p)u dt - k{A{w{T) - Zo), iP{T))^ 
Jo 



-{^{T)-zi,^{T)), V5GL2(0,T;C/). (6.3.4.7) 



It follows from (6.3.4.5) and (6. 3.4.7) that 

/opt = -/C*S*p. 



(6.3.4.S) 



The time domain decomposition of the optimality system consisting of 
(6. 3.4.1), (6. 3.4.6) and (6. 3.4.8), proceeds along the same lines as in Section 6.3.1 
and has the form 

^2 n+l 

^ + BB^—^ + (B/C)(/C*r )p^+' = Ffc, 



dt‘^ 



dt 



dt‘^ 



+ Ap))-^^ + Bdt{B*p))+Y = 0 in 7fc 



(6.3.4.9) 
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= Wo, 

p¥\T)=4^(T)-z,). (6.3.4.10) 

-P^(T) = -kA{w'^+\T)-zo). 

The initial conditions for k = and the final conditions for 

fc = K — 1, . . . ,0, are determined through the iterations (6. 3. 1.3), in 
which /ifc,/e±i, Vk,k±i are given by (6.3. 1.4), just as before. Once again, each local 
problem is itself an optimality system. The specifics can easily be inferred from 
the discussion in Section 6.3.1. 

Convergence results for the above algorithm and a posteriori error estimates, 
similar in description to those established in Sections 6.3.2 and 6.3.3, may be 
proved by using the same arguments employed there. For instance, we once again 
have the fundamental recursion estimate 

^n+i jrn+1 < £;n _ 
where e G [0, 1) is a relaxation parameter, 

€^ = '£[enTk+i) + £j:+dn+i)], 

k=0 

m) = ll(wE(i). 

r" = 2/3^2 r IIK-8-SI&* + 28«|| (»J-(T), ^(T)) ||^, 

k=0'^^ 

in which 

Wk p'^=pI~p\j^ 

are the local errors. In particular, for the algorithm with or without relaxation one 
obtains 



K*B*pI -> IC*B*p\j^ strongly in L\h, U),k = 0,...,K 
K(T), ^(T)) - («;(r), ^(T)) strongly in H. 



That is, in all cases the effective local optimal controls, in aggregate, converge 
strongly to the global optimal control, and the final value of the local optimal 
diju^ 

trajectory converges strongly to the final value of the global optimal 



trajectory. 
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Example 6.3.4.1 (Locally distributed control) Let V and if be as in Section 6.2.2, 
that is y = with norm given by (6. 2. 2.1), if = Let a; be a nonempty 

open subset of f2, C/ = L‘^{lo), and o(-) G satisfy a{x) > oq > 0 on a;. Define 

BeC{U,H) by 

{Bg,4>)= I ^g(j)dx, y<f> e H 

J u) 

and set 

Kg = ^g = Vg 

\/OL 

Then 

BV=v^</>L 

and the system (6.3.4. 1) takes the form 



^ ^ dW n ^ ^ 

- V • {AVw) + + crc = / + F m Q 



dw 






= 0 on E , - — == 0 on E 

OVA 

dvu 

w{0) = Wo, -^(0) = '^0 in 



where is the characteristic function of uj. The global optimal control is 



/opt — ^ojP 



where p is the solution of 



^ - V ■ (TVp) - + cp = 0 in Q 

p = 0 on ^ = 0 on 

OVA 

p{T) = - zi), ^(T) = -kA{w(T) - zo). 



dt 



Example G.3.4.2 (Boundary control of thin plates) Let C be a bounded do- 
main with piecewise smooth, Lipschitz boundary F := F^ U F^ with F^ ^ 0 and 
relatively open in F. Set if with the standard norm, and set 

= Hl(Q) := {(f> G H^{n) : 0 = = 0 on T^}, 

(u^, (ffjy = I \y^xx4^xx 4“ '^yy4^yy “b P'{'^xx4^yy “t“ ^^yy4^xx) 

Jn 

“h 2(1 p)'^xy4^xy'\ dxdy 

Mv = 
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where /i G (0, 1) is a constant. The functional (j) \\(t>\\v defines a norm on V if it 

is assumed that 0, as we do, and one has the Green’s Theorem 



[ {A'^w)(j}dxdy =:: {w,4>)v + [ {[^^ + {1 - 11 ) 8210 ] (j) 
JQ Jr^ 



[Alt; + (1 - dxdy, ^w,(f) G V, (6.3.4.11) 



where A and A^ are the two-dimensional harmonic and biharmonic operators, 
respectively. 



Biw 



d^w dw 
dr‘^ ^ dv ’ 



B2W 



d , 

dr ^ drdv 



^ dw. 



^ and ^ respectively denoting differentiation with respect to the positively ori- 
ented unit tangential vector, and the outward pointing unit normal vector to F, 
and where k denotes the curvature of F. If u; G F has less regularity than 
the integral on the left side of (6.3.4.11) may be interpreted in the duality between 
A^ic G V* and (f) eV. The reader is referred to [49] for information about various 
mathematical models of thin plates. 

There are various possible choices for the control space U and control operator 
B. Here we concentrate on boundary control and list three possibilities. 

(i) Set U = L^(F^), let a G L^{T^) be positive such that (1/a) G L^(F^), 
set )Cg := {l/y/a)g, and define B : U ^ V hy 



{Bg,(P)v = / V^g(f>dT, ^geU,ct>eV. 

(ii) Set U = L2(F^), let /? G L^(F^) be positive such that (1/^) G L^(F^), 
set ICh := (l/v/3)/i,and define B : U ^ V* by 

{Bh,(f>)v=[ y^h^dT, \fh£U,(i)eV. 

JjpN OV 

(iii) Set U = L^(r^) x L^(r^), let a, ^ be as in (i) and (ii), set IC{g, h) := 
((l/v^)fl, (l/v^)/i), and define B: U^V*hj 

{B{g,h),<l>)v = j^JV^gd)+^/ph^],d^, V{g,h) €U,4>eV. 

With the above three choices, the control system (6.3.4. 1) corresponds partial 
differential equation 

dPw 

^ + A^w = F in Q, (6.3.4.12) 

the initial conditions 

w(0) = Wo, = ^0 in O, (6.3.4.13) 
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and respective boundary conditions: in case (i) 



o„E” 

ou 



in case (ii) 



{ Att; + (1 - ii)Biw = 0 

d/^w dw . 

+ (1 - fJ-)B 2 W - a— = -/ on 



„=|!:=0 onE” 

ov 



dAw 
I du 



+ (1 - pt)B2W = 0 



on 



in case (iii) 



w=^=0 onE“ 
ov 



(6.3.4.14) 



(6.3.4.15) 



(6.3.4.16) 



Equation (6.3.4.12) is the Kirchhoff model of a thin, homogeneous, isotropic 
elastic plate in which the mass density per unit area, and the modulus of flexural 
rigidity, have been set equal to unity. In the boundary conditions (6.3.4.14), the 
control / represents a force acting perpendicularly to the edge of the plate; in 
(6.3.4.15), / represents a bending moment about the tangent vector r. In the case 
of the control problem (6.3.4. 12)-(6. 3.4. 14), the optimal control is 



where p is the solution of 









dt^ 



+ A p = 0 in Q, 



p=^ = 0 on 
ov 

p(T) = k{^{T)-z,), 
^(T) = -kA{w(T) - zo) in 0; 



(6.3.4.17) 



(6.3.4.18) 
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dAp 

dv 



Ap + {1- p)Bip = 0, 

+ (1 - p)B 2 P + adtp = Oon E 



(6.3.4.19) 



For the control problem (6.3.4.12), (6.3.4.13), (6.3.4.15), the optimal control is 

/opt 



dp 

dv 



where p is the solution of (6.3.4.17), (6.3.4.18), and 



dp 



Ap + (1 - i^)Bip - pdt ( — ] = 0, 



dAp 



(6.3.4.20) 



+ (1 — fi)B 2 P = Oon 



6.4 Decomposition of the Spatial Domain 

6.4.1 Description of the Algorithm 

Let be bounded domains in with piecewise smooth, Lipschitz bound- 

aries such that 



I 

n = 0, 2 ^ c n, 2 = 1, . . . , /, = 1^ Qii. 

i=l 



We set 



rf = dQi n r^, rf - dn^ n r^, 

r,, = d^i n d^j = 2 ^ j, = |J r,,-, j, = {j : r,, ^ 0}. 

jeJi 

Then is the portion of dQi that is in the interior of 11, dCti = U Ff u Ff^, 

and Ji is set of indices j of regions 11 j adjacent to H^. It is assumed that each F^, 

and Tij is either empty or has a nonempty interior. We further set 

E,, =F,, x(0,T), Ei"^ = Fj"^x(0,T), 

Qi = Qix{0,T) Sf = rfx(0,T), Sf = rfx(0,T). 

Let Ai = A|^. . Ci = c|^ 7 - , ai = o;|riv. We assume that 

Ai G (C^(Hi) and has a extension to 
Ci{x) > 0 on a set of positive measure in if Ff* = 0. 



(6.4.1. 1) 




6.4. Decomposition of the Spatial Domain 



209 



Let Ui denote the unit exterior normal vector to d0.i and d/dy^, = Vi • (AiS/). Set 
Hhini) = {<P € H\Qi) : <l>\ro= 0 } 



and Vi = endowed with the norm 



Mv = [ 



V(j) • + Ci\(j)\‘^) dx 



1/2 






Remark 6.4.1. 1 The second assumption in (6.4. 1.1) is imposed to assure that || • ||\/. 
is a norm on It would be desirable to remove this restriction on c but it 

is unfortunately crucial to the proofs of the results that follow. 

Let (j) eV and (f)i = Since 



w^Wv ~ w^Wvi^ 

i=l 

if Ai is the canonical isomorphism of Vi onto V* we have 

A(j) = {Ai(l)i , . . . , v4/0/) 



in the sense that 



I 

{A(j),'tp)v = 

i=l 



where the angle brackets are taken in the indicated dualities. 

We use the standard norm in and set 

Hi = L^iQi), Hi^ViX Hi, Ui = ), Uij = L^Tij) = Uji. 



We identify Hi with its dual space and set H* = V* x Hi , which is the dual space 
of Hi with respect to Hi x Hi. Let {w,p) be the solution of the global optimality 
system (6. 1.1.1), (6. 2. 3. 4) and (6. 2. 3. 6). This system is formally equivalent to the 
coupled local systems 



(d^ 



Wi 



dt‘^ 
9‘^Pi 
V dt^ 



- V • {AiVwi) + CiWi = Fi 

- V • {Ai'Vpi) + CiPi = 0 in Qi 

Wi = Pi = 0 on Sf 



( dwj 
1 dvA, 
dpi 
.dUAi 



dwi 

+ o^i Pi = 0 



- OidtPi = 0 on Sf 



(6.4.1.2) 

(6.4.1.3) 



< 



(6.4.1.4) 
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Wi{0) = woi, -^( 0 ) = '^oi 

< p,{T) = k{^{T) - zii) (6.4.1.5) 

dj) ■ 

-KAi{wi{T) - zoi) in Q.i 

where Fi = F\q., together with the following transmission conditions on the in- 
terfaces Sjj: 



dwj 

di'A, 




+ 7Pi = - 



dwj 

dUAj 



dpi 

dvAi 



n I I 

- pdtPi + 'ydt-^ 



dpj_ 

dPAj 




+ 7Pj 



a I I ^^7 

- l3dtPj + jdt-^ 



(6.4.1.6) 



where (3 and 7 are nonzero constants. In ( 6 . 4. 1.4), dt is the bounded linear mapping 
L^{0,T;Ui) [H^{Q,T;Ui))* defined as in (6.2.2.27). Similarly, in ( 6 . 4. 1 . 6 ), dt : 

L?{Q,T\Uij) i-> . Note that by interchanging i and j in (6.4.1. 6 ) 

and adding the result to ( 6 . 4. 1 . 6 ) we obtain 



dwj dpi 



dwi 



dl'Ai dvA, ’ dvAi 



dl'Ai 



and then 



^dwi Bwj , dwj _ _ , dwj _ , 

+ iPi = + iPj^ ~ ~ 

on Tiij . Upon applying dt to the first equation one finds that 

dwi dWj r r ^ 



Thus 



dwj dwd 






dt 



on E 



ij 



in the L^(Sij) sense since Af{dt) = { 0 }, and then Wi = Wj on since woi = woj 
there. 

Set 



> X / dwj ^ f 9wi n^Wi 



- 



-Dd,p,+-,d,-“'J 



dl'Ai 



dwj 

dt 



, 1 > A 



t^ij = (1 - e) 



(6.4.1.7) 
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where e G [0, 1) is a relaxation parameter in the iterative scheme to follow. Then 
the transmission conditions (6.4. 1.6) may be written 



dwj 






on Tiij 



dpi 



dxv 

PdtPi + ^ Pij on Hij 



(6.4.1.8) 



Lemma 6.4.1. 1 Assume that /3 > 0, 7 > 0, that Xij, pij € L^{Eij), and that pij = 
dtPij, Vj : Tij 7 ^ 0. Then (6.4.1.2)-(6.4.1.5), (6.4. 1.8) is well posed. The solution 
has regularity 



{wi,^)eC{[0,T]-,n,), 

{^,p,)eC{[o,T]-,n*), 









Proof. The lemma follows from the fact that (6.4.1.2)-(6.4.1.5), (6.4. 1.6) is the 
optimality system for the LQR problem 



.inf { / \fifdE + 1 / {\9ijf + | 7 ^ - pij\‘^)d^ 

J^N 7 at 



subject to 



jeJi 






- V • {AiVwi) + awi = Fi in Qi 
iWi = 0 on 

dwi dwi jv 

dwi ^ dwi , V , . ^ ^ 

dvj 

m(0) = woi, “^(0) = '^oi in Qi, 



where fi G Qij G Li^ifLij). This problem has the same structure as the 

global optimal control problem. So for fi G L^(Ef^) and pij G L‘^{Tiij), the system 
has a unique solution Wi with the indicated regularity and the optimal controls 
are given by 

fi = -Pi I Ef ^ 9ij = -lPi \ , 




212 



Chapter 6. Control of Dissipative Wave Equations 



where pi is the solution of 

d'^Pi 

dt^ 



V • {AiVpi) + CiPi = 0 in Qi 



dpi 

dVAi 



Pi = 0 on Sf 
— OLidtPi = 0 on E 



N 



- pdtp = + dtpij on Eij 

o 

Pi(T) = «(-^(T) - zu) e Hi 



dpi 

dt 



(T) = -KA^{wi{T) - 2oi) e F; 



Since —')dwldt\^ +Pij € the last problem has a unique solution pi with 

the indicated regularity. 

As in Proposition 6. 2. 2. 6 we have 

_ dqi 
“ dt’ 
dpi . 

-m = 



where qi is the solution of 
9‘^qi 



Qf 2 “ ^ = 0 in <5i 

9i = 0 on Sf 
dqi dqi ^ 

dqi odqi , dwi 

qi{T) = K{wi{T) - zoi) e Vi 



(6.4.1.9) 



Further, pi satisfies the variational equation 

((““^(0)?Pi(0)), 0ii)) + J PiGi dxdt -j- (j ^ J 



Pitii 



dpi 



{{roi,Poi),{Mn^{T)))n,-Y^ f 9ij^dE, 

jeJi 

V(Pi0,Pii) e n^, Gi e L\Qi), h, e L^(Sf us*"*), (6.4.1.10) 
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where 



du) ' du) ' 

Poi = - Zii), roi = K.Ai{wi{T) - zoi), 9ij = Pij ~ Is,. 



and where (j)i is the solution of 



- V • (AiV(l)i) + = Gi in Qi 

(j)i = 0 on Ef 

^ (6.4.1.11) 

= .,o„E- 

MO) = <t)io, ^(0) = (^ii in fij. 

The transmission conditions (6.4. 1.6) suggest the following domain decom- 
position iteration of the optimality system: 



df^ 

dt^ 



- V • {AiVw^^^) + Ci<+^ = Fi 
-V-(44,Vp"+') + Cip”+i = 0inC?i 



dvAi 

di^Ai 



= p”+^ = 


0 on Ef 






+ p'*+^ = 0 


di^Ai 


at 




- aidtp”+^ 


= 0 on Sf 


+ at 


■+7pr^' = 


^ij 




dt 


- = on E. 


o 

II 


aty”+^ . . 




k <“> 


= Voi 



p«+i(D = 
dpr\rr.. 



\pr\T) = K{^^{T)-zu) 

(T) = - zoi) in 
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where , G are arbitrary, = dtPij and, for n > 1, 



A"=(1-6) - 



dw 



dw^ 



du 






dw^ „dwf ^ 



dt 



, dp^ dw'^ 

/^r,' = (1 - e) -^ 7 ^ - I3dtp" + nfdt 



dvAj 



+e 



dt 

dp7 

dvA. 



^ij 

(6.4.1.17) 



fidtp'l + -fdt 



dw^ 

dt 



Itemmsi %A.\.2 Assume that /3 > 0, 'y > 0, that G L^(Sij) and p^j = dtp^j 
where p^j G L^(Ejj). Then for n = 0, 1, . . ., G L^(E^j) and /i^- = dtp^j where 
p'^j G L^(Eij). ^5 a consequence, for each i = 1,...,/ the iteration (6.4.1.12)- 
(6.4.1.17) is well posed and 



{w\ 



,n+l 






dt 



fdp 



n+1 






dt 



eC{[0,nHi), 

e C{[0,T]-,n*), 



Pi ^ 



e u Sf‘), 
L2(sf u Sf ‘)- 



Proof Prom Lemma 6. 4. 1.1, forn = 0 and each i = 1, . . . , / the system has a unique 
solution with the indicated regularity. Suppose the Lemma is true for the index 
n. It follows immediately that A^^^ G L^(Eij). We show that p^f^^ = dtp^^^ for 
some p^^^ G The conclusion of the Lemma will then follow by induction. 

We may write 



p"« = 



,n+l 



dp. 



n+1 



dt 



dt 



-Ai, 



,n+l 



1 ,...,/, 



where is the solution of 






,n+l 



df^ 



- V • (+Vg”+i) + Ciq'l+^ = 0 in Qi 






0 on Sf 






,n+l 



dvAi 



- OLi 



dq, 



, 71+1 



dt 



= 0 on S 



N 






, 71+1 



dvAi 



-0 



dq^ 



, 71+1 



dt 



+ 7- 



dw^‘ 



71+1 



dt 



(T) = K{wr\T) - zoi), -^{T) = k{ 



n+l/zTi', _ 



p'ij on Sil 

dw'?+^ 



Set 



p^.+i 

Hij 



(1-e) 



dq 



n+1 



dvA. 



-0 



dq 



, 71+1 



dt 



+ 7- 



dt 

at ) 



(T) - zii) in Q,. 

(6.4.1.18) 

+ ^p7r 
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One has 



dq] 



Tl+l 






dvAi 



dq” 

0— 7 

^ dt ^ 



-g^+(-?.onS 






Hij. 



Therefore if (•, denotes the inner product in the (i/^(0, T; [7^^))*, H^{Q,T\Uij) 
duality, we have 



{d, 



dq 



,n+l 



duA 






L 









{0dtp]+ - jdt + p]i , 

y<f> e H\0,T;Uij). 



It follows that 

"< =<‘- 



+ ^dtpl 



l^ij • 



Remark 6.4.1.2 In the nonoverlapping Schwarz alternating method of P.-L. Lions 
as adapted to optimal control problems by Benamou and others, the interface 
conditions (6.4.1.15) are replaced by 



where 7 > 0 and 






dy 



Ai 



1’^+^ — nn V-- 

— on Li^j 



di^A, 



+ 7P”, f^7j = - 



dp] 

dvA, 



-^Wj 



(6.4.1.19) 



(6.4.1.20) 



(or, more generally, by a relaxation of (6.4.1.19), (6.4.1.20)). However, if it is 
assumed that A^, € L^(Ejj) and we use (6.4.1.19) in place of (6.4.1.15), the 

local problems are then not necessarily well posed. Indeed, the system consisting 
of (6.4.1.12)-(6.4.1.14), (6.4.1.16) and (6.4.1.19) is formally the optimality system 
associated with the optimal control problem 



inf I / Iliad'S + [ {\g. 



+i7«'i+A”-nrfs 



dwi 



+ K\\{wi{T), ^(T)) - (^oi, zu)fn, \ (6.4.1.21) 



4 
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subject to 



d'^Wi 



- V • {AiVwi) + CiWi = Fi in Qi 



Wi = 0 on Ef* 
dw 

duA, ^ dt 



dwi dwi jv 

+ Q!i-^ = fi on Sf 



dwj 

di'A, 



— ^ij 9ij on E , Vj I ^ ^ 
dxu 

Wi{0) = woi, -^(0) = noi in fii, 



where the controls fi E L^(E|^), gij E L‘^{'Sij). Because of the absence of dissi- 
pation in the boundary condition on the state space for the above system 
will be less regular than Hi so that the cost functional will not be defined for all 
admissible controls. If the space of admissible controls is restricted to those for 
which the cost functional is well defined, there will not be an optimal control, 
in general. On the other hand, if the cost functional is changed to penalize the 
deviation of the final state from its target in a appropriate weaker norm than the 
Hi norm, there will be a unique optimal control. However, in this case the system 
(6.4. 1.12)-(6.4. 1.14), (6.4.1.16), (6.4.1.19), will no longer be the optimality system 
for the optimal control problem. 



6.4.2 Convergence of the Iterates 



To establish convergence of the solutions of the local optimality 

systems to the solution {wi^pi} of the global optimality system, we consider the 
local errors 






Wi 






^n+1 



■Pi- 



These satisfy 






dvAi 



- V • (Ai^w^+^) + = 0 in Qi 



w, 



n+1 



= 0 on El 



D 



T O^i 



dt 



~n+l 



= 0 on E: 



N 



du 



;«+i = A”, on E, 



. +0—^ + 'yp'^ 

Ai Ot 

<+'(0) = ^^(0) = 0in n,, 



(6.4.2.1) 
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Q2pn+1 

dt^ 



- V • {A,Vp^+^) + Cip: 



0 on Sf 



p;n+l 



0 in Qi 



p:n+l 



dp., 



-n+1 



dv 



'Ai 



- ttidtPi'^^ = 0 on Sf 



( 6 . 4 . 2 . 2 ) 



- 0 dtp^+^ + ^dt^^ = A"- on S,,- 



di^Ai 



dt 



p^+\T) = -^{T) = -KAiW^+\T) in 



at 



where 



\j — \j i^ij ~~ ( 6 . 4 . 2 . 3 ) 

and where A^, /i^, Xij, jiij are given by ( 6 . 4 . 1 . 17 ) and ( 6 . 4 . 1 . 7 ), respectively. 

As above, we may express as 






dq.. 



;n+l 
i 



dpl 



n+1 



dt ’ 



dt 



-Aiq. 



,n+l 



( 6 . 4 . 2 . 4 ) 



where is the solution of 



q 2^+1 

dt^ 



- V • (+Vg"+i) + = 0 in < 5 i 



^n+l 



qr” ' * = 0 on E, 



D 



dql 



n+1 



- C^i 



dp 



;n+l 



dVAi 



dt 



0 on E 



N 



( 6 . 4 . 2 . 5 ) 



di^Ai 



-( 3 - 



dt 



+ 7- 



dt 



= Pii on T,ij 



?r+i(T) = k+”+ 1 (T), (T) = (T) in fi, 



where 
P"j = 



(1-e) 



dt 



dpi dpl dw'y 



dt 



dvAi 



dt ^^'dt 



( dpy ^dqp dwf 



( 6 . 4 . 2 . 6 ) 



We have the following convergence result. 

Theorem 6 . 4 . 2.1 In addition to the assumptions of Lemma 6.4.1. 2, suppose that 



1 



ao:=mf»(x)> jl-2 + J^ + lj, j> 



7 - 1 



2k 



( 6 . 4 . 2 . 7 ) 
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Then for any e G [0, 1) and for z = 1, . . . , / 

dwf 



dt 

dq- 



s.- 



N Ot 



0 strongly in 



dt 

dql 



0 , 



dw^ 



Y^int 



di'Ai 



In addition, 

(i) z/e G (0, 1) then 



0, 



dt 

dw^ 



Yint 



di'Ai 



0 weakly in 



K"- ^ 0> («"> 0 strongly in L°°{0,T-,Hi) 



( dwf dw'^ 



dt 



dt 



^ dwf dwj 

2 . ’ dl^Ai duAj 



0 



dt dt 



(ii) 7/6 = 0 then 



n ^ 

o I 



dUAi dUAi 



0 strongly in L‘^{Tnj). 



{wf, ^ 0, {qf, weakly* in L~(0,T; 

«(T), ~{T)) - 0, {qf{0), ^(0)) -> 0 strongly in Hi- 

Remark 6.4.2.1 Note that for a given k > 1 and ao > 0, ( 6 . 4. 2. 7) can always be 
satisfied by choosing 7 //? sufficiently large. 

Remark G.4.2.2 One immediately deduces from Theorem 6.4.2. 1 and Corollary 

dq? 



6 . 2 . 2. 2 the following convergence properties of the adjoint variables = 



dt 



dt ’ 



= -Aiqf: for any e e [ 0 , 1 ) 



Prlg/v ^ 0 strongly in L (Ef ) 
0 weakly in L^{T,ij). 



In addition, if e € (0, 1) then 

dpf 



(Pi^ X V*) 



dt 

Pi-Phs 



A 0 strongly in 
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while, if 6 = 0, then 

{p7> - 0 weakly* in L°°(0,T;Fi x V*) 

{pnn ^(T)) ^ 0 strongly in x F;. 

In particular, for all e G [0,1) and for z = 1,...,/ the effective local opti- 
mal control p'il^N converges strongly in to the restriction p\^N of the 

global optimal control p\j^N to Further, the deviation of the local trajectory 
{wf{T),dwf{T)/dt) at time T from its target state (zoi^zu) converges strongly 
in Hi to the deviation of the global trajectory (w{T),dw[T)/ dt) at time T from 
its target {zq,zi), restricted to Qi. 

Proof of Theorem 6.4.2. 1. We introduce the space 

/ 

i=l 

with norm defined by 

I 1 r 

i=i 

For X = {{Xi, pi)}f^i e X let {(u;^, be the solutions of 
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This system has a unique solution with regularity 



dwi dqi , dwi 






dqi 

dt 






UE" 



In fact, this system is nothing but the system (6. 4. 2.1), (6.4. 2. 5) with the super- 
scripts suppressed. 

We define a linear mapping T : A' h-> A' as follows. Set 



(TX) - f-^ + /3^+ A 



dt 






dQj adq. 



dwi 



{TX)i = {{rX)ij :j£Ji}, TX = {{TX)i 



^ dt ^ dt ’ 

I,. 



' '^ij ) 

(6.4.2.S) 



Note that X is a fixed point of T if and only if (wi^pi)^ where pi = dqi/dt^ is 
the solution of the global optimality system (6.4.1.2)-(6.4.1.6) corresponding to 
= zoi = z\i = 0, = 0. Since the solution of the global optimal control 

problem corresponding to such vanishing data is clearly /opt = 0, it follows that 
X = 0 is the unique fixed point of T. 

The main significance of the mapping T is that if, for n = 1 , 2 ,..., we set 

= jeJi) (6A2.9) 

and let (in", ^") be the solution of (6.4.2. 1), (6. 4. 2. 5) with n replaee by n — 1, then 






dw^ dqf^ 
duA, dt ^ dt ’ 



. dq'i dq^ dw^ , 

duA. dt dt 



i = j Gj,} (6.4.2.10) 



TX' 



f ( dw'j dw'l dq'j- ^ 



dt 



dt 



Eii ^ 



dq'i dq'y dw'- , 

--0-^+7— 



dt 



j £Ji} (6.4.2.11) 



and the interface conditions on in (6.4.2. 1), (6.4. 2. 5) may be expressed as the 
fixed point iteration 

^ (6.4.2.12) 

The proof of Theorem 6.4.2. 1 is based on the following property of T. 



Lemma 6.4.2. 1 For any X = {(A^, p^) : i = i, ...,/} G A', we may write 



\\X\W = £ + T, \\TX\\l = e-T 



(6.4.2.13) 
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where 



UM 



dwi 


2 

1 


dqi 


duAi 


+ 


di'Ai 



+ 



27 



dwi 



dt 



+ 



dqi 



dt 






(6.4.2.14) 






t.L 



^ hpN 

2=1 



1 + 



7 



dqi 


^ 0^ 


dwi 


dt 


j dt dt 7 


dt 



>dL. (6.4.2.15) 



Corollary 6 . 4 . 2.1 ///?, 7 satisfy (6.4. 2. 7), then X 1 -^ TX : X 1 -^ X ^5 nonexpan- 
sive. 



Proof of Lemma 6.4.2. 1 . The proof follows by direct calculation. One has 



'“■gsi 

■tJM 



dwi dwi dqi 



+ 



dwi 


2 


dqi 


'V /3"+7V 


dwi 


2 


dvAi 


+ 


dfAi 


j 27 V 


dt 


+ 



dqi ndqi , dwi 



dqi 



dT, 



dt 



3 f dwi dwi dqi dqA / dwi dqi dqi dwi ^ 

7Vai/A, dt dvA, dt ) \duA, dt di^A, dt ^ 






(6.4.2.16) 



I 7 52 5i^Ai 52 y V5«^Ai 52 52 / J 

Similarly, since = E^=i Eie. 7 ^> 11^^11^ “ay be written 

\\TX\\% = £ -t.L f P f dwi dwi dqi dqi 



2=1 



dt dvAi dt 



+ 



dwi dqi dqi dwi 



+ 



di/Ai dt duAi dt 



jdE. 



(6.4.2.17) 



We will show that 



'^ [ I 

JT,'^^\l\dvAi dt duAi dt 

2=1 ^ ^ ^ ^ 



+ 



dwi dqi _ dqi dwi 



+ 



di^Ai dt di^Ai dt 



\d^ = X. (6.4.2.18) 
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It then follows from (6.4.2.16) and (6.4.2.17) that 

\\Tx\\l = e-r. 



(6.4.2.19) 



Prom 

0 = y ~ ^ dxdt 



we easily obtain 









hence 



/ 



dwi dwi 
di'Ai dt 



dL 



i||(u;,(r),^(T))|| 



+ 






dwi 



dt 



dqi dwj 
dt dt 



dE. 



Similarly 



dqi dqi 



dwi 






-l\\{qi{0),^mfn,- j^^ai 



dqi 

dt 



2 

dE. 



Therefore 




dwi 



dqi dqi 
di'Ai dt 
1 



dE 



dwi , 



= -(l-K^)||(a;,(T),^(r))|| 



dt 

+ ^llfe(0),^(0))||^, 



llw. 




dqi dwj 
dt dt 



dE. 



(6.4.2.20) 
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To evaluate the last term on the right side of (6.4.2.18), we write 



IJ 



^ - V • V«;i) + CiWi) ^ 

+ - V • {Ai'S7qi) + Ciqi) ^ dxdt 

^ {^in^{T)) + {w,{T),q,{T))v, 

-if -^ ( \ ( jy; 

isf J \ dt dfAi dt duAi) 

=«ii(».(n^(T))fe,+£ J^f<E 



I" / dwj dqi dqi dwj \ 

^int \ dt dvAi dt di'Ai ) 



Therefore 



[ ( ^ 

j^int \ dt 



dwj dqi dqi dwj \ 

dt di'Ai dt di'Ai ) 






dE. (6.4.2.21) 



The equality (6.4.2.18) now follows from (6.4.2.20) and (6.4.2.21). 
Now let X'^ be given by (6. 4.2. 9) and set 



"”=2 



^ S f'r { 



7 1 at a 






+ j'f + + ^'Ls. (6,4.2.23) 

^ 7e« 1 V 1 J dt j dt dt j dt \ 



Prom (6.4.2.19) we may write 

\\X^fx = , \\TX'^\\% = £^ 



(6.4.2.24) 
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If we take the norm of each side of (6.4.2.12) and use (6.4.2.19) we obtain 
^n+l jrn+l ^ ^ ^ 2e(l - e)(TV”, X");f . 

Prom (6.4.2.19) and the Cauchy-Schwarz inequality we have 
\{TX^,X^)x\ < \/{S^Y - 

hence we deduce the following fundamental recursion formula: 

^n+i ^ (6.4.2.25) 

By iterating (6.4.2.25) we find that 

n+1 

£n+l < ^ Cp{e)XP 

P=1 



where 

ci(e) = l-2e, c„+i(e) = l, Cp(e) = 2(1 - e), p = 2, ..., n. (6.4.2.26) 

Since > cko, under the stated condition on ao the quadratic form 

OLiP^ 



1 + 



7 



dqf 


" 0dqfdwf ail3 


dwf ^ 


dt 


^ dt dt 7 


dt 



is positive definite. If /^ > 1, e G [0, 1) and if we further restrict (5/^ according to 
(6.4. 2. 7), then 



oo 

^2,^^ converges and is a bounded sequence. 

p=i 



The convergence of then implies that 



(w”(T), 0, (C(0), ^(0)) ^ 0 strongly in Hi 



dQi 

dt 



0 , 



dw^ 



dt 



0 strongly in L^(Ef ). 



(6.4.2.27) 



Prom (6.4.1.14) and (6.4. 2. 5) we then have 



dw^ 






dQi 



0 strongly in 






da^ 

{ii{T), -^(^)) ^ 0 strongly in Hi- 



(6.4.2.28) 
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The boundedness of implies that A^-, pfj are bounded in L‘^{T,ij). There- 
fore 

(w;”+^ ), — ^) are bounded in L°°{0,T-,Hi) 

which implies, in particular, that are uniformly bounded and 

equicontinuous on [0,T] in the L‘^{Q.i) topology. It follows that on a subsequence 
n = rik of the positive integers. 



^ ^ q, weakly* in L^(0, T; 

and strongly in (7([0, T]; 

^ ^ ^ ^ weakly* in L°°fO T- H ) 

dt dt' dt dt 



dw, 



n+1 



dt 



fi, 






dt 



dvAi 



j^int t/UAi 






gi weakly in 



Gi weakly in 



(6.4.2.29) 



for some fi, gt, Fi, Gi in where both Wi and qi satisfy 

d'^Ui 



and 



dwj 

dt 



dt^ 



V • (AiVui) + CiUi = 0 in Qi 



dui 



di^Ai 



— 0 

I 

_ duj 
dt 



= 0 



dij ■ dn • 

Ui(0) = ^(0) = Ui{T) = ^(T) = 0 in fii, 



= fi, 



dwi 



dl'Ai 



dt 



dqi 



— F 

^int 



(6.4.2.30) 



= Gi (6.4.2.31) 



Since Wi and qi vanish at t = 0 we also have Wi\j^N = qi\j^N =0. Thus Wi and qi 
have vanishing Cauchy on Ef^. Note also that Wi and qi are in (Sl^ x (0, T)) since, 
in particular, Wi, qi G H^{0,T; L^{Qi)) H L^{0,T; Hl{ni)) C H^{ni x (0,T)). 

Case 1: € = 0. In this case we can use a unique continuation argument to conclude 
that = 0 in Qi for i = 1, . . . , 7. We start with regions adjacent to the 

global boundary T such that ^ 0. Since Wi, qi G H^{Qi x (0,T)) and have 
vanishing Cauchy on and at t = 0 and t = T^ they may be continued by zero 
to n X {t < 0} and to x {^ > T} as H^{fli x (— oo, oo)) solutions of the hyperbolic 
equation (6.4.2.30a) that have vanishing Cauchy data on Tf^ x (— oo, +oo). It then 
follows by unique continuation (see, for example, Hormander [45]) that Wi = qi = 0 
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in X (— oo,H-oo). In particular, fi = gi = Fi = Gi = 0 and therefore the 
convergence in (6.4.2.29) is through the entire sequence of positive integers. 

Now suppose that Qj is a region adjacent to a boundary region Q.i such that 
rf ^ 0. Then ^ 0 and from (6.4.1.15), (6.4.1.17), (6.4.2.4)-(6.4.2.6) we have 
on Eij (since 6 = 0) 

dw]+^ 

1- 0 \-l— = 1- 0 1-7 — 

duAi dt ^ at duA, ^ at ^ at 

a^n+2 Q~n+2 Q-n+l 

0 — h 7- — = 0 — h 7 

avAi at ^ at avA, at ^ at 
auA, ^ at ^ at a^A, at ^ at 

aq^+^ aw^+^ aqf ^aq^ awf 

auA, at ' at avA, at ^ at 

Since, for the index i, convergence is through the entire sequence of positive in- 

tegers, if we pass to the weak L^(Ei^) limit in (6.4.2.32)-(6.4.2.35) through the 
subsequence n = we obtain 



(6.4.2.32) 

(6.4.2.33) 

(6.4.2.34) 

(6.4.2.35) 



~9j + Pfj + — 0? ~Gj - fiFj + 7/j — 0 

9j + t^fj + = 0? Gj — f3Fj + 7/j = 0 



(6.4.2.36) 



on T,ij . Therefore fj = gj — Fj = 
dwj dwj 



dt duAi 



dt 



0, that is 
0Qj 



a^Ai 



0 on E 



ij' 



The same unique continuation argument as above gives wj = qj = 0 in Qj. One 
may now proceed step-by-step into the remaining regions Qj and conclude that 
'^j = Qj = ^ in Qj nnd fj = gj — Fj = Gj = 0 for j = 1, , I. This completes 
the proof for the case 6 = 0. 

Case 2: 0 < € < 1. It remains true that > 0 and therefore (6.4.2.27) and 
(6.4.2.28) continue to hold. However, the unique continuation argument used above 
fails in this case. But we can obtain even stronger convergence results than in the 
case 6 = 0 by utilizing Proposition 2. 3. 7.1 as in Section 6.3.1, together with Opial’s 
Lemma [89] as stated in Proposition 2.3. 7.3 above. In fact, we first use Opial’s 
Lemma to deduce 



( dw^ 



dt 

dwf 

avAi 



E‘"‘ 



0 , 

^0, 



at 

dq? 

di^A, 



0 



(6.4.2.37) 



0 weakly in 
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Indeed, since the only fixed point of T is X = 0, we may conclude that X'^ 0 and 

TX^ 0 weakly in Referring to the definitions (6.4.2.10) and (6.4.2.11) 

of X'^ and TX^, respectively, one immediately infers (6.4.2.37). 

To obtain the remaining conclusions of Theorem 6.4.2. 1, we apply Proposition 
2. 3. 7.1 to obtain - X'^Wx 0, or, equivalently, that - X'^\\;^ 0 

since -X^ = {1- e){TX^ - X^), Prom (6.4.2.24) we have 

\\rX^ - X^Wl; = 2S^ - 2Re(TX^,X^) -> 0. (6.4.2.38) 



We calculate 




The last expression may be written 



{TX^,X^)x 



i=l i€Ji ' 



dw^ dwj 
duAi dvAj 



dvAi dvAj ) 



+ (7^+^") 



dw'l dwJ dq” dq'^ 

dt dt dt dt 



/ dwf dw^ dwj dwf \ ( dq^ dq^ 8q^ dqj\ 
^\di^A, dt dvA, dt ) '^\dv A J dt duA, dt ) 

( dqf dwf dq^ dwf \\ 

^ \diyAi dt duAj dt J ^ ydi^Ai dt duAj dt J j 

All integrals of the form 



vanish. Therefore 



EE / ifi9j-fj9i)d^ 



(TX”,X> = EE 

*=1 j€Ji 



rJJ-{ 

+ (7^+/?^) 



dw- dw- ^ dq2 dq^ \ 

dvAi dl/Aj dvAi dvAj ) 

( dw^dw^ dq^dq^Y 

\ dt dt dt dt J j 



dS. (6.4.2.39) 
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We may write 



i=i i=i jeJi 

j>i 

EE / m = 2 EE/ 

i=l ieJi i=l ieJi 



(6.4.2,40) 



- jeJi 

j>i 

Prom (6.4.2.38)-(6.4.2.40), and observing that 

dwf dWj _ dw^ dw^ dw^ dw^ _ dwf dw^ 

dt dt dt dt ’ duAi duAj duAi duAj 

and, similarly, for g, we obtain 

7-1 






-mi 



/J 2+72 



i=l j&Ji 

j>i 



dwf 


dw^ 


2 


dq? 


dqf 


dt 


dt 


+ 


dt 


dt 



+ 



dwf dw'^ 



+ 



di^A^ duA 



+ 



dqt^dql 



dvAi dl/Ai 



dE. (6.4.2.41) 



It now follows from (6.4.2.42) that 



dwf dwf 


^ 0 , 

L 2 (Sy) 


11^ _M 


II dt 


dt 


II 


dt II 


dwf dwf 

1 , j 


^ 0 , 


dqf dqf 




dvAi II 


L 2 (Sy) 


duA^ 


doAj 






L 2 (Sy) 



(6.4.2.42) 



0 . 



To complete the proof of Theorem 6.4. 2.1 for the case e G (0,1) it re- 
mains to establish the strong convergence in L°°{d,T-,Hi) of {w",dw^fdt) and 
of (g", dq^fdt). For this we appeal to the following result. 

Proposition 6.4.2.1 For i = 1,. I let satisfy 



dt^ 



-v-(Av<^r)+c0r = ^" in Q^ 



D 



€ = 0 on Ef 

4- a = /" on E’^ 

duA. ^dt 

dd>n 

€(0) = ^l, -^{0)=iP^inQi 
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where Fp e L^{0,T; Hi), fp e and ^ Assume also that 



If 



then 



dt 



(’ dvAi 



are bounded in 



Sf 



IIWo,Co)ll«. - 0, ||i^”|Ui(0,T;HO - 0, ^ 0 



dt dt 



0 , 






d<K 






dVAi dVAi 



0, Vi € Ji, 



L^Sij) 



{(fi, -^) -> 0 strongly in L°°{Q,T]Hi). 



The proof of this proposition is given below. 

We apply Proposition 6. 4. 2.1 first with = w", in which case F” = 0, 
/” = — p"|sjv, <f)^Q = = 0. By (6.4.2.27), (6.4.2.42) and the boundedness of the 

sequence we may conclude that 

dwt^ 

(«>*", -^) 0 strongly in L°°(0,T;Wi). 

Next, by the change of variable t f-* T — t, we may apply Proposition 6. 4. 2.1 with 
</>" = Qi> in which case {4>2o,'>P?o) = i9i{T),dqf{T)/dt), P)" = 0 and /f = 0. By 
appealing to (6.4.2.28), (6.4.2.42) and the boundedness of S'^ we deduce that 

(C. -^) 0 strongly in L°°(0,T;7fi). 

The proof of Theorem 6.4.2. 1 is now complete, except for proving Proposition 
6.4.2.I. 



Proof of Proposition 6.4.2. 1. First assume that Fp = 0. We multiply the partial 
differential equation by d(pp /dt, integrate over x (0, t) and use Green’s Theorem 
to obtain 




d<l)^ 
dt dvAi 



dTdt. 



1 

2 
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= J_ir|2_ JL ^ 

dt 2ai '•'* ' 2ai 8 ua, 2 dt 



we obtain 



= mo,€o)\\n, + f [ ^UrfdFdt -2 f f ^^dTdt. (6.4.2.43) 

Jo Jr^ Jo Jr^ 



Next, we write 



Si7„.5g“=S5/7.,,ffi-t 



'd^2 d^\ 



dt)dvA, 



dr, (dr, , dr 



dt \di/Ai dvAi 



+ dTdt. (6.4.2.44) 



It follows immediately from (6.4.2.43), (6.4.2.44) and the hypotheses of the propo- 
sition that 



-p E mo, - 0. 



This proves the proposition if = 0. 

Now assume that = 0 and = 0. One easily finds in the same 

manner as above that for any S e (0, 1), 






- 2 dt 



\L°°{0,T;Hi) 



+ ' IIF”IP [ ! dTdt 

+ jin'"* llf(0,T;H,) 



Therefore 



(1-4) («.^) 



L^{0,T,Hi 

In. 



< ^ll^”llii(0,T;H.) +2^SUp^|_^ dTdt . 
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By using (6.4.2.44) we then obtain 



(i-oE 



hence 






at ' 



L<=-{0,T-,Hi) ” i=i 



+ 2 



ee{ 

i=i jeji '' 

j>i 











dt 


dt 


L2(Sij) 


dvAi 









+ 



L~(0,T;"Hi) 







d<i>] 


d<l>i 


dt 




di^Aj 


dvAi 






}■ 



0, i = 



6.4.3 A Posteriori Error Estimates 

In this section we shall derive a posteriori estimates of the difference between the 
solutions of the local optimality systems and the solution of the global optimality 
system in terms of the mismatch of the time derivatives and normal derivatives of 
the nth iterates, or of successive iterates, across the interfaces E^j. We define the 
pointwise global error e'^{t) at the nth iteration at time t by 






'”(<) = Efll w<i). ^(‘))ll«. + ll(c(«). ^(«))ll 



i=l 



+/7 (- 

Jo Jr^ 



We further define 



dw'^ 


2 


dw^ 


duA, 




1 

dt 






dq? 


2 


dqf 


dfAi 


-^OLi 


dt 



)dTdt}. 




dw'i 


dw'^ 


2 


dq? 


_ ^ 


dt 


dt 


+ 


dt 


dt 



-h 



dwf dwj 
dvAi dVAj 



2 






dq? ' 

dl/Ai dvAj 



dZ 



:= / 

Je,j 



dw^ 




2 

+ 


dqf 


dqr^ 


dt 


dt 


dt 


dt 



dwf 

dUAi ^ dvAj 



+ 



dq- dq^+^ ' 
dvA, ^ dvA, 



dT,. 
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The quantity £lj{Eij) is a measure of the mismatch of the time and normal deriva- 
tives of the nth iterates across the interface while measures the 

mismatch of successive iterates. 

For the remainder of this section, we assume that a, /?, 7 and hi satisfy 
(6.4. 2. 7) of Theorem 6.4. 2.1. 

Theorem 6.4.3.1 Let € G [0, 1). Then 



i-i 



sup e^ 

0<t<T 



(t) < E 

i=l j€Ji 

j>i 



1/2 



(6.4.3.1) 



where C depends only on ao, (3, ^ and hi. 

Theorem G.4.3.2 Let e G [0, 1/2). Then 

sup [e'^~^^{t) + e"^{t)] 

0<t<T 

< E + (6-4-3-2) 

^=1 jeJi 
j>i 

where Ce depends only on ao, /?, 7, and on e. 

Remark 6.4.3. 1 The constants C and will be explicitly calculated in the proofs 
of Theorems 6.4.3. 1 and 6.4.3. 2; see (6. 4.3. 6), (6. 4.3. 9) and (6. 4. 3. 5) below. Note 
also that £'^ -h = ||X^||^ is nonincreasing. Therefore 

i=i jeji ^ 

The right side can be estimated in terms of the starting inputs , p^- to the 
local problems, and the time and normal derivatives of the solution of the global 
optimality system on the interfaces E^j. We do not, however, have estimates of 
these traces in terms of the input data (n;o,no), (2:0, 21), F and hi to the global 
optimal control problem. 

Theorem 6.4.3. 1 is an immediate consequence of the following two lemmas. 
Lemma 6.4.3.1 Let e G [0, 1). Then 

r- < {max(-, E (6-4-3.3) 

^ i=i jeJi 
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Lemma G.4.3.2 Let e G [0, 1). Then 



i-i 



sup 

0<t<T 



(t) < + c2V^{J2 E 

i=i jeji 

j>i 



1/2 



(6.4.S.4) 



where 



Cl = max 






7 47 



C 2 = 2\/2{max( 






/?2 + 7' 



(6.4.3.5) 



Note that C\ > 0 by virtue of assumption (6.4. 2. 7). From (6.4. 3. 3) and 
(6. 4. 3. 4) one obtains (6.4.3. 1) with 



C = Ci{max(i,E±7!)}i/2 + c'2. (6.4.3.6) 

Similarly, Theorem 6. 4. 3. 2 follows from the following two results. 

Lemma 6.4.3.3 Let e e [0, 1). then 

jrn+i ^ (1 _ 2e)yr" < {max(^, 

IE E •)}'/'. (6.4.3.T) 

i=i jeJi 

3>i 



Lemma G.4.3.4 Let e € [0, 1). Then 

sup [e”+i(t) +e”(t)] < +ym) 

0<t<T 

+ C2V^^"+i+^”{E E (6.4.3.S) 

2=1 jeJi 

j>i 

where Ci, C 2 are given by (6. 4. 3. 5). 

It follows that the constant Ce in Theorem G.4.3.2 is given by 

Ce = -^{max(-, E±E)}1/2 + C 2 . (6.4.3.Q) 

i ze 7 7 

Proof of Lemma 6. 4.3.1. We start with the fundamental recursion (6.4.2.25), which 
we write as 

2(1 - e)J^ < (f^" + 3^) - (£:«+! + ^+1). 



(6.4.3.10) 
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Prom (6.4.2.24) the right side of (6.4.3.10) may be written 

||X”|1^ - < ||X" - X"+1|U(||V"|U + 

<2(l-e)||X”-TV”|U||X’‘|U I-- - i 

since {||X’^||;t’} is a nonincreasing sequence. In addition, it follows from (6.4.2.41) 
that 

||X” TX”|||. <max(\^ 

^ ^ jeJi 

j>i 

The conclusion of Lemma 6.4.3. 1 now follows from (6.4.3.10)-(6.4.3.12). 

Proof of Lemma 6. 4.3. 2. We begin with the energy identity 






dw'^ 



duAi 



+ Oti 



dwf 



= /7 - 

Jo Jr^ 



dq” 



dt 



dVdt T 2 



dt 

dw? dw? 



dTdt 



lo dt dvAi 



dTdt, (6.4.3.13) 



which follows from 






' - V • (A, V<) + dxdt 



/Q. dt ^ dt‘^ 

by integration by parts and a little algebra. By using (6.4.2.44) and the Cauchy- 
Schwarz inequality we then obtain, for 0 < t < T, 



3>i 

7 

v^s 



dw7 



dvAi 



■cti 



dwf 



dq^ 



dw^ dw'j 
dt dt 



dt 



dT, 



1/2 



dwf dw^ 
duAi ^ dvAj 

Similarly, from 

ll«(*).f(*))llK.+/7„ (i- 



) a 

ru ' 



dt 



dw? 



dTdt 






\ 1/2 



dS 



\ 1/2 



dqf 


2 


dQi 


dvAi 


+ 


dt 



dSj 



dTdt 



(6.4.3.14) 



= ll«(T), f (T))|i:,, « g irott (6.4.3.15) 
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we obtain, for 0 < ^ < T, 

I 



E{ll«w.f (.))!£, + / I 



(- 



dq^ 


2 


dqf 


dvAi 


+ Oii 


dt 






j>i 



i=l 

dt dt 



2 ^1/2 
dT, 



L 



dq? 



dvA. 






2 V 1/2 

dSj 



+ 



/. 



dq? dq- 


to 

To 


dq] 


dvAi dVAj 




dt 



It follows from (6.4.3.14) and (6.4.3.16) that 



sup e'^{t) 
0<t<T 



+ 



<E{ll(c(n^(T))t+/^ 

i=l j€Ji ^i=l/e>7j 

j>i 



1 



dq” 



+ 



dt 

dwf 



2 xl/2. 

dSj (6.4.3.16) 



2 



dl^A, 



+ 



dt 



dqf 


2 

_|_ 


dq^ 


dvAi 


1 


dt 



j dsj ^ 



(6.4.3.17) 



where we have used the Cauchy-Schwarz inequality once again. We have 



2^1 

j>i 



dw^ 


2 

+ 


dw^ 


2 

+ 


dqT 


2 

+ 


dqj 


di'Ai 




dt 




di^Ai 




dt 



dT, 



i=l 



dwf 


2 

+ 


dqi 


2 

+ 


dw'^ 


2 

+ 




duAi 




dvA, 




dt 




dt 



dE 



< 2 max( 



/?2 +7' 



j,7)f’". (6.4.3.18) 



Prom (6.4.3.17) and (6.4.3.18) we therefore obtain 



sup e^{t) < 

0<t<T 



i=l ^ i ' 



+ 2\/2{max( 



7-1 



/?2 + 7 = 



j=l /€ 



1/2 



(6.4.3.19) 
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Thus it remains to show that 






dqf 



We have 






dq? 



dt 



dt 



dE 



dT, ^ < CiJ^. 



(6.4.3.20) 






dqf 



dt 



d^\. (6.4.3.21) 



By using the definition (6.4.2.20) of and a little algebra, one finds that 

/ 



' i=l 



, ( j_ 2 P ^ \ f ^ 



i=l 



dt 



dE. (6.4.3.22) 



The estimate (6.4.3.20) follows immediately from (6.4.3.21) and (6.4.3.22). 

Proof of Lemma 6. 4. 3. 3. We again start from the recursion formula (6.4.2.25), 
which may be written 

jr^+i + (1 - 2e)jr^ <S^ ~ 

and proceed to estimate the right-hand side. From the definition (6.4.2.22) of 
we have 

^1^1 dwi 



dw^ 


2 


dwy 


2 

+ 


dq7 


2 


dqy 


duAi 




di'A, 


dvAi 




dvAi 



2 


dwy 


2 

+ 


dqf 


2 


dy^ 




dt 


dt 




dt 



dS. (6.4.3.23) 



j\\ dt 

We rewrite the right-hand side using (6.4.2.44). So, for example, we have 

I /. C \ r\ \2 ~n4-1 I 2 



u, 



dwf 


2 


du,y 


dvAi 




dvAi 






i=i jeji '^^^0 
j>i 



dS 



dw^ dwy 

^ ^ j 



dVAi dVAi 



dwf dwy 



dvAi dVAi 



+ 



dw'^ 



+ 



dUA. dUAi 



dw^ dwy 



dVA, dUAi 



dS 
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and, similarly, for the remaining three differences in (6.4.3.23). An application 
of the Cauchy-Schwarz inequality, together with the trivial estimate (a ± 6)^ < 
2(a^ + 6^), yields 

£U_^n+l < 

- 2 1 '' 7 ’ 7 ''-' 

^ {E E (6.4.3.24) 

j>i 

where 




Use of the last expression in (6.4.3.24) completes the proof of Lemma 6.4.3. 3. 
Proof of Lemma 6. 4.3.4. From (6.4.3.13), (6.4.3.15) and the formula (6.4.2.44) we 
have 



e"+i(i) + e«(i) < \\{q-{T), ^(T))l|^^ + \\{q?^\T), ^(T))||^^ 

i=l ^ 



,1 

J^N ( dVAi Ot^Ai J 

+ h{w^,w'^){t)+h{w^+\w^+^){t) 

+h{q\r)it)+i 2 {q^^\r^^m, ( 6 . 4 . 3 . 25 ) 






where 




dwj\ dwf 
dt ) dvAi 

dw'j / dwf dwj 
dt ^ dl^Aj 



dVdt, 
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w,™)=2|e/7 { 



jeJi 

j>i 



dqf dqj\ dq, 



dt dt J dvA 

^ / 

dt ^ duA 






It may be verified that 

^ Jo Jt 



i-i 



i=i jeJi 

3>i 



dwf \ dwf 

dt dt j dvAi 



dw]\ dw] f dw^^^ dw] 

\ dt J dvAi \ duAi ^ duAj 



+ 



f dw? 



+ 






dt yduAi duA^ 

A similar expression holds for l 2 {q^ ,q'^){t) -f l 2 {q^~^^ ,q'^^^){t). It follows that 

rI-1 ^ 1/2 



< 2 

^i=i jeJi 

{ 

i=i jeji ^ 

j>i 






dw] 



+ 






+ 



dqf 


2 

+ 


a^«+i 


2 

+ 


«5J 


2 

+ 




dvAi 




di>Ai 




dt 




dt 



) 



dt 

1/2 



< 2\/2{max( ^^ + 72 > V<g" + 



^ i=i jeJi 

3>i 

^ r ^-1 >| i /2 

C2\/ + £'^+'^ ' EE[C/"^'(^*^)+^r'’”(^*^)] • (6-4-3. 

j>i 



Lemma 6. 4.3.4 now follows from (6.4.3.25), (6.4.3.26) and (6.4.3.20). 
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6.5 Space and Time Domain Decomposition 

We partition into subregions z = i, as in Section 6.4.1, and the time 
interval (0,T) into subintervals Ik = fc = 0,...,JT, asin Section 6.3.1. 

In this section we consider three algorithms for the approximation of the solution of 
the global optimality system (6. 1.1.1), (6. 2. 3. 4), (6. 2. 3. 6) through iterative, parallel 
computations concentrated on subdomains Qi x Ik of the space-time domain x 
(0, T). Two candidates for such algorithms come immediately to mind. In the first, 
a time domain decomposition of the global optimality system into local optimality 
systems concentrated on the cylinder x 7/^, fc = 0, . . . , X as described in Section 
6.3.1, is followed by a spatial domain decomposition of each of the 7^+1 local 
optimality system, as in Section 6.4.1. We shall refer to such an approach as 
sequential space-time domain decomposition. In the second approach, referred to 
as sequential time-space domain decomposition^ the spatial domain decomposition 
of the global optimality system into local optimality systems concentrated on the 
cylinders x (0, T), z = 1, . . . , 7, is followed by a time domain decomposition of 
each of the 7 local optimality systems. 

Each of these two approaches involves two iteration parameters: a parameter 
m associated with time domain decomposition, and an iteration parameter n oc- 
curring in the spatial domain decomposition. In the sequential space-time domain 
decomposition, the solution of the global optimality system is to be obtained in 
the repeated limit limm-^oo hnin-^oo, while it is to be obtained in the repeated limit 
limn-^oo hnim-^oo in the case of sequential time-space domain decomposition. 

It is natural to ask whether one can find a convergent, iterative scheme for 
the calculation of the solution of the global optimality system that involves only 
one iteration parameter and parallel computations on the subregions Qi x Ik for 
each value of that parameter. An obvious approach to this question is to directly 
combine the time domain and space domain decomposition algorithms presented 
in Sections 6.3.1 and 6.4.1 above. The combined algorithm essentially looks for 
the limit along the diagonal m — n. However, convergence of this scheme has not 
been established and remains an open, and important, question. 

In what follows we use the notation 

Qik = ^iXh, = = 

Eijk = ^ij X h, S'f = r'"‘ X /, = U Eijk, 

jeJi 



6.5.1 Sequential Space-Time Domain Decomposition 

We begin with the time domain decomposition of the global optimality system 
described in Section 6.3.1. We write m in place of the iteration parameter rz + 1 
of that section, and 9 in place of the parameter j3 in the iteration step. Thus for 
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k = ,K we consider functions that satisfy 

^2. .m 

- V • (^VO + c< = Fk in Qk, 
w'k on Sf , 

onS^; 



(6.5.1. 1) 



-^-V-{AVp'^) + cpT = 0 inQk, 

P™ = 0 on Sf , (6.5.1.2) 

-^-adtpT = 0 onS^. 

Initial values for , dw'^ / dt) bX t = Tk and final values for {p^,dp^/dt) 
at t = Tk^i are determined from the iteration step (6,3. 1.3). On the interval Iq 
these conditions are 



(6.5.1.4) 



= (6.5.1.3) 

On the intervals Ik^ k = 1, , . , , K — 1 the conditions are 

<(Tfe) = A-^ {^^(Tk) + Cfe-i) 

-^m = -DpT{n) + i^Z;\ 

= --{Aw^Tm) - Chi)- 

On the final interval Ik the initial values for {w^^dw'^/dt) dX t = Tk and the 
final values for (p^, dp'^/dt) a,t t = Tk+i = T are 



f)nnm 

-^{TK) = -ep^{TK) + pZi^_, 

rhn^ 

Pk{Tk+i) = i^{-^{Tk+i) - ^ i ), 
-|f(7V+i) = -k{Aw]}(Tk+i) - zo). 



(6.5.1.5) 
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In (6.5.1.4)-(6.5.1.6) the quantities G H and ^ V* are given data to 

the problem. 

The system (6.5. 1.1), (6.5. 1.2) with initial/final values given by (6.5. 1.3), 

(6. 5. 1.4) or (6. 5. 1.5) as appropriate, is an optimality system concentrated on the 

cylinder Qk = ^ was shown in Section 6.3.1. Let us note that on the cylin- 

der 7o this local optimality system has a structure identical to that of the global 
optimality system (6. 1.1.1), (6. 2. 3. 4), (6. 2. 3. 6), the only superficial differences be- 
ing that (0,T) is replaced by (0,Ti), k, by 1/6 and ( 2 : 0 , 2 : 1 ) by 

On the intervals 7^, k = l,...,7f, the local optimality system differs in struc- 
ture from the global optimality system only in that the initial conditions for 
(w'^ /dt)^ rather than being a given element of F x 77, involve also the 

adjoint state {p]^,dp^ /dt). 

We now consider the following spatial domain decomposition of (6.5. 1.1)- 

(6.5. 1.5) , which is based on the same interface conditions used in the domain 
decomposition algorithm in Section 6.4.1: for n = 0, 1, . . ., 






I 



y dt^ 



- V • = F,k 

- V ■ {AiWpTk"^^) + = 0 in Qik; 



(6.5.1.6) 



w, 



m,n+l m,n+l n 

'ik = Pik = 0 on 



(6.5.1.7) 



dPAi 
I di^Ai 



m,n+l 



= 0 on 



(6.5.1.8) 



o m,n+l o m,n+l 



duAi 



dt 



o m,n+l 



ijk 

m,n+l 

^'^ik _ ^m,n y 

~ Qife ^ijk, 



dt 



(6.5.1.9) 



o m,n+l 

(0) = W'oi, — — (0) = Voi 

r\ m,n+l 

O m,n+l 

— (T) = - ZQi) in Qp, 



(6.5.1.10) 
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o m,n+l 

o m,n+l 

= -opT-^\n) + 

-1 o m,n+l 
o m,n+l -j 



(6.5.1.11) 



where /? and 7 are positive constants, Fik = F|q,, , p” , vTk,Li = 

The issue we wish to investigate is that of convergence, for each 
fixed index m, of the system (6.5.1.6)-(6.5.1.11) as n oo to the solution of 
the optimality system (6.5.1.1)-(6.5.1.5). In (6.5.1.11), the first two conditions 
hold for fc = 1, . . . , while the last two hold for fc — 0, . . . , ii" - 1. In ( 6 . 5. 1.9), 
P^jk ^ L‘^{'^ijk) are arbitrary, while forn =: 1 , . . . we set 



o m,n o m,n 

\m,n \( ^jk . n jk , m,n\ 

\jk = (1 - €) + f^~ir + ) 



dt 

o m,n+l a m,n 



dt 



o m,n 

Q” = (1 - ^ 



o m.n 



dt 



o m,n 



dw: 



duA, " ^ dt 

(6.5.1.12) 

where e € [0, 1 ) is a relaxation parameter. The operator dt appearing in (6.5. 1.9) 
is the bounded linear operator L‘^{Ik', Uij) ^ Uij)) defined by 

{dth,4>) = - f {h{t), dt, M4> e H\h\ u,j). 

Ik 



The operator dt in (6.5. 1.8) is similarly defined, but with Ui in place of Uij. 

If Kk:LvVTk:Li e H, X lA/, if A-f , G L2(S,,,) and Q” = dtpT/k, 

then the system (6.5.1.1)-(6.5.1.6) is an optimality system concentrated on the 
cylinder Qik- Indeed, for i = 1, . . . , 7 and A: = 1 , . . . , 7C - 1 it is the optimality 
system for the problem 



iniJ^’'^{fik,gijk,4> 

taken over 

fik C 7y (Xl^j^), Qijk C L (Sij/j;), 4^i^k,k—l C 77^, 'ipi^k,k—l C , 
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subject to 



d'^Wik 



- V • {AiVwik) + CiWik = Fik in Qik 

Wik =0 on 

dwik , dwik , 



dWik I ^dWik ^^m,n , V* W^' ^ ^ 

+ P — \jk + 9ijk on T,ijk, yj G Ji 
I wik{Tk) = A"^(CfcTfc-i + V’i,fc,fc-i) 

I dWik /rn \ m — 1 , 1 



'{Tk) — k k—1 1 ill ^2? 



(6.5.1.13) 



where 



'^ik Qijk 5 4^i,k,k—l ? '4^i^k,k—l] 



Ifikl^d^ 



+ {\9ijkf + b-^-pTjk\^}d^ 

’ jeji 

+ ^(ll»am+i) - A“'C«+.llr. + ll^m+i) - (‘"M+.lli, 

+ ||02,A:./c-1 11^. + \\'^i,k.k-l\\v*- (6.5.1.14) 

For the cylinder Qio = x /q? tho appropriate cost functional is given by 
(6.5.1.14) with k = 0 but with the last two terms omitted, subject to (6.5.1.13) 
with k — 0 and with the initial conditions at t = To = 0 replaced by 

'?^2o(0) = woi, in 

For the cylinder Qix the appropriate cost functional is given by (6.5.1.14) 
with k = K but with the terms 

^{||»</.(Twi) - A-‘»ru+ J k + ll^(n+i) - o,j+,in 



replaced by 



|{ll«i„f(T) - + ii^m - zi.in^ 



Verification of these statements follows the same lines as the calculations carried 
out in Sections 6.3.1 and 6.4.1, and are omitted. From the discussion of Section 
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6.2.2 it follows that, for i = 1, . . . , / and A: = 0, . . . , K, the solution of (6. 5.1.6)- 
(6.5.1.11) has regularity 



[w, 



m,n+l 

ik 



dwl 



m,n+l 
ik 



-) GC{h;VixHi), 



dw. 



m,n4-l 

ik 



£ c{h-,H, X vn, pr*'i 



EJui:;;' 



zk zk 



eL2(SiIuS‘f), 



As was done in Section 6.4.1, we replace the adjoint variable by the 

more regular variable through the substitution 



Pik 



r\ m.n+l 

dQik 

dt 



SpT*' 

dt 



= -Ml 



m,n+l 



In terms of the variables the system (6.5.1.6)-(6.5.1.11) takes the 

form 






m,n+l 

V • + awl’^+^ = Fiu 



dF 



02 m,n+l 

% - V • = 0 in g,fc; 



(6.5.1.15) 



w. 



m,n+l m,n+l 



ik 



<iik 



= 0 on Sg; 



(6.5.1.16) 



+ ai — + 

dk'Ai 

sc-"* " 

I Si'A, 



— a. 



dt 

sc-"*' 

dt 



r\ m,n+l 

9<iik 

dt 



- 0 on Eg; 



= 0 



(6.5.1.17) 



— 1-/3 — 1-7 



dvAi 

m,n+l 



dQl'^^' Mk 

I dPAi 



dt 

m,n+l 



o m,n+l 

dQik 

dt 



\ m,n 
^ijk 



dt 



+ 7 



o m,n+l 

^^ik m^n 

^ Pijk onS» 



ijk'i 



(6.5.1.18) 



'' o m,n+l 



dt 



(T) 



o m,n+l 



zii) in n*; 



(6.5.1.19) 
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o m,n+l o m,n+l 

tr \ _ n^^ik (r \ i „"»-i 
(Ik) - -0 — — (Ik) + 



o m,n+l 



- A-sr^Vi) 



(6.5.1.20) 



r\ m,n+l 

%fc 



^ ^ m,n+l 



Similarly, it is convenient to write the optimality system (6.5.1.1)-(6.5.1.5) 
in terms of q'^ where 

Pk 5 '^Q.k 1 ^ik ^k \Qikf ^ik Qk \Qik’ 

This system then takes the form 



d'^wTl 



^-V.(AVwrk) + cwrk^Fik 
^-V-(AVC) + cC = 0 inQ,fc; 



<k = qTk=0 onEl 
dw^ dw^ 

+ + fi = 0 

dvA dt 



on S(I; 



I n^io (0) = n'oi , (0) = woi 

I = ’^{wTKi'F) - 20i) 

[^(T) = k(^(T)-zh) inQ,; 

= -eqrk{Tk)+A-Xk,Li 

-^(Ik) - -0 — (lk) + 



<iTk{Tk+i) = ^«(r.+i) - A“'Cwi) 

f) m -j 

together with the transmission conditions 





q'^ly = 


dwji 


dQTk 




Syfc 



(6.5.1.21) 

(6.5.1.22) 

(6.5.1.23) 



(6.5.1.24) 



(6.5.1.25) 



(6.5.1.26) 
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In (6.5.1.24), the first two conditions are imposed for fc = 1, . . . , and the latter 
two for /c = 0, . . . , K — 1. 

Convergence of the solutions of (6.5.1.15)-(6.5.1.20) to the solution of 
(6.5.1.21)-(6.5.1.25) is proved along the lines of Theorem 6. 4. 2.1, so we will not 
provide all details. One introduces the local errors 



~m,n+l m,n+l ri 
^ik = ^ik - 



~m,n+l _ m,n+l _ m 
^ik ^ik ^ik") 



which satisfy (6.5.1.15)-(6.5.1.20) with homogeneous data 

Fik = 0, Woi = Voi = ZQi = Z\i = 0, l^i^k,k±l ~ ^ 

and with replaced by 

r\~m,n r\~m,n r^^m.n 

\jk +P +0^ Q^ ) 



Q ~m,n 

(d^ik 



r\ ~m,n o~m, 

I d^ik 

k' Q* ' / Qj. 






dvA. dt ^ dt 



r\^m,n c:\~rn', 



The local errors therefore satisfy 



df^ 

dt^ 



- V • = 0 in Qik-, 






= 0 on Sfi 



d^Tk^^' . ^, dwTk^+^ , 



o~m,n+l 

^^ik 



Q ~m,n+l 

P(iik 



on m-, 



duA, ^ dt 



o~m,n+l 

pQik 



^m,n 

~ '^ijk 



o~m,n+l 

dQik 

dvAi 



A 



Q m,n+l 

I ^^ik ~m,n ^ 

+ 'r^h = Pijk onSijfc; 






o ~m,n+l 

^(0) = 0 



(6.5.1.27) 



(6.5.1.28) 



(6.5.1.29) 



(6.5.1.30) 



(6.5.1.31) 



o~m,n+l o ~m,n+l 



(6.5.1.32) 



(6.5.1.33) 
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w, 



ik 



, -0,2'"*' in) 






dt 



dt 



(Tk) 






dQik 



{Tk+i) = l^^^^{Tk+^) inf 2 , 



(6.5.1.34) 



dt ' ^ ' 6 dt 

The following result describes the convergence of the local errors. 



Theorem 6.5.1 . 1 Suppose that /3, 7 satisfy the hypotheses of Theorem 6 . 4.2.1, that 
0 > 0 and 

7 ^ /..I or', 

0 > (6-5-1-35) 

Then as n ^ 00 we have, for i = 1, . . . , I ; k = 0, . , . , K , and m — 1, 2, . . .; 

(i) for any e e [ 0 , 1 ) 



o ~m,n 

(^™’"(Tfc+i), -^(Tfc+i)) -> 0 strongly in Hi, 



dt 



iCk^iTk), 






ik 



dt 



(Tfc)) — > 0 strongly in Hi, 



o ~m,n 

Kr,^)-o, (g” 



dqT 



dt 

dwT 



dt 

o ~m,n 



dt 

r\ ~m,n 

dyjjk 



dvAi 



dt 



-) -+ 0 weakly* in L°°{Ik',Hi), 



0, 

^ 0 , 

^ 0 , 



o ~m.n 

dQik 



dt 






ik 



dt 



K 



ik 



di'Ai 



0 strongly in 
^0 weakly in 
> 0 weakly in 






(ii) In addition, if e > 0, 
dw^'^ 



{w. 



o ~m,n 

,m,n '-'^ik \ Q ^^ik 

ik ^ dt ’ ’ ’ dt 



(dwfl’'^ dw 



m,n 

jk 



dt 

o m.n 

d<iik 
dt 



dt 

m,i 

'ijk 

dt 



dw2'^ , dwl 

0 , + 



’-‘ijk 



di'Ai 



0 strongly in L°°{Ik',Hi) 
^0 



m,n 

'jk 



0 , 



'-‘ijk 



dvA 

djrdjjr 

duAi dfAj 



-‘ij k 



0 



-‘ijk 



strongly in L’^fSijk), Vj € Ji. 
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Remark 6.5.1. 1 For given a, k and all of the hypotheses of Theorem 6. 5. 1.1 may 
be satisfied by choosing 7//? sufficiently large. 

For the proof one writes the relaxed iteration step for the local errors as the 
relaxed fixed point iteration of a nonexpansive mapping T. Convergence of the 
algorithm is then deduced from properties of T. To this end, we set 

i=l k=0 



with norm defined by 






i=l k=0 



Let X = {{Xik,Pik) ■ i = k = Q,...,K} e X and let {wik, qik) be the 

solution of (6.5. 1.29)-(6.5. 1.34) with replaced by A^fc := Xik\T.ijk and 

;= pik\s^■f., respectively. Define T : X ^ X according to 



{TX),,k = ({-^+P^+l^ 



duA^ 



dt 



dt 






'-‘ij k 



dwjk \ 



ijk 



{TX),k - : j e Ji}, 

TX = {{TX)i^k : i - 1, . . . , A: - 0, . . . , K}. 

Then X is a fixed point of T if and only if {wik, Qik}i=i satisfy (6.5.1.21)-(6.5.1.26) 
with homogeneous data (6.5.1.27). This means that {wk, Pk) {'^ik, Pik}i=i is 
the solution of the optimality system (6.5.1.1)-(6.5.1.5) corresponding to homo- 
geneous data (6.5.1.27). Therefore X = 0 is the only fixed point of T. 

In analogy with Lemma 6.4.2. 1, we have the following result. 

Lemma 6.5. 1.1 For any X = {{^ik^pik) • 2 = . • . , /} G X, we may write 

\\X\\l = 8 + X, \\TX\\% = S-X (6.5.1.36) 



where 



/ U 






i=ifc=o‘^sr.427 



dwik 






+ 



dqik 



+ 



di'A, 

27 



dwik 

dt 



+ 



dqik 

dt 



27 



dS, (6.5.1.37) 




6.5. Space and Time Domain Decomposition 



249 



T 









dt 



K-l 



+ X/ “ l)]||(«^ifc(7fc+l), 



k=0 



27 



dwjk 

dt 



C^k+l 



\Hi 



+ 



+ Ei» + ^(1 - ^m))ll«.| 

k=\ ^ ^ 

IK. 

i=l k=0 ^ik 



^Qik 


2 

(3 dqik dwik ail3 


dwik 


dt 


'j dt dt 7 


dt 



dL. 



(6.5.1.38) 

It is thus seen that T is a nonexpansive mapping if the parameters (3, 7 
satisfy the conditions of Theorem 6.4.2. 1 and if (6.5.1.35) holds. 

Proof of Lemma 6 . 5. 1.1. The proof follows the lines of the proof of Lemma 6 . 4.2.1. 
Indeed, direct calculation gives 

I 

i 0 f dwjk dwik dqik dqjk \ ^ / dwjk dqjk ^ dqtk dwjk 

I 7 dt dvA, dt ) \dvAi dt dvAi dt )] 

(6.5.1.39) 

I K 

£ 



i=l k=0'^^ik ^ 



(3 ( dwik dwik _ dqik %fc \ f dwjk dqjk dqik dwjk 



dt dvAi dt ) dt dvAi dt 



jdS. 



(6.5.1.40) 



By the same arguments used in the proof of Lemma 6.4.2. 1 one obtains 
I K 



f ( ^'^ik dqik dqik \ 



^m)lll,+5ll(«o(o).^(o))ii 



K-l 






k=0 
+ 
I K 



k=l ' 



+ 



SE?/„ 

i=\ k=0 ' 






dqi 


^ dqi dwi 
4“ ~r — 4“ OLj 


dwi 


dt 


dt dt 


dt 



dS, (6.5.1.41) 
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I K 



at ) 



J 2 

E|«||(».K(r),^(r))||^^ + ^ l||(„,j(T,„),^(Ti« 

i—1 ^ k=0 



\\Hi 



K 



+ J20\\iq^k{Tk),^{n))\\ 



k=l 



IK p 0)2 
i=l k=Q'^^i 



dZ. (6.5.1.42) 



Lemma 6. 5. 1.1 follows immediately from (6.5.1.39)-(6.5.1.42). 

Proof of Theorem 6.5. 1.1. Set 

/\m,n— 1 rn,n—l\ r/\m,n— 1 m,n— 1\ Tm.n— 1 m,n— 1\ ^ r2/'^ • ^ /r ^ 

y\k ^Pik ) ■= i\\jk ^Pijk, ) ■ \jk ’ Pijk ) ^ ^ [Ujk, 3 ^ Jii, 

Xm,n ^ : i = I, . . . , I' k = 0, . . . , K} E X , 

and let be the solution of (6.5.1.29)-(6.5.1.34) with n replaced by 

n — 1. Then the interface conditions (6.5.1.32) may be expressed as the relaxed 
fixed point iteration in n 



J 5 ^m,n+l _ _ e)TX^^^ -f CX" 



(6.5.1.43) 



Just as in Section 6.4.2, from (6.5.1.43) and Lemma 6.5. 1.1 we obtain the recursion 
formula 

^m,n+l ^ gm,n 4. (1 _ 2e)j^^’’^, 

where are defined by (6.5.1.37), (6.5.1.38) with Wik, qik replaced by 

the local errors Then, by iterating in the index n, we obtain 



n+l 



^m,n+l < ^m,l _ J- Cp(e)jr"-P, m = 1 , 2 , . . . , 

P =1 



(6.5.1.44) 



where the coefficients Cp{e) are defined in (6.4.2.26). The remainder of the proof 
of Theorem 6. 5. 1.1 is based on (6.5.1.44) and is essentially identical to that of 
Theorem 6.4.2. 1 and is therefore omitted. 



6.5.2 Sequential Time-Space Domain Decomposition 

In this approach we begin with the spatial domain decomposition algorithm of the 
global optimality system, as described in Section 6.4.1, which we write as 



~w 

d'^Pi 

I dt^ 



- V • {AiVw^) + CiW^ = Fi 

- V • (AiVp^) + Cipf = 0 in Qi 



(6.5.2.1) 
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pr = 0on Sf 



dwf 

dvAi 

dp2 



dwf 

+ h p. 



dt 

otidtpi 



0 

0 on Sf 



' +/3^+7P” = Ar' 



dvA 

dPi 

[duA 



dt 

- (3dtp^ + 7ci, 



dw'^ 



n— 1 



dt 



on E: 



int 



u;”(0) = WQi, 



dwf 

~dT 



(0) = voi 



dw? 



pn(T) = K{^{T)-Zu) 



dpf 



~^[T) = -KAi(wf{T) - z^i) in fii. 



(6.5.2.2) 

(6.5.2.3) 

(6.5.2.4) 

(6.5.2.5) 



The localized systems (6.5.2.1)-(6.5.2.5) are, for each value of the iteration index 
n, optimality systems concentrated on the cylinders Qi, i = 1,...,/. We then 
apply our time domain decomposition algorithm of Section 6.3.1 to each of these 
local optimality systems. We are thus led to consider the following collection of 
problems concentrated on the cylinders Qik'- 



02 m+l,n 

V • 



dt^ 



^ik 
m+l,n\ 



+ = Fik 



a2 m+l,n 

^ V ■ = 0 in g,fc; 






dw^ 



m+l,n _ ^m+l,n ^ q ^D. 



= Pik 
dw. 



dvAi 

dpTk 



+ Oti 



m+l,n 
ik 



dt 



I m+l,n 

+ Pik =0 



m+l,n 

L duA = 



o m+l,n Q m+l,n 



di'Ai 

m-f 

^ik 



dt 



^m+l,n _ ^n—1 



\k 



dpm+l,n 



dw. 



m+l,n 



I duAi 






= Cr'on S'f; 



^ m+l,n 

= >“0(, — (0) = »cii 



pTk‘"{T) = «( 



dt 









(7^) - ^li) 






m+l,n 

Uk 



(T) = - zoi) in a; 






(6.5.2.6) 

(6.5.2.7) 

(6.5.2.8) 

(6.5.2.9) 



(6.5.2.10) 
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m+l,n 






dt 









dt 

m+l,n 

Pm 



-PpT'-’'(n)+p’ 



m,n 



1 



( 6 . 5 . 2 . 11 ) 






o m+l,n 

dt 



1 



(Tfe+i) = in 



It is seen that, except for a notational change in indexing, the system 
(6.5.2.6)-(6.5.2.11) is identical to the system (6.5.1.6)-(6.5.1.11). However, in the 
present context the index n > 1 is fixed, are taken as given data, and 

iteration is in the index m, where 'nT{^k±i given by 



o m,n 

c5a« = (1 - f)(-^(ri+i) - spX.ffi+i)) 



r\ m,n 

.9Pk+i 



o m,n 



PpTt"(Tk+i}). 



= (1 - E )(»^ ffi + i ) + awzs(tm)) 



Q m,n 






Cu-I = (1 - + «pTi-i(n)) 



o m,n 

+ e(^|^(rfc)+0p™’"(Tfc)), 



m,n 

'^i,k,k—l 



o m,n 



(1 _ e)(-0^p(T,) + 






( 6 . 5 . 2 . 12 ) 



where e G [0, 1) is a relaxation parameter. The above are valid for m > 1; the 
quantities Vi'kk±i arbitrary. The question to be investigated is the 

r m+l.n m+l,n 

convergence ot w-^ ’ , as m — > cx). 

As noted above, the system (6.5.2.6)-(6.5.2.11) is an optimality system con- 
centrated on the cylinder Qik. It is well posed for fixed n and for m = 0, 1, . . . 
provided £ F/, pV ^ and Cr^ = dtp^,~\ 

Let pfj^ be the restriction to Qik of the solution wf, pf of (6.5.2. 1)- 
(6. 5. 2. 5). Then q'^j^ satisfy (6.5.2.6)-(6.5.2.10) together with the transmission 
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conditions 



W^kiT^k+l) 



dt 



{Tk+i) 



- in'^ 

^<fc+i 

dt 



(Tk+i), 

C^k+l), 



OPik 

dt 



(Tk+i) 



dt 






Therefore the local errors 



(6.5.2.13) 



~m,n m.n n ~m,n m,n n 

^ik -^ik -Wik^ Pik ~Pzk ~Pik 

satisfy (6.5.2.6)-(6.5.2.11) with homogeneous data 

Fik = 0, WQi = voi = zoi = zii = 0, A"jT^ = Qk"^ = 0 

and with Cfe”fe±i replaced by 

^ ~m^n 

KCm = (1 - f)(-^(rw.) - 0p5«(rw.)) 



,dwT''" 



+ e(^(T.+ 0 -^Pr(rfc+i)), 



dp 



C^r^+i = (1 - e)(0^(Tfc+i) + A<+^(Tfe+i)) 






(Tfc+i) + A<’”(Tfe+i)), 



o ~m,n 

A51-, = (1 - + ovTUM 



o ~m,n 

+ e{^^{n) + ep2'^{T,)), 



©l-i = (1 - 



+ 'H%- 






(6.5.2.14) 



(6.5.2.15) 



It is worth noting that the system satisfied by the local errors ^ 

has the same structure as the system (6.3.2.2)-(6.3.2.7) for the local errors in 
the pure time domain decomposition algorithm, save for the additional term 
/dt) appearing in the boundary condition on Therefore, it is 
only a matter of checking that this additional term does not deleteriously affect 
the convergence to zero of the local errors. The following result shows that this is 
the case. 



Theorem 6.5.2. 1 Let j3^ 7, 0 be positive constants. Then as m ^ 00 we have, for 
i = 1, . . . , / and n = 1,2, . . 
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(i) for any e G [0, 1) 



~m,n I 

Pik Ie«UE“‘ 

o ~m,n 



dt 



0 strongly in U S'f ), k = 0,...,K 

0 strongly in k = 0, . . . , K 



f)^rn,n 

{pTk^ ^ 0 in C{Ik\ H i X V*) 

a ~m,n 

i^Tk'iT), -^(r)) - 0 strongly in V x Hi 

o ~m,n 

K’”> ^ 0 C{Io; Vi X HO- 

(ii) In addition, if e > 0 then for k = 0, . . . , K 

p\ ~m,n 

incih.vtxm) 

(Pr.^)-O inO{h;If,xV-) 



Q ~m,n 

d^ik 



dt 






0 strongly in L^(E^). 



Theorem 6.5.2. 1 is deduced from properties of the mapping % associated 
with the relaxed iteration step (6.5.2.11), (6.5.2.12). Thus, proceeding along the 
lines of Section 6.3.2, we set 



^ = Y[{Hi X f;) 



2K 



i=l 

with the standard product norm. Let 

kK-1 



x = {{^, 



(6.5.2.16) 



and let Wik, Pik be the solution of (6.5.2.6)-(6.5.2.11) with homogeneous data 
(6.5.2.14) and all superscripts removed. Define T : A' i-^ A' by setting 






(Tfc+ 1 ) - Opi^k+l (T/e+l ) ,^ 



^Pi,k-{-l 

dt 



{Tk+i)-\-AiWi^k-\-i{Tk-\-i))]^^Q 5 



( 



dwi^k-i 

dt 






TX = {(TXV,...,(TX)i). 

r/~m— l,n ~m— /~m— l,n ~m— l,n\^ 1 

I fc=z0 ’ \k'i,k,k—l'>^i,k^k—l)k=li 



If we then set 



(6.5.2.17) 




6.5. Space and Time Domain Decomposition 



255 



and let be the solution of (6.5.2.6)-(6.5.2.11) corresponding to 

and homogeneous data (6.5.2.14), the relaxed iteration step for the local errors is 
given by the relaxed fixed point iteration 



For XeX given by (6.5.2.16) and wik^ Pik the solution of (6.5.2.6)-(6.5.2.11), 
(6.5.2.14) corresponding to X, let us set 



I K-1 

^ [£ik{Tk+l) + ^i,fc+l(7fe+l)], 

i=l k=0 



(6.5.2.18) 

(6.5.2.19) 



:T: 



L + 1 ^ I'’ 

i=lk=0^'^^ik ^ 



+ 20k ^11 {wMn ^(T)) f. (6.5.2.20) 

i=l 



Lemma 6.5.2.1 For any X G X We may write 

\\X\\% = £ + J^, \\TX\\% = £-X, 

where S, T are defined by (6.5.2.18)-(6.5.2.20). 

Thus T is nonexpansive provided 7 > 0 and 0 > 0. 

Proof of Lemma 6.5.2. 1. The computation follows the lines of the proof of Lemma 
6 . 3. 2 . 1 . One has 

=E|E [\\-oMTk+i) + ^{Tk+i) 

i=l ^ k=0 



2 



+ ||^“^(^fc+l) + ■^i'WikiTk + l)\\y,] 

+y^[||0p,fc(T,) + ^{Tk)\\l^ + \\-0^{n)+AiwM)\\l,] 

k=i 

i=i ^k=i 



k=0 



1 t=Tk-\-i 
=Tk 



+ 



20«|l(w(r),^(r))||E„J. 



(6.5.2.21) 
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Prom the definition of the solution pik of the adjoint system we have (cf. 
(6.2.2.29); this is also obtainable from a formal calculation as in Lemma 6.3.2. 1) 



= / \pit\'‘dS+ f + (6A2.22) 

tk ik 

It follows from (6.5.2.21) and (6.5.2.22) that ||X||^ = 5 + .F. By a similar calcu- 
lation we obtain 

\\rx\\i =^| ^ [\\op^k{n+l) + 

1=1 ^ k=0 

k=l ^ 




+ ^i,k-\-l{Tk-\-l)] 



K 






fc =0 



dt 



{Pik{t) 



dwik 



w)«,l 



i—Tk^i 

t=Tk 



-2e4{wMn^{T))\\l^^^y 

(6.5.2.23) 

It follows from (6.5.2.22) and (6.5.2.23) that ||TX||^ = £ — As di consequence 
of Lemma 6.5.2. 1 we obtain the fundamental recursion formula 



^m+l,n jrm+hn ^ _ 2e)jT^’^ (6.5.2.24) 

where are defined by (6.5.2.18)-(6.5.2.20) with Wik, Pik replaced by 

the local errors vTk^ ' iterating (6.5.2.24) in the index m we obtain 

m+l 

^m+l,n < ^l,n _ n=l,2,..., (6.5.2.25) 

p=0 

where the coefiicients Cp{e) are given by (6.4.2.26). The proof of Theorem 6.5.2. 1 
is based on the (6.5.2.25) and is essentially identical to that of Theorem 6.3.2. 1 
and is therefore omitted. 



Remark 6.5.2. 1 One may derive a posteriori estimates for the local errors both 
in the sequential space-time and the sequential time-space domain decomposition 
algorithms, of a form similar to those obtained in Sections 6.4.3 and 6.3.3, respec- 
tively, by means of the arguments put forth therein. 




Chapter 7 



Domain Decomposition in Optimal Final 
Value Boundary Control of Maxwell’s System 

7.1 Introduction 

This chapter is concerned with domain decomposition in optimal final value control 
of the heterogeneous Maxwell system 

eE' — rot if + crE = F, 
fiH' rot E = G in Q := Q X (0,T) 

(7.1. 1.1) 

Hr-a{uAE) = JonJ::=Tx (0,T) ^ ^ 

E(0) = Fo, E(0) = EoinQ 

where ' = d/dty A denotes the vector product operation, i/ denotes the exterior 
pointing unit normal vector to T and ffr is the tangential component of H, that 
is, 

Hr = H -{H = v A v). 

E and H represent, respectively, the temporally dependent electric and magnetic 
fields in the bounded region fl. The electric permittivity e and magnetic perme- 
ability jj. are positive definite 3x3 Hermit ian matrices, and the resistivity cr is a 
3x3 nonnegative Hermitian matrix, all defined on a bounded region C M^, a is 
a nonnegative scalar function defined on F, and F, G, J are given vector- valued 
inputs defined on x (0,T) and F x (0,T) respectively, of which J is taken as 
the control variable. In (7. 1.1.1) the term aE represents internal damping while 
a{u A E) represents boundary damping. 

When J = 0 and a = 1, the boundary condition (7.1. 1 . 1)3 is known as the 
Silver-Miiller boundary condition. It is the first approximation to the so-called 
transparent boundary condition, which corresponds to the transmission of electro- 
magnetic waves through the boundary without refiections. In general, when o; > 0 
on a set on positive measure in F, the boundary condition (7. 1.1. 1)3 is dissipative. 
That is, with the electromagnetic energy defined by 

£{t) = [ (sE E-^iaH H) dx, 

Jq 
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in the absence of external inputs F, G, J, the functional S{t) is nonincreasing. 
Moreover, the boundary condition (7. 1.1. 1)3 is also regularizing. That is to say, if 
5(0) < (X), if F, G and J have regularity assumed above, and if the support of J 
is contained in the support of a, the solution of (7. 1.1.1) satisfies £{t) < 00 for 
all t > 0. On the other hand, if a = 0 and J ^ 0 then, in general, solutions of 
(7. 1.1.1) will have less regularity. Thus the term au A {H A u) in (7. 1.1.1 plays the 
same role in the system (7. 1.1.1) as does the term adw/dt in (6. 1.1.1, namely, it 
improves the regularity of the solution relative to that which holds when a = 0 
(when J 7^ 0). We may therefore consider optimal final value control problems in 
which, in the cost functional, penalization of the deviation of the final state from 
its target state is taken in the natural energy norm for the problem. This problem 
has a unique solution Jopt that is given in terms of the adjoint variable in the 
optimality system. In this chapter we shall present iterative domain decomposition 
algorithms for this system that, as shall be seen, parallel those for the optimality 
system associated with optimal control of the system (6. 1.1.1). Once again, we shall 
establish convergence of the algorithms and derive a posteriori error estimates in 
terms of the mismatch of the iterates at the interfaces of the subdomains. 



7.2 Optimal Dissipative Boundary Control 

7.2.1 Setting the Problem 

Let be a bounded, open, connected set in with piecewise smooth, Lipschitz 
boundary T, and let T > 0. We consider the Maxwell system (7. 1.1.1) in which 
a G L^(T) such that := infr a{x) > 0. Further, e = {s^^{x)), /x = (/x-^^(x)) and 
a = (cr-^^(x)) are 3x3 Hermitian matrices with entries such that s and /x are 

uniformly positive definite and cr > 0 in fl. The functions F, G e L^(0, T; £^(f])) 
are given while J is a control input and is taken from the class 

U = Cl{^) := { J| J G L2(0, T; ^^(r)), 1/ • J{t) = 0 

for a.a. x G T and a.a. t G (0,T)} 

Function spaces of C- valued functions are denoted by capital Roman letters, 
while function spaces of C^-valued functions are denoted by capital script letters. 
We use a ' /3 to denote the natural scalar product in i.e., a ■P = EJ=i 
and write (•, •) for the natural scalar product in various function spaces such as 
L^(fl) and £^(fl). A subscript may sometimes be added to avoid confusion. The 
spaces L^(fi) and £^(fi) denote the usual spaces of Lebesgue square integrable 
C- valued functions and valued functions, respectively, and, similarly, for the 
Sobolev space F^(r^), 

We set H = C^{Q) x C^{Q) with weight matrix M = diag(e,/x). Thus 

\\{4>,'<P)\\h = {£4>,4>) + W . V ’) 
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It will be proved below that for J G and {Eq^Hq) G W, (7.1. 1.1) has a unique 
solution (E,H) G C([0,T]; W) such that u A E\j: G We shall consider the 

optimal control problem 

ini f \J\^dJ: + K\\{E{T),H{T))-iET,HT)fn, k>0, (7.2.1.1) 

Jeu Jy, 

subject to (7.1. 1.1), where {Et,Ht) G W is given. Problem (7.1. 1.1), (7.2. 1.1) 
admits a unique optimal control Jopt given by 

Jopt = ^^AP|E, (7.2.1.2) 

where (P, Q) is the solution of the backwards running adjoint system 

j eP' - rot Q - crP = 0 
I ^Q' + rot P = 0 in Q 

Qr + a(z/ A P) = 0 on E (7.2.1.3) 

(p{T) = k{E{T)-Et) 

\q{T) = k{H{T)-Ht) inn 

(see Section 7.2.3). The optimality system for the optimal control problem (7.2. 1.1) 
consists of (7.1. 1.1), (7.2. 1.3), (7.2. 1.2). The main purpose of this chapter is to 
present and analyze certain domain decomposition algorithms for the numerical 
calculation of this system. 

Remark 7.2.1. 1 Instead of /^^(E) one may choose as the control space those £^(E) 
functions that are supported in T x (0,T), where T is a subset of T of positive 
2-dimensional measure. The analysis presented below may easily be adapted to 
this more general setting with only minor modifications. 



Remark 7.2.1.2 Instead of controlling the system (7.1. 1.1) through a tangentially 
fiowing electric current J, one may treat J as a given input to the system and 
exercise control through the distributed electromagnetic force F or, more generally, 
through a locally distributed force Pl^;, where a; is a nonempty open subset of 
n and luj is the characteristic function of a;. If the control space is taken to be 
£^(o; X (0,T)) and if, in the cost functional, F is penalized in the natural norm in 
this space, then the optimal control is given by 



P-P 



o;x(0,T) 



(7.2.1.4) 



where (P, Q) is the solution of (7.2. 1.3), so that the optimality system in this case 
consists of (7.1. 1.1), (7.2. 1.3) and (7.2. 1.4). The domain decomposition algorithms, 
and their analysis, that are presented in this chapter may be adapted to this 
optimality system with only minor changes one of which, in the case decomposition 
of the spatial domain, is that it is necessary to require that a\^j be uniformly 
positive definite (cf. Section 6.3.4). esp. Example 6.3.4. 1. 
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7.2.2 Existence and Uniqueness of Solution 

We set 



V = {(l)e C\n) : rot (A e uA(f>e 4(r)}, 

ll<^llv = f (\4>f + \rot(f>f)dx + [ \vh<t>\^dV. 
Jrt Jr 



It is proved in [5] that is dense in V. Therefore the classical Green’s formula 



(rot (j), i;) = (0, rot V^) + / 

Jr 

= {4>,rotip) - 



{u A (j)) ' ipr 
• (^ A ' 0 )dr 



(7.2.2.1) 



is valid for all functions in U xV. 
Let us consider the problem 



Set 



I ecj)' — rot 'll; + (T(j) = sf 
^ + rot (f) = fig in Q 

'ipr — Oi(y A 0 ) = 0 on E 
0(0) = 00, 0(0) = 00 in 



(7.2.2.2) 



-1 



—a rot 



A=M . . . 

rot 0 

Dom(A) = {( 0 , 0 ) G U X U : 0 T- — a{i' A 0 ) = 0 on F}. 
The system (7.2. 2. 2) may be formally written 

U' ^AU + F, where U=(^,F 

Um = U, := 



(7.2.2.3) 



Lemma 7.2. 2.1 A is an m-dissipative operator in H. 



Proof. A is densely defined and from the Green’s formula (7.2.2. 1) we obtain 
{AU,U)n = -{(t 4>,4>) - J a\u A(j)\‘^dT + 2V^lm{7p,TOt(l)), U e D{A), 



so Re{AU, U)n < 0. 
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Let (/, g) and consider the variational equation 



((e + <r)<i>, x) + {/i ^ rot rot x) + ^ «(*" A ^) • (i/ A x) 



dT 



= (9,rotx) + (e/,x), Vx e V. (7.2.2.4) 

The left side of (7.2. 2.4) defines a strictly coercive bilinear form onV xV and the 
right side defines a continuous linear functional on V. Thus (7. 2. 2. 4) has a unique 
solution (j) e V. Set 'll; = g — rotcf) G Then (7.2. 2. 4) reads 



(V’, rot x) = ((e + a)(f), \) ~ {ef, x) + A 0) • (i^ A x) dT, Vx 

It follows that rot-0 G £^(fi) and that 

{e + a)(j) — Totip = ef in f2, 'ipr = A (/>) on T. 



G V. 



I . This completes the proof. 



Therefore (^) e D{A) and (/ - A) 

The following result follows from Lemma 7.2.2. 1 and standard semigroup 
theory. 

Corollary 7.2.2.1 (1) //(</)o,'0o) C H and {f,g) G L^(0,T;W), then (7. 2. 2. 2) has 
a unique mild solution (</>, '0) G C([0,T];7Y) and 

11(0(0? '0(O)IIl^(O,T;H) < C'(||(0o,0o)||?i -f |K/,5 ')||l1(0,T;H))- 

(2) 7/(0o,0o) e D(^) and (/,^) G CH%T];U), then G C([0, T]; D(A)). 

Lemma T.2.2.2 Le^ ((/>o,'0o) C W and {f,g) G L^(0,T;W). Then the solution of 
(7. 2. 2. 2) satisfies z/ A (/)|s G Moreover, the mapping ((0o? 0o)? (/? ^)) 

z/A0|s ^5 continuous from H X L^{0,T;H) into 

Proof First suppose that (0o,0o) C L)(.A) and (f,g) G C^([0,T]; W). Prom 



[ {{f^g)d(t>^i^))ndt= [ [(£(/)', (^) + (/iV^',V^)- (rot 0,0) + (rot 0,0) 4- (cr0,0)] 
do do 



dt 



we have 






-2y/^lm [ {ip,Tot(j))dt= [ {{f,g),{(f>,tl^)) 
do do 



dt. 
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/ < e||(^,^/')||ioc(o,T;W) + C'e|K/,5)llii(0,T;W)> Ve>0, 

^0 



Take the real part of the last equation and use 

r' 

/o 

to obtain 

(acj), (j))dt-\- / 

/o Jo Jr 



I {(7(1), (j)) dt + II a\u A (l)\^drdt 

^ ^ jlK^O, V^o)||?{ + IK/?5')|lii(0,T;H)} • 



The result now follows by density. 

We now turn to the nonhomogeneous boundary value problem (7. 1.1.1). So- 
lutions of (7. 1.1.1) are defined by the transposition method. Indeed, a formal 
calculation using Green’s formula (7.2.2. 1) shows that if {E,H) satisfies (7.1. 1.1) 
then (E^H) satisfies the variational equation 

{{E{T),H{T)),{ct>o.^o))n- f mt),H{t)),{f{t),g(t)))ndxdt 

Jo 

= {{Eo^Ho)dm.m))n-^ [ f J-(i^A0)d5], 

^0 Je 

V(<Ao, V’o) e n, if, g) G (0, T; H), (7.2.2.5) 



where (0, x/j) is the solution of 



j ecj)' — rot xp ~ acj) = ef 

1 uxh' -h rot xb = aq in Q 

^ (7.2.2.6) 

xpr + ol{v a 0) = 0 on E 

(j){T) = 00, 0(T) = 00 in 

A solution of (7.1. 1.1) is, by definition^ a solution of (7.2. 2. 5). We have the following 
result. 



Theorem 7.2.2.1 Suppose that {Eq.Hq) G H, (F,G) G L^(0,T; W) and J G >C^(E). 
r/ien (7.1. 1.1) has a unique solution {E^H) G C([0,T];H). Moreover i/ A £|i; G 
Cl{T.) and the linear map from the data to {{E, H), u A Ejs) ^5 continuous in the 
indicated topologies. 

Proof. Since the mapping (0O7 0o)? (Z^^^)) ((0? '0)^ ^ A 0|s) is continuous from 

n X Li(0,T;W) into C([0,T];W) x £2(s), the right side of (7.2.2.5) defines a 
continuous linear functional on W x L^(0,T;7Y). Therefore, there exists a unique 
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pair {Et,Ht), (E,H) C I/^(0,T; W) satisfying 

{<i>M)n - [ {{E{t), (fit), g{t)))ndxdt 

Jo 

= {{Eo,Ho),{mMmn+ [ {{F{t),G{t)),m),m))dt- [ 

Jo J^ 

V(^o,t/;o)eW, {f,9)€L\0,T-,H), 

where (0, is the solution of (7.2. 2. 6). By definition, {Et,Ht) is the value 
of {E,H) at t = T. This definition is justified because it is true if {E,H) G 
C{[0,T]]H) (see, e.g., [50]). Thus it remains to show that {E,H) G C([0,T];W), 
1 / A jB|e C ^^(S), and that the mapping from the data to ((E, A Efy) is 
continuous in the indicated topologies. If J = 0 this follows from Corollary 7.2.2. 1 
and Lemma 7.2. 2. 2. Indeed, in this case it is easy to verify that the solution given 
according to semigroup theory satisfies (7.2. 2. 5). Therefore, by superposition, we 
may assume that F = G = 0 and Eq = Hq = 0. 

Let Tj- denote the tangential trace operator on T, that is, 

Tr(j) = 1/ A {(j)Aiy)\r, 



which is well defined for 0 G V. We suppose that 



J{t) = TrJ{t), 0<t<T, 


(7.2.2.7) 


where 

J e C\[0,T]-,V) nC^{[0,T]-, J(0) = 0. 


(7.2.2.8) 


In (7.1. 1.1) (with F = 0 and Eq = Hq = 0) we set 

E = E, H = H-J, 


(7.2.2.9) 


which formally leads to 

J eE' — rot + aE = rot J 
1 IjlH' + rot F = — J' in Q 


(7.2.2.10) 


Hr — ol{i' a F) = 0 on S 



E(0) = H{0) = 0mn 

Since (rot J, — J') G ^^^([0, T]; W), system (7.2.2.10) has a unique solution {E, H) G 
C([0, Tj; D(A))nCH[0, Tj; H). Thus {E, H), defined by (7.2.2.0), satisfies {E, H) G 
C{[0,T]]V X V) nC^([0,T];W) and obviously satisfies (7.1. 1.1) (with F = G = 0 
and Eq = Ho = 0) in the pointwise sense, and therefore also satisfies (7.2. 2. 5), 
provided that J is given by (7. 2. 2. 7). 
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We observe that functions J of the form (7. 2. 2. 7) are dense in Indeed, 

C'o°°(0,T;Wy^(r)) is dense in 4(s) and each J e Cg°(0,T; Wy^(r)) may be 
represented, according to trace theory, by some J G C^(0,T; in the sense 

of (7.2. 2. 7). Such J obviously satisfy (7. 2. 2. 8). 

We have the following a priori energy identity for solutions of (7. 1.1.1) with 
F = G = 0 and J given by (7.2. 2. 7): 

\\{E{t),H{t))\\l^-^2 [ {aE,E)dt+ [ [ {a\u A E\^ + -\Hr\^) dTdt 
Jo Jo Jr « 

= \\{Eo,Ho)fn+ [ [ -\jfdTdt. (7.2.2.11) 
Jo Jr ^ 

Assume for the moment that (7.2.2.11) holds, and suppose J G Let {J^} 

be a sequence of functions of the form (7. 2. 2. 7) for some corresponding sat- 
isfying (7.2. 2. 8) such that Jn J strongly in and let {{En,Hn)} be 

the corresponding solutions of (7. 1.1.1). By applying (7.2.2.11) to the differences 
(^Efi EfYi^ Hfi Fim) Jn Jm find that 



{En, Hn) converges to (jB, H) in C([0, T]; H) 

V !\En converges to u A E strongly in £^(S) 

for some (E, H) G C([0, T];H) such that uAE G Since, for each n, (E^, Hn) 

satisfies (7. 2. 2. 5) with J — Jn^ upon passing to the limit we see that the limit pair 
(E, E) satisfies (7.2. 2. 5). Moreover, we note that (7.2.2.11) holds in the limit, from 
which follows that the mapping ((Eq,Eo), J) {{E,H),v A 0fy) is continuous 
from H X E?(H) into C([0,T]; E) x £^(E). This completes the proof of Theorem 
7.2.2. 1, except for establishing (7.2.2.11). This is done by the standard energy 
method. 

From 

0 = Re / [(^E' — rot E + aE, E) -f (/xE' + rot E, E)] dt 
Jo 

we obtain by Green’s formula and integration by parts 

\\\{E{t),H{t))\\j^+ [ {aE,E)dt+ [ f a\i^AE\'^dTdt 
^ Jo Jo Jr 

= i||(Eo,17o)llw-Re^ j^J-{iyAE)drdt. (7.2.2.12) 

Prom the boundary condition we have 

-ReJ-{uAE) = l(a\uAEf + (7.2.2.13) 

2 a a ^ 

The identity (7.2.2.11) follows upon substitution of (7.2.2.13) into (7.2.2.12). 
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Later on we shall need the following result, related to Theorem 7.2.2. 1 above. 

Theorem 7.2.2.2 Suppose that {Eq^Hq) G H, {F,G) G L^(0,T; W) and J G 

Then the solution {E^H) of (7. 1.1.1) is the (unique) solution of the variational 

equation 



{{E{T),H{TM4>oMn- {{E{t),H{t)),{m,gmndxdt+ [ {,^AE)-KdE 

Jo J'E 

={{Eo,Houm,m))n+ r mt),G{t)),m),m))dt- [ 

Jo Jt. 

y{Mo)en, {f,g)eL\o,T-,n), kgcUe) 

where (0, -0) is the solution of 

i ecj)' - rot'll; - a(j) = ef 

+ rot -0 = fig in Q 

ifr + Ac/)) = K onE 

(j){T) = (/>o, '0(T) == 'ipo in Q. 

Proof. Since, by Theorem 7. 2. 2.1, the linear mapping {{(j)o^'ipQ), {f^ g), K) 

(((/), -0), (j/ A 0)|s) is continuous from W x L^(0,T; W) x into (7([0,T];W) x 

£^(E), the right side of (7.2.2.14) defines a continuous linear functional onH x 
L^(0,T7f) X Cl{E). Thus (7.2.2.14) has a unique solution {E,H) G L^(0,T; W), 
(E(T), H{T)) G W, (z/A-E)|s E On the other hand, if (E, H) is the solution 

of (7.1. 1.1) and (0, V^) the solution of (7.2.2.15), then the use of Green’s formula 
and integration by parts in 



(7.2.2.14) 



(7.2.2.15) 




mt),GmmMt))) 



dt 




rot H + <jE, jiH' + rot E), (0, '0)) dt 



shows that (E, E) satisfies (7.2.2.14). This calculation is justified if the data in 
(7.2.2.15] is suSiciently regular, e.g., (0o,'0o) E D{A), {f,g) E C^([0,T];E), and 
K = TrK as in (7.2. 2. 7) and (7.2. 2.8) above. The formula (7.2.2.14) then follows 
for general data by a standard density argument. 



7.2.3 The Global Optimality System 

We consider the optimal control problem (7. 2. 1.1) subject to (7. 1.1.1). 

Since the cost functional is convex and in view of the properties of the map- 
ping ((Eo, Eo), (E, G), J) 1-^ (E, E) discussed in the last section, there is a unique 
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optimal control Jopt that is characterized by the variational equation 

[ Jopt • j js + k({E{T) - Et, H{T) - Ht), {E{T), H{T)))h = 0, 

Je 

VJ e 4(S), (7.2.3.1) 

where {E, H) is the solution of 

J — rot + cfE = 0 
^ jiH' -h rot ^ = 0 in Q 

Hr — a{u A E) = J onT, 

E{0) = H{0) = 0 in Q. 



The pair {E, H) is the unique solution of the variational equation 



{{E{T),H{T)),{ct>o,^o))n ~ f {{E{t),H{t)),{f{t),gmndx^ 

Jo 

= - V(<^o,^o)eH, (/,5 )gL1(0,T;W), (7.2.3.2) 

where {(j)^'ip) is the solution of (7.2. 2. 6) 

Let (P,Q) be the solution of(7.2.1.3). If in (7.2. 3. 2) we replace (0, by 
(P, Q) we obtain 



/.((P(T), P(T)), {E{T) - Et, H{T) - Ht))h = ~ [ J • (i^ A P) dE, 

VJ G 4(E). (7.2.3.3) 



It follows from (7.2.3. 1) and (7.2. 3. 3) that 



Jopt = ^^AP|E. (T.2.3.4) 

Thus the global optimality system consists of the Maxwell system (7. 1.1.1) and 
the backwards running adjoint system (7.2. 1.3), with J = Jopt given by (7.2. 3.4). 



7.3 Time Domain Decomposition 

7.3.1 Description of the Algorithm 

We introduce a partition of the time interval [0, T] by setting 



0 = To < Ti < . • . < Tk < Tk+1 = T 



(7.3.1. 1) 
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and thereby decompose [0, T] into K+1 subintervals Ik := [T^, T^+i], fc = 0, . . . , K. 
We further introduce locally defined functions Ek = E\j^, Hk = H\i^, and so forth. 
We proceed to decompose the optimality system (7.1. 1.1), (7.2. 1.3), (7.2. 1.2) into 
the following local systems defined on fc = 0, . . . , K: 



I eE'f, - rot Hk + aEk = Ek 

+ xotEk - Gk in Qfc := fl X 4 (7.3. 1.2) 

Hkr - a{u A Ek) = u A Pk on Ek :=r X 4, 



[ ePk - rot Qk - crPk = 0 

\nQ'k + rot Pk = 0 in Qfe (7.3.1. 3) 

Qkr + a{u A Pfc) = 0 on 

The “initial” values (Ek{Tk),Hk{Tk)) and (Pk{Tk+i),Qk{Tk+i)) for (7.3.1. 2) and 
(7.3. 1.3) are given through the coupling conditions 



Ek{Tk) = Ek-\{Tk), Hk{Tk) = Hk-i{Tk), 

Pk{Tk+i) = Pfc+i(Tfc+i), Qk{Tk+i) = Qk+i(Tk+i) 

together with 



k = l,...,K, 

fc = 4-l,...,0, 

(7.3.1.4) 



Po(0) = Po, Po(0) = 4o, 

Pk{T) = k{Ek{T) - Et), Qk{T) = k{Hk{T) - Hr). 



(7.3.1.5) 



We now uncouple the local problems by uncoupling the transmission condi- 
tions (7. 3. 1.4) through an iteration as follows: 

(l3E):+\Tk+,) - P:^\Tk+,) = nlk^, 

\pH]:+\Tk+i)-Ql+\Tk+^) = ril,^„ k = 0,...,K~l 
^ , (7.3.1.6) 

{(3E-+\Tk) + P^+\Tk) = t,lk_, 

\f3H^+\Tk) + Q^k^\Tk) = k = l,...,K, 

where ^ > 0 and 

= fiE^+i{Tk+i) - Pfc”+i(Pfc+i) 

Vh+i = W+i(rfe+i) - Ql+i{Tk+i) 
f^lk-i=m-i{Tk) + P^xiTk) 
rilk-i^m-i{Tk)EQt-i{Tk). 

It is readily seen that in the limit of (7. 3. 1.6), (7. 3. 1.7) one recovers (7. 3. 1.4), so 
that (7. 3. 1.6), (7. 3. 1.7) are consistent with (7. 3. 1.4). 
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For the convenience of the reader we write down the complete set of uncou- 
pled systems: 



£{E^+^y - rot/f”+i + aEy+^ = Fk 

+ rot = Gk in Qk 


(7.3.1.8) 


f e(Pfe”+^)' - rot Q”+i - aPy+^ = 0 
\KQk^'y + rot =0 inQk 




1 - a(n A P”+i) = 1/ A P”+i 

\g^+'+a(i/AP^"+') = 0 onEfc 


(7.3.1.9) 


P”^'(0) = Po, H^+\0) = Ho 




(p^+\T) = k{F^+\T)-Ft) 

\ Ql+^ (T) = k{H^+^ (T) -Ht) in 0 


(7.3.1.10) 



subject to (7.3. 1.6), (7.3. 1.7). 

We wish to show that for (Mfe,fe+p<fc+i) and given in H, 

the local problems are well posed for /c = 0, . . . , iC. To do so we shall show that 
the local problem with index k is in fact an optimality system concentrated on the 
interval fc = 0 , . . . , iC. 

Proposition 7.3.1. 1 Assume that (/i^ 

Jk{Jk,hk,k-i,9k,k-i) = \l^ \Jkfdi: + ^{\y3Ek{Tk+,)-tilk+i\\e 

+ \\m{n+i) - vlk+iWl + \\{hk,k-u9k,k-i)fn}, k = l,...,K-l, 

(7.3.1.11) 



JK{JK,hK,K-l,9K,K-l) = T; [ \JK\‘^dTi 

+ '^\\{EK{nHK{T)) - {ET,HT)r^ + ^\\{hK,K-x,9K,K-i)fn, ( 7 . 3 . 1 . 12 ) 

MJo) = \j^ \Jo\^di: + ^{\\f3Eo{T,)-f,l,\\l + \\mo{Tx)^ ( 7 . 3 . 1 . 13 ) 

Fork = 0, . . . ^ K , the system ( 7 . 3 . 1 . 8 )-( 7 . 3 . 1 . 10 ), ( 7 . 3 . 1 . 6 ) is the optimality system 
for the optimal control problem inf Jk, where Uk = £^(E/c) x H for k = 1, . . . , K, 

Uq = £^(So), subject to 



eE'f. - rot Hk + crEk = Fk 
IxH'f. + rot Ek = Gk in Qk 

Hkr o(z^ A Ek^ — Jk ^71 S/j 



( 7 . 3 . 1 . 14 ) 
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( Ek{Tk) — ^{hk^k-i + 

|i?fc(7fc) = i(sffc,fc-i +Vk,k-i) k = l,...,K, 

Eq{0) = Eq, Hq{ 0) = Ho in 0. 



(7.3.1.15) 



(7.3.1.16) 



Remark 7.3. 1.1 In the local optimal control problem inft/^ •Jk{Jk,hk,k-i,9k,k~i), 
the control Jk is, in the terminology of J.-L. Lions and O. Pironneau, the effective 
control dind the controls hk^k-i^ 9k,k-i are virtual^ or artificial controls, as discussed 
in Chapter 2. 



Proof. We give the proof only for fc = 1, . . . , K — 1 since the proofs in the two 
remaining cases are similar. The necessary and sufficient condition that Jk, hk,k-i^ 
gk,k-i be optimal is that the directional derivative of Jk at Jk, hk^k-i, Qk.k-i in 
the direction of Jk, hk^k-i^ 9k,k-i be zero. This leads to the variational equation 

0=1 Jk ' Jkd'E + {0Ek{Tk-\-i) - k+i^Ek{Tk^i))e 

+ {^(3HkiTk-\-l) — 9k,k-\-l 1 Ek{Tk-\-l)) n + — {{hk^k—l, 9k,k—l)^ (^fc,/c— l ? 9k,k—l))Hi 

V(jfc, ^ Wfc, (7.3.1.17) 



where 

( eE^. - rot Hk + crEk = 0 
[fJ^Hk + rot Ek=0 in Qk 

HkT ol{^ a Ek^ — Jk S/j 

EkifPkfj — -^hk^k—i, HkiTk) = ~p9k,k—i in fl. 
Introduce {Pk, Qk) as the solution of 



ePi. - rot Qk - crPk = 0 
fiQ'j^ + rot Pk = 0 in Qk 

Qkr ot{y A Pk) — 0 on Ek 



Pk(Jk-\-i) — PEk{Tk-\-i) l^k^k+i 

Qk{Tk-\-i) = (5Hk(Tk-\-i) — '9k,k-\-i 



(7.3.1.18) 



(7.3.1.19) 



in O. 




270 



Chapter 7. Boundary Control of Maxwell’s System 



We have 



0= / {{ePl.-TotQk- arPk,Ek) + {fJ.Q'k + rot Pk,Hk)}dt (7.3.1.20) 

Jtu 

= {{Pkit),Qk{t)),{Ek{t),Mt)))n 

+ f [QkT ■ (k' A Ek) + (i^ A Pk) • HkrjdE 
J^k 



T’fc+1 

t=Tk 



where we have used (7.2.2. 1). By utilizing (7.3.1.18) and (7.3.1.19) it is seen that 
(7.3.1.20) may be written 



-{iPk{Tk),Qk{Tk)),{^hk,k-i,],h,k-i))n+ [ {iyAPk)-JkdE. (7.3.1.21) 
P P 



It now follows from (7.3.1.21) and (7.3.1.17) that 

Jk — ^ ^ PklTik") ^k,k—l ~ 9k,k—l ~ Qki^k)-> 

from which the conclusion of Proposition 7. 3. 1.1 follows immediately. 



CoroUary 7.3.1.1 Let (Mtfe+i>^fc,fe+i)lf=o^ given arbi- 

trarily in H. Then the iterative procedure described by (7.3. 1.6) -(7. 3. 1.10) is well 
defined for n = 0, 1, 



7.3.2 Convergence of the Iterates 

We consider the iterative procedure with the basic step given by (7. 3.1.6)- 
(7.3.1.10). In fact, as we have done previously, we consider a relaxation of the iter- 
ation step (7.3. 1.6), (7. 3. 1.7). Thus we introduce a relaxation parameter e G [0, 1) 
and consider the iterative step (7.3. 1.6), (7.3. 1.7) with under relaxation: 

/3^”+'(Tfc+i) - P^+\Tk+i) = (1 - e)M^,fe+i + e{/3EUTk+i) - P^{Tk+i)) 
dH^+\Tk+i) - Ql-^HTk+i) = (1 - ^)Vk,k+i + <f3H^{Tk+i) - QUTk+i)) 
/3£;”+i(Tfc) + P^^\Tk) = (1 - + e{PE^{Tk) + P^{Tk)) 

/37f”+i(Tfc) + Q^i(Tfe) = (1 - 6)<fc_i + em^{Tk) + Ql{Tk)). 

(7.3.2.1) 

We introduce the errors 

E^ = El-Ek, Hl = Hl-Hk, P^ = P^-Pk, Ql = Ql-Qk. 
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These satisfy 

- Totm+^ + crE”+i = 0 

|/i(^”+i)' + rot^”+^ = 0 inSfc 

f£(P”+i)' - rotQ”+i - (tP”+i = 0 
|M<5r')' + rotP”+i =0 inSfc 

f - a(// A P"+i) = 1/ A P”+i 
\Q”+i+a(z.AP”+i)=0 onEfe 

^J+i(0) = P”+i(0) = 0 

P«+i(T) = kE^+\T), Q^^\T) = kH^-^\T) in 0 

subject to 

r/?§+i(Tfc+i) - pj^^Tk+i) = 

\/3P”+'(r.+i) - k = 0,...,K-l 

jpE^+\n) + pj+\n) = f,i,_, 

1 /3P”+HTfe) + Ql+\Tk) = k = l,...,K 



(7.3.2.2) 

(7.3.2.3) 

(7.3.2.4) 

(7.3.2.5) 



where, for n > 1, 



Mm+1 = (1 - ^)im+i{Tk+i) - Pfc"+i(Tfc+i)) + e«(Tfc+i) - Pfc”(T,+i)) 
Vh+i = (1 - e)(W+i(rfc+i) - Q^+i(Pfc+i)) + e(W(Pfc+i) - Q^(Pfc+i)) 

= (1 - ^)im-iiTk) + P^-i{Tk)) + <HEJ{Tk) + Pun)) 

Vlk-i = (1 - ^)(«-i(Tfc) + Ql-,{Tk)) + emUTk) + Ql{Tk)), 

(7.3.2.6) 

f^k,k+l ~ k-k,k+l ~ (/3Pfc+l(Pfc+l) ~ Pfc+l(Pfc+l)) 

Vk,k+1 ~ Vk,k+1 ^ iPPk+l{Tk+l) — Qk+l{Tk+l)) (7 3 2 7) 

iPk,k-i = i4,k-i - imiTk) + Pk{Tk)) 
vlk-i = vlk-i - mk{Tk) + Qk{Tk)). 

We shall prove the following convergence result. 



Theorem 7.3.2.1 Let /3 > 0. Then 
(i) for any e € [0, 1) 



z/ A P^lsfe — > 0 strongly in C^fEk), k = 0, . . . , K 
{PP,QI)^0 inC{lK\H) 
(Po”,^o")^0 inC{h\H) 
i/ A Pq |eo 0 strongly in £^(So). 
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(ii) For any e G (0, 1) and for k = 0^ . . . ^ K , 

and {P^,Qt)^0 in C{h\H) 
z/ A -^0 strongly in £^(Efc). 

Remark 7.3.2.1 Part (i)i^2 states that for any e G [0, 1) the effective local optimal 
controls {u A P^|sfc}]^o converge strongly to the global optimal control u A P|e, 
and the deviation ||(P^(r), - [Et, Ht)\\h of the local optimal trajectory 

at time T from the target state {Et,Ht) converges to the deviation 
||(P(T), H{T)) — (Pt, HT)\\n of the global optimal trajectory at time T from the 
target state. An a posteriori estimate of the error in the approximation is derived 
in the next section. 

Remark T.3.2.2 When e = 0 it is possible to show that 
f ^ 0 weakly* in P^(0,T;P) 

p A ^ 0 weakly in k = l,...,K (7.3. 2. 8) 

(Pk,Qk) 0 weakly* in L°°(0, T; W), fc = 0, . . . , AT - 1. 

provided the following backwards uniqueness property is valid: if (P, H) satisfies 
the Maxwell system (7.1.1.1)i,2 with F = G = 0 and the boundary condition 
(7.1. 1.1)3 with J = 0, and if P(T) = H{T) = 0, then P(0) = P(0) - 0. Whether 
or not this uniqueness property holds seems to be an open question. 

Proof of Theorem 7.3. 2.1. Set X = with the standard product norm. Let 

^ ~ ’ {Tk,k—1 ? Vk,k—l)k=l} C X 

and let {Ek,Hk), {Pk,Qk) be the solution of (7.3.1.8)-(7.3.1.10), (7. 3. 1.6) with 
the superscripts n + 1 and n removed and with zero data 

Fk = Gk = 0, Eo = Ho = Et = Ht = 0. (7.3.2.9) 

Define the linear mapping T : X X hy 

TX = {{m+i{Tk+i) - Pk+i{Tk+i),(3Hk+i{Tk+i) - Qfc+i(Tfc+i))fjo\ 

(^A;fe_i(Tfc) + Pfc_i(Tfe),/3Ffe_i(Tfe) + Qfc_i(Tfc))f=i}. 

Note that A is a fixed point of T if and only if the transmission conditions (7. 3. 1.4) 
are satisfied, that is, if and only if {{Ek^Hk), {PkiQk)}k=o solution of the 

global optimality system with vanishing data (7. 3. 2. 9). Since, in this case, the 
optimal control is obviously Jopt = 0, it follows that the only fixed point of T is 
X = 0. 
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As before, the significance of the map T is that, if we set 






(7.3.2.10) 



the relaxed iteration step (7.3. 2. 5), (7.3. 2.6) may be expressed as the relaxed fixed 
point iteration 

= (1 - e)TX^ -f (7.3.2.11) 

Indeed, let {(E"^, i?^), (P^, Qfc)}j^o solution of (7.3.2.2)-(7.3.2.5) with n 

replaced by n — 1. Then 



X” = {(/3^,"(rfe+i) - P^{n+i),PH^{Tk+i)- QUTk+i))to\ 

miin) + n{Tk),!3H^{n) + Qi{Tk))Li) 



and 



rx" = - Q^+i(7fc+i))£-o\ 

+ p^_,{n),f3H]:_,{Tk) + QUiTk))Lih 

from which (7.3.2.11) follows. 

The following result shows that T is nonexpansive. 

Lemma 7.3.2.1 For any X e X, 

\\TX\\% = \\X\\%-2P (7.3.2.12) 

where 

K 

X = 2/?J^/ \iyAPk\Ui: + 20K\\{EK{TK+i),HKiTK+imn- (7.3.2.13) 

Proof. We have 

K-l 

ll^lll = E \\if3Ek{Tk+i) - Pk{Tk+i),pHk{Tk+,) - Qk{Tk+i))fn 

k=0 

K 

+ E \\mk{Tk) + Pk{Tk),(3Hk{Tk) + Qk[Tk))fn. (7.3.2.14) 

k=l 

Let us define 

Skit) = ^^i\\Ek{t)f, + wHkimi) + wPkimi + wQkimi 

K-l 

S=Y. + '^o(T’i) + £k{Tk) 

k^l 
K-l 

~ E \£kjTk+\) + Sk-\-i{Tk+i)\- 

k=0 



(7.3.2.15) 
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One finds after a little calculation that (7.3.2.14) may be written 



K-l 

k =0 

+ 2(3Re[{EK{TK),PK{TK))e + {Hk{Tk),Qk{Tk))^]- (7.3.2.16) 



Form 



fTk+i 

0 = / [(ePfc - rot Hk + crEk, Pk) + {fJ-H'f. + rot Ek,Qk)] dt 

JTk 

= {{Ek{t),Hk{t)),{Pk{t)Mmn\%\+ j \vhPk\^dY., (7.3.2.17) 



where we have used (7.2.2. 1). In particular we have 



{{Ek{Tk),Hk{Tk))APk{TkIQk{Tk)))h 

= {{EK{TK+i),HK{TK+i)),{PK{TK+i),QK{TK+i)))n + [ 

J^K 

= K\\{EK{TK+i),HK{TK+imn+ f WAPKfdE. 

(7.3.2.18) 

It follows from (7.3.2.16)-(7.3.2.18) that 

\\X\W = £^T. (7.3.2.19) 



A similar calculation yields 



K-l 

WTXWl = E \\mk+i{Tk+i) - Pk+i{Tk+x).mk+xiTk+i) - Qk^x{Tk^x))fn 

k =0 

K 

+ E \\{0Ek-i{Tk) + Pk-i{Tk),f3Hk-x{Tk) + Qk-i{Tk))fn 

k=l 

K-l 

-f + 2/? E M(Ek{t),Pk{t))e + {Hk{t),Qk{t))£^-!j,[ (7.3.2.20) 

k =0 

- 2 / 3 Re[(Pif (Tft:), PK{TK))e + {Hk{Tk), QKiTK))^^\ 

= £-P. 

Thus (7.3.2.12) follows from (7.3.2.19) and (7.3.2.20). 
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To continue with the proof of Theorem 7.3.2. 1, we set 

£^{t) = i3H\\m)fe + WHmwi) + immi + \mmi 

K-l 

€^ = '£[£UTk+i) + £^+,{Tk+i)] 
k=0 

J^ = 2f3j2 / WAP^\^dE + 2^K\\{E^{TK+i),HUTK+i))fn. 

Prom (7.3.2.19) and (7.3.2.20) we then have 

IIX^II^ =£nj^j7n^ \\TXm -T^. (7.3.2.21) 

Lemma 7.3.2.2 For any e G [0, 1) we have 

^n+l ^ (7.3.2.22) 

Proof. As the relaxed iteration step (7.3. 2. 5), (7.3. 2. 6) may be expressed as the 
relaxed fixed point iteration (7.3.2.11), from Lemma 7.3.2. 1 and (7.3.2.21) we have 

= (7.3.2.23) 

= ((1 - ef + e^)\\Xm - 2(1 - + 2e(l - 6)Re(TX^, A^);^ 

= ((1 - e)2 + e^)£^ - (1 - 2c)J^^ + 2e(l - e)Re(TA^,X^);^, 

Prom (7.3.2.21) and the Cauchy-Schwarz inequality we have 

\{TX^,X^)x\ < V(f^)2 - (jrn)2 < £n^ (7.3.2.24) 

Lemma 7. 3. 2. 2 follows immediately from (7.3.2.23) and (7.3.2.24). 

By iterating (7.3.2.22) down to n = 1 we obtain 

n+l 

£n+i Cp{e)pP, (7.3.2.25) 

p=l 

where 

Cp(e) = 2(1 -e), p = 2,. ..,n; ci(e) = 1 - 2e, c„+i(e) = 1. 

The crucial inequality (7.3.2.25) implies, in particular, that .F” — > 0 as n oo, 
hence 

u AP^l^k — >■ 0 strongly in £^(Sfc), k = 0,. . . ,K (7.3.2.26) 

{E^{Tk+i), H^{Tk+i)) ^ 0 strongly in H. (7.3.2.27) 

Prom (7.3.2.27) and (7.3. 2.4)2 we then obtain 



{Pk{Pk+i), Qk{Tk+i)) 0 strongly in H. 



(7.3.2.28) 
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Since, for the solution of (7. 1.1.1) (with F = G = 0) the mapping taking 
((Eo, Hq), J) to {{E, H), 1/ AE'Ie) is continuous from H x into L^(0, T; H) x 
£^(E), it follows from (7.3.2.26) and Eq{0) = Hq{0) = 0, that 

{E^, H^) ^ 0 strongly in C(7 q; H) (7.3.2.29) 

u A bo 0 strongly in CI{'Eq) (7.3.2.30) 

Similarly, for the solution of (7.2. 1.3) the mapping from the final data {P{T),Q{T)) 
to {{P,Q),u A P|e) is continuous H L^(0,T; H) x £^(E) so, in particular, we 
obtain from (7.3.2.28) 

{Pk^QD ^ 0 strongly in C(/k; W). (7.3.2.31) 

This proves part (i) of Theorem 7.3. 2.1. 

To prove part (ii) we invoke Proposition 2.3.7. 1 to deduce that — 

^ 0 or, equivalently, 

\\rX^ -X^x -^0 (7.3.2.32) 

since -X^ = { 1 - e){TX^ - X^). We have 

TX” - X" = {(/J(E?+i(Tfc+i) - E^(Tfe+i)) - (A"+im+i) - Pk(Tk+i)), 

- ^fe”(Tfc+i)) - (Q^+i(Tfc+i) - Q^(Tfc+i)))fjg\ 

- Eun)) + - p^in)), 

- mn)) + (QLi(Tfe) - g^(Tfe)))f^j. 

A straightforward calculation shows that 

K-l _ _ _ 

||TX”-X"||^ = 

/c=0 

+ ||(A\i(r^+i) - P^{n+i\Ql+,{Tk+i) - Ql{n+i)Wn]. (7.3.2.33) 
Therefore, for fc = 0, . . . , 7C — 1, 

||(E^+i(rfc+i) - A”(7^fc+i),^fe+i(rfc+i) - m{n+i))\\n - 0 (7.3.2.34) 

||(A”+i(Tfc+i) - A”(Tfc+i),g^+i(Tfe+i) - «(T,+i))1|h - 0. (7.3.2.35) 

By what has already been proved we have 

{P^,Ql)-(i inC{lK\H) 

SO that, in particular, _ _ 

||(p^(T^),g:^(rK))l|w->o. 
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It then follows from (7.3.2.35) with k = K — 1 that 

\\iPK-i{TK),Ql-i{TKmn^O, 

from which follows that 
and, in particular, that 

We may now repeat the argument to conclude that 

(Pfe", Ql)^0 mC{h;n),k = K,K-l,..., 0. 
In a similar way, since we have already proved that 

(Po",-^o”)-0 inC{Io;n) 

we have 

||(Po”(Ti),Po”m))lh^O. 

Use of (7.3.2.34) with k = 0 gives 

ii(pr(ri),prm))iiw^o. 

Also, by what was proved earlier, 

jy A Pi ^0 strongly in £^(Ei), 

hence 



in C{h-H) 

u A Ei\y.^ 0 strongly in £^(Ei), 
and so forth. This completes the proof of Theorem 7.3. 2.1. 

7.3.3 A Posteriori Error Estimates 

The purpose of this section is to derive a posteriori estimates of the difference 
between the solutions of the local optimality systems and the solution of the global 
optimality system in terms of the mismatch of the nth iterates, or of successive 
iterates, across the interfaces t = Tk, k = 1, . . . , K. Although the arguments closely 
parallel those of Section 6.3.3, for the sake of completeness they are included except 
when the arguments are identical up to minor details. 




278 



Chapter 7. Boundary Control of Maxwell’s System 



We introduce the global error at the nth iteration^ by 

I — n 



+ 



and further define the local pointwise error at the nth iteration 



elit) = WiEUt), H^mh + £ A + ^m,\^)dTdt 

+ \\{P!:{t),Qm)\\n + A Pfe"i' + ImrH drdt 

for t e Ik • The cumulative global error at the nth and {n + l)st iterations is then 
defined to be 

max ||e^ + e^+'|Uoc(,,). 

In what follows we shall obtain a posteriori estimates of and in terms of 

the quantities 



4Vi(^fc+i) = WiPnTk+i) - P,\i(Tfc+i),Pfc"(Tfe+i) - 

+ ||(Pfe”(Tfc+i) - P,\i(Tfc+i),Q^(Tfc+i) - QUiiTk+i))fn 



and 

^k,k+i(Tk+i) = \\Em+i) - E^+lin+^lHUTk+i) - P”+/(Tfc+i))|||, 

+ ||(Pfc”(Tfc+i) - P^+,\Tk+,),QUn+i) - QUliTk+i))\\n^ 

which are, respectively, measures of the mismatch of the nth iterates, and of suc- 
cessive iterates, across the break point t = T/c+i. The main results of this section 
are the following error estimates. 



Theorem 7.3.3.1 Let e G [0, 1). Then 



K-l 



e^ <Cy/£^+P 






(Ti+o) 



1/2 



k=0 



(7.3.3.1) 



where 

C = v^max(l, l/^)(2 -f max(||o;“^ ||£,cx.(r), n)). 
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Theorem 7.3.3.2 Let e G [0, 1/2). Then 

^ + ^k+i,kiTk+i))Y'^ (7.3.3.2) 

where 

Ce = \/2max(l, l//3)(2 + (1 - 2e)“^ max(||Q;~^||^oo(r), ac)) (7.3. 3. 3) 

It shall be shown below that < C with a constant C that is explicitly 

computable in terms of /?, K and the input data to the global and local optimal 
control problems. We therefore have the following corollaries. 

Corollary 7.3.3.1 Let e G [0, 1). There is an explicitly computable constant C, de- 
pending only on p, K and the input data to the global and local optimal control 
problems, such that 

K-l 

e^<C{Y,£lk+i{Tk+i)P^. (7.3.3.4) 

k=0 

Corollary 7.3.3.2 Let e G [0,1/2). There is an explicitly computable constant Ce, 
depending only on e, p, K and the input data to the global and local optimal control 
problems, such that 

^ (7.3.3.5) 

k=0 

Theorem 7.3.3. 1 is a consequence of the following two lemmas. 

Lemma 7.3.3.1 Let e G [0, 1). Then 

K-l 

< V2max(l,/J)(5" +jr‘)i/2|^ (7 3 3 

fc =0 

Lemma 7.3.3.2 Let e G [0, 1). Then 

K-l 

e" < 2V2max(l,l//3)v^{^ 

k=0 

+ imax(||a“^||i,oo(r),/t)^. (7.3.3J) 
Similarly, Theorem 7. 3. 3. 2 follows immediately from the following two results. 
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Lemma T.3.3.3 Let e G [0, 1). Then 

+ (1 - 2e)J^ 

< (7.3.3.8) 

k=0 



Lemma T.3.3.4 We have 



gn.n+i < iniax(||a ^||i;,oo(r),K)(:r”+^ +^) 

(7.3.3.9) 



Proof of Lemma 7.3.3. 1. The proof follows exactly the proof of Lemma 6.3.3. 1 and 
is omitted. 

Proof of Lemma 7.3. 3. 2. The starting point is the identity (7.2. 2. 7), which we 
apply to the solution on the interval Ik to obtain 






f f { a \ i ^ AEj :\^ + UHj:,\^)drdt 

Jtu Jr ^ 



iTk Jr 

<\ min ), Hj : in )) fn + f [ huAP ^\^ drdt , (7.3.3.10) 

Jn Jr ^ 



valid for Tk < t < and k = 0, . . . , K. We write the first term on the right 
side of (7.3.3.10) as 



+ \\{E';:_,in),H^_,{Tk))f^ (7.3.3.11) 

and then use (7.2. 2. 7) again to estimate the last term as follows: 

Jr a 

+ ||(£,"_i(rfc_i),^r-i(rfc-i))ll«+ / ' [ ^WAP^_,fdTdt, (7.3.3.12) 

Jn-i Jr a 
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Prom (7.3.3.10)-(7.3.3.12) we then obtain 



+ {a\,^AE]:f + -\H]:,\^)drdt 

Jn Jr « 

71 ~ 

+ / / -\u A P^_i\‘^drdt 

Jn-i Jr “ 



+ / / -\vAP^\^dTdt. (7.3.3.13) 

•/Tfc Jr a 

We now repeat the argument, using (7.3.3.11)-(7.3.3.13) with k replaced by fc — 1, 
and so forth down to A: = 0. Since Eq{0) — Hq{0) = 0 we end up with 



~ ~ ^ ^ rTm + l 



[ (a|r.AE"|2 + i|/f”^|2)drdt 
Jr ^ 



+ / {a\uAE^f + -\H^,f)dFdt 
JTk Jr 

fc-i 

m=Q 

pTm^-i r 1 



^ pim+i r 1 _ 



+ / / (7.3.3.14) 



This estimate is valid for t e h and fc = 0, . . . , P". 
By the Cauchy- Schwarz inequality we have 



Y^{\\{EZ^,{Tm+,),HZ+,{Tm+i))fn - ||(^:"(T,„+i),77”(T„+i))||^) 






2 11/2 



m=0 

(7.3.3.15) 
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It follows that 






0<k<K 



K-1 



<V2{J2 m+^in+x),H^+,{n+i)) - {EUTk+i),Hj:{n+x))rHy^" 

k=0 

><{'£{\m+x{Tk^i),H^+x{Tk+imji + \m^ 

+ S / -kAPfc"pdS (7.3.3.16) 

k= 0 '^^k ^ 



A :=0 



and that 

K 



Y^f {a\v^El\^ + hHU^)d^ 

1 n Sfc 

<V 2 {Y ||(Pfc\i(Tfc+i),^r+i(r/c+i)) - {Em+i),H]:iTk+imnV^" 

k=0 

■■ {Jli\\iEk+i{Tk+i) j ^k+i{Tk+i))\\n + \\i^ki'^k+i), HJ^{Tk+i))\\H)} ^ 

+ E/ k^^Pk?dT.. (7.3.3.17) 

I n *' St 



fc=0 



We estimate the solutions in a similar manner, starting with the 

estimate 

\\iPnt),Qm)fn + 1 J^{a\uAP^\^ + -m^)drdt 

<\\{P!:iTk+x),Ql{Tk+imw t^h. (7.3.3.18) 

The term on the right side is written 

\\{P^{n+x),QUTk+i))fnY^iPk^^^^ 

+ m^,{n+i)M+x(Tk+i))rn 



< m{n+x),Ql{Tk+i))fn - ||(PfcV(Tfc+i),Q^+i(T,+i))|| 



+ 



_ ^ r^fc+2 r 

||(P,\i(r,+2),Q^+i(Tfc+2))|lf, - / / {a\u 

-'Tfc+i Jr 



n 



'AP^^,\^ + ~\Ql^,J^)dTdt. 



(7.3.3.19) 
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Prom (7.3.3.18) and (7.3.3.19) we thus obtain 

\\{pm,Qim\n 

+ A dTdt 

pTk+2 r _ 1 _ 

+ / {a\uAP^^,\^ + -\Ql^,J)dTdt 

Jn+i Jr ^ 

< min+ilQUTk+Mn 

-||(P,V(Tfc+i),Q^+i(Tfe+i))||^ 

+ ||(P,"+l(Tfe+2),Q]J+l(Tfe+2))||^. 

Iterating the argument leads finally to 

wiPmMmii 

+ A Pfc”P + \\Qlr\^) dPdt 

J£^ pTm+1 r _ 1 _ 

+ / {a\i^APZf + -\Q^,\^)dTdt 

m=k+iJTrn Jr « 

K-1 

< 5](||(P^(P„+i),Q”(r™+i))||?, 

m=k 

-|l(C+l(rrn+0,Q™+l(T«+l))||?,) 

+ «2||(^^(T),P”(T))||^ 



Since (P^(T),Q^(T)) = k{E^{T),H^{T)). It follows that 



V2fj^\\{P;:iTk+x),QUTk+i)) 

V I — n 
t u—n 



< 



• k=0 



1/2 



rK-1 

X < > {\\(P^{Tk+,),QUTk+i))fn 

k=0 



+ ||(Pfc\i(Tfc+i),g^+i(Tfe+ 



iPllw 



1/2 



+ K2||(i;^(T),P”(T))|| 






(7.3.3.20) 



(7.3.3.21) 




284 



Chapter 7. Boundary Control of Maxwell’s System 



and that 

{a\i^Apn^ + ^\QU^)dE 

K-l 

k=0 

X + ii(n"+i(T,+i),g^+i(Tfe+i))ii?,)}'/" 

k=0 

+ KmE'^,(T),HUT))f^. (7.3.3.22) 

We therefore obtain from (7.3.3.16), (7.3.3.17), (7.3.3.21) and (7.3.3.22) 

K-l 

e" < 2V2{ ||(P,\i(Tfc+i),P,\i(T,+i)) - {Enn+i),H^{Tk+i))fny^^ 

k=0 

k=0 

K-l 

+ 2V2{J2 m{Tk+i),QUn+r)) - 

k=0 

K-l 

X { E {\\(PkiTk+i),QUTk+i))fn + \\{Pk+i{Tk+i),QUi{Tk+imn)V^^ 

fc =0 

^ r ^ ~ ^ ^ 

+ 2J2 -WAP^\^di: + 2^mEl{T),Hm)\\n- (7.3.3.23) 

By applying the Cauchy-Schwarz inequality once again and recalling the definitions 
of S'^ and Sj^j^_^^{Tk-{.i) we obtain 



K-l 

e" < 2V2max(l,l//3)v^{E 

k=0 

+ 2E/ -kAPfc"|2dS + 2«2||(E”(T),P^(T))|||,. (7.3.3.24) 

From the definition of we obtain 



2E / \WAP]:\^dE + 2K^\\{El{nHl{T))f^ < ^max(||a-'iU~(r),/c)P”. 

(7.3.3.25) 

Lemma 7.3. 3. 2 follows from (7.3.3.24) and (7.3.3.25). 
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Proof of Lemma 7.3. 3. 3. We start with our fundamental recursion which we now 
write as 



+ {I - 2e)J^ < (7.3.3.26) 



We proceed to estimate 



k=0 

(7.3.3.27) 

We have 



• {\\{Em+i),Hm+i))\\n + \\{Ep{Tk+i),Hp{n+,mn) 

+ {\\{P^{n+x),Qm+imn - ||(Pfc”+V(Tfc+i),Q^+((Tfe+i))||«) 

• {\\iP^{n+,),QUTk+i))\\n + mthTk+i),&n+Mn). 

Therefore by the Cauchy-Schwarz inequality we obtain 



K-l 

^(4"(Tfc+i)-£:”+/(T,+i)) 

k=0 

< [/SmE^Tk+i) - (Tfc+i) - H^+lin+Mn 

k=0 

+ ||(F,"(T,+i) - P^+,\Tk+i),QUTk+i) - QlXl{Tk+i))fn]Y'^ 

k=0 

+ \\{P^{Tk+,),Ql{n+P)fn + 

< V2max(l,/J){ ^ ^ (7.3.3.28) 

/c=0 fc=0 



where 



on,n4-l//7-i \ 

^/c,fe+l V^/c+lj 

= ^2(|KE,"(T,+i)^5fc"(Tfe+i))||^ + ||(4"+/(Tfe+0,-^fc^i'(rfc+i))|l?<) 

+ m{n+^),Ql{Tk+i))fn + ll(n'VY(r.+i),Q^:J(T,+i))ll?.- 
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Similarly 

k=o 

< V2max(l,/3){ ^ £k+tk{Tk+i)Y^\ ^ (7.3.3.29) 

/c=0 k=0 

It follows from (7.3.3.27)~(7.3.3.29) that 

k=0 

• { E (Cfc+7(^^+i) + (7.3.3.30) 

k=0 

The proof is completed by noting that 

E (BkYtYTk+i) + (Tfe+i)) = + 8\ (7.3.3.31) 

k=0 

Proof of Lemma 7.3. 3.4. From (7.3.3.14), (7.3.3.20) and (7.3.3.25) we have 

< ^(||(.B”+\(^-+l)>^m+l(rm+l))||?, 

m=0 

-||(£^(r„+i),#"jT„+i))||?^ 

+ ||(^;),+i(T„+i),^;^+i(T„+i))|if, 

-||(E"+i(r„+i),#”+i(T„+i))l|2,) 

m=k 

-||(.P"+i(T„+0,Q:),+i(T„+i))||2, 

+ ll(P"(r„+i),Q™(?^m+i))ll?, 

- ||(p”+1(t„+o,Q™Vi(^-+i))II«) 

+ lmax(||a"^||ioo(r),K)(P"+^ +P"). 



(7.3.3.32) 
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The sums on the right are estimated as in (7.3.3.15), resulting in 

< V2{^(||(i;”+i(Tfe+i),//”+/(T,+i)) - (EUTk+i),Hj:{Tk+i))fn 

k=0 

><{'£{\mtl{Tk+i),H^tiiTk+imn 

k=0 

+ { E (ll(^r'(7’fc+i),Qr'(T/c+i)) - {P^+,{n+,),Qt+,{Tk+Mn 

k=0 

k=0 

+ 1 max(||a“^ ||x,<»(r), 

After one more application of the Cauchy-Schwarz inequality we obtain the con- 
clusion of Lemma 7.3. 3. 4. 

Proof of Corollary 7.3. 3.1. Since = ||X^||^ is nonincreasing, it suffices to 

estimate From (7.3.2.21) and (7.3.2.10) we have 



K-l 



— X/ {\\(i^k,k+i^Vk,k-pi)\\n + \\il^k+i,k^Vk-pi,k)\\n) ' (7.3.3.33) 



k=0 



By (7.3. 2. 7) the right side of (7.3.3.33) is bounded above by 



^ {\\{l^k,k-pi^Vk,k+l)\\n + \\il^k-{-l,k^Vk-pi,k)\\n) 

k=0 

K-l 

+ 4 5^(/j2||(i;(rfe+i),/f(rfc+i))|l^ + ||(P(Tfe+i),Q(Tfc+i))||^). (7.3.3.34) 

k=0 
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The following a priori estimate for the solution of (7. 1.1.1) can be proved by 
standard multiplier methods: 

< ||(£;o,^o)||?, + 1| 0 < 5 < 1. 

(7.3.3.35) 



Thus for every k = 0, . . . ,K — 1 we have 

\\iE{Tk+,),H{n+,))fn 

<2\\{Eo,Ho)fn + ^ [ lkAP|2dS + 4||(£-iF,M-'G)||i.(o,^^„). 
Je ^ 

In addition, 

||(P(Tfc+i),Q(Tfc+i))||^ < \\{P{T),Q{T))\\l, = k^{E{T) - Et,H{T) - Hr)f^ 
Thus the right side of (7.3.3.34) is bounded above by 



k=0 

+ 4i^{2/32||(Eo,i^o)||?t + 4/3^ll(£“'^,M-'G)||i.(o,T;«) 

+ max(2/32|la-iz,co(r), k )( j \u A P\^di: + k\\{E{T) - Et, H{T) - ffT)|lw) }• 

(7.3.3.36) 

Since J{iy A P|s) < ^^(0), we have 

[ \u A PpdS + k\\{E{T) - Et, H{T) - Pt)||?, < 4(Mt) ~ Et, H{T) - HtWh, 

JT, 

where {E^H) is the solution of (7.1. 1.1) corresponding to J = 0. Therefore 
hence 

/ |i/ A PfdE + k|| {E{T) - Et, H{T) - Ht) fn 
7e 

<2«(2||(£;o,Po)||?, + 4||(£-ip,/i-'G)lli.(o,T;W) + ll(^T,PT)|||i). (7.3.3.37) 

It follows from (7.3.3.33)-(7.3.3.37) that 

<C 



(7.3.3.38) 
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where 



K-l 






k=0 



+ 4{K/3‘^ + KmaDi{l3^\\a ^|Uoc(r), «)) (IKi^o, -H'o)||« 

(7.3.3.39) 



The proof of Corollary 7.3.3. 1 is complete. 

Corollary 7. 3. 3. 2 is an immediate consequence of (7.3.3.38), since < 

2{S^-\-jrny 

7.4 Decomposition of the Spatial Domain 

7.4.1 Description of the Algorithm 

In this section we describe an iterative spatial domain decomposition algorithm 
for the optimality system (7.1. 1.1), (7.2. 1.3), (7.2. 1.2). Let be bounded 

domains in with piecewise smooth, Lipschitz boundaries such that 

/ 

fli n fij = 0, i ^ j, C fi, i = 1, . . . , /, ^ ^i’ 

i=l 

We set 

Tij = dQi n d^ij = Tji, i / j, Ti = dUi n r, = [j , ji = {j ^ 0}. 

jeji 

Then dQi = T-"^ U It is assumed that each F^ and F^^ is either empty or has a 
nonempty interior. We further set 

Qi = Qix{0,T), ^ij=Tijx{0,T), E, = F, x(0,T), Ej"' = Fj"' x (0,T). 

Let (E, iF), (P, Q) be the solution of the optimality system (7.1. 1.1), (7.2. 1.3), 
(7.2. 1.2) with {Eq,Hq) G H. The global optimality system may be formally ex- 
pressed as the coupled system 



j SiE'- - rot Hi + (TiEi = Fi 

+ rot Ei = Gi in Qi 

Hir ai{ui AEi) = u APi on 
Ei{0) = Eoi, Hi{0) = Hoi in Qi, 



(7.4.1.1) 
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I SiP' - rot Qi - aiPi = 0 

+ rot Pi = 0 in Qi 

Qir ^ ^ 

{PiiT),Qi(T)) = K{{E,{T),Hi{T)) - {EiT^H^r)) in 
together with the transmission conditions 

i Vi t\Ei — —Vj A Ej^ Pi A Hi = —Vj A Hj^ 

Pi A Pi — Pj A Pj^ Pi A Qi — Pj A Qj on Eiij. 



(7.4.1.2) 



(7.4.1.3) 



The subscript i on i?, P, Q, F, G indicates restriction to ai is the restriction 
of q; to r^. For the remaining coefficients and data the subscript indicates restric- 
tion to The vector Pi is the unit exterior pointing normal vector to dfli. The 
interface conditions (7.4. 1.3) are realized in a weak sense by the solution of the 
global optimality system and will hold in the sense of traces if 

rotP(t), rotP(t), rotP(t), rotQ(t) G 0 <t <T. 



Remark 7.4. 1.1 Although the tangential components of F, P, P, Q are required to 
be continuous across an interface, in general there may be a discontinuity in their 
normal components. 

It is easy to see that (7.4. 1.3) will hold if and only if Eir = Ejr on 
and similarly for the remaining three interface conditions. We further note that 
(7. 4. 1.3) is equivalent to 



Hir fd{Pi A Ei) ^{Pi A Pi) — Hjr + fd{Pj A Ej) + ^{Pj A Pj) (7 4 14) 

Qir -h (3{Pi A Pi) - ^{Pi A Ei) = Qjr - f3{pj A Pj) + ^{Pj A Ej), 

where (3, 7 are nonzero constants. Indeed, by interchanging i and j in (7. 4. 1.4) 
and subtracting the results from (7. 4. 1.4) we find that Hir = Hjr, Qir = Qjn 
and that 



f3{Pi A Ei) + j{Pi A Pi) = -f3{pj A Ej) - ^(Pj A Pj) 
(3{Pi A Pi) - -i(Pi A Ei) = -I3{pj A Pj) + 7(z/j A Ej), 

hence Pi A Ei = —Pj A Ej and Pi A Pi = —Pj A Pj. 

Let us now consider the local iterations 

f Si{E^+^y - TOtHy+^ + aiEy+^ = Ei 

+ rot = Gi in Qi 

- ai{vi A = Vih on S, 

Ey+^ (0) = Ei^i , (0) = Hiu in 0^ , 



(7.4.1.5) 
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j£i(/f+i)'-rotQ”+i-aiPi = 0 

+ =0 inQi 

Q”+i + ai{ui A = 0 on Ei 

(J^"+i(T),Q 7 +i(T)) = /c((P"+i(T),Pr+^r)) - {EiT,HiT)) in ^ 



( 7 . 4 . 1 . 6 ) 



P”+' - I3{i^i A P”+') - A = A”. 

Q"+i + / 3 (i/i A ) - jiui A ) = pA on E^,- 



where 



= (1 - e)[P” + /?(!.,• A P”) + A P")] 

+e[P” - d{vi A P”) - A P-")]|^,^ (7.4.1.8) 

p” = (1 - ,)[Ql - 0{v, A P;) + 7(1^^ A P”)] 

+e[Ql + (5{vi A Pn - lii'i A P?)]|j, ,• (7.4.1.9) 

In ( 7 . 4 . 1 . 8 ), ( 7 . 4 . 1 . 9 ), e G [ 0 , 1 ) is a relaxation parameter. 

Let Hi = X C‘^{Qi) with weight matrix Mi = diag(£i,/ii). We denote 

by (•, *)i the natural scalar product in C‘^{Qi). 



Theorem 7 AA.l Assume that ^ > 0 , 7 > 0 . If Xfj, G ClfEij), Mj G Ji, 
problem ( 7 . 4 . 1 . 5 )-( 7 . 4 . 1 . 7 ) has a unique solution such that G 

C([ 0 ,T];Hi), G ( 7 ([ 0 ,T]; Wi), and all of the traces appearing in the 

boundary conditions in ( 7 . 4 . 1 . 5 ) -( 7 . 4 . 1 . 7 ) are in C^. 

Proof This theorem is a consequence of the fact that ( 7 . 4 . 1 . 5 )-( 7 . 4 . 1 . 7 ) is the 
optimality system for the local optimal control problem 




E / {\Jij\^ + Mt'i^Ei) + pA\^}cn: 

jeJi 



+ K||(Pi(T) - EiT,Hi(T) - HiT)fn„ 



inf 

JiiJij 



subject to 

f £iP' - rot Hi + aiEi = Fi 
\piHl + rot Ei = Gi in Qi 

Hir - ai{ui A Ei) = Ji on Ei ( 7 . 4 . 1 . 10 ) 

Hir - fi{vi A Ei) = Jij + AA on Ei^- 
Pi( 0 ) = Poi, Hi{0) = Hoi in fli, 

where Ji G £^(Ei), G P^(Eij). Since /? > 0 , problem ( 7 . 4 . 1 . 10 ) has the same 
structure as ( 7 . 1 . 1 . 1 ) and, therefore, from Theorem 7 . 2 . 2. 1 its solution satisfies 
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{Ei,Hi) e C{[0,T]]Hi), Vi A Ei, Hir G U The optimal functions 

Jij^ j ^ Ji', are characterized by the variational equation 



Jlai 1 



'ij ■ A + (7(^1 ■ ^i) + P’ij) ■ ■ Ei)}(E 



+ K{{EiiT) - EiT, H^{T) - Hir), {Ei{T), F,(T)))h. = 0, 

VJ, e Cl{Ei), Ji, e 4(S,,), (7.4.1.11) 



where {Ei, Hi) is the solution of 



I S{E^ — votHi + CiEi — 0 

I fiiHl + rot Ei = 0 in Qi 

Hir - ai{Pi A Ei) = Ji on S* (7.4.1.12) 

Hir ^ ^i) ~ '^ij ^ij 

Ei{0) = Hi{0) = 0 in Oi. 

Let {Pi, Qi) be the solution of 

f ejP/ - rot Qi - OiPi = 0 
yPiQ'i + rot p = 0 in Qi 

Qir + ai{ui A P) = 0 on E* (7.4.1.13) 

Qir + l3{ui A Pi) = 7 (i/j A Ei) + Pij on S^- 
(P(T), Qi{T)) = K{Ei{T) - EiT, Hi{T) - H„) in fl,- 



Since 7 ( 1 /* AEj)+p^ € E^(Sjj), Vj e Ji, (7.4.1.13) has a unique solution {Pi, Qi) £ 
C([0,T];Pi) and VihPi, Qir £ £^(Sj) UE^(S)"‘). If we apply Theorem 7.2. 2. 2 to 
(7.4.1.12) and (7.4.1.13) we obtain 



k{{E,{T) - E,t, Hi{T) - Hir), (P(T), P*(r)))w, 

+ E/ {l{^^i■Ei) + p^J)■{u^■E^)dE 
jeJi 



■7.,' 



i/i ■ Pi) ■ JidT. 



■^L 

j€ji •'^'3 



{Vi ’ • tJijdYj. 



(7.4.1.14) 



It follows from (7.4.1.11) and (7.4.1.14) that the optimal solution is given by 
Ji = Vi A Jij — l{vi A Pi)\T,ij- 

This completes the proof. 
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Remark 7.4.1.2 In the local optimal control problem on the region Qi the control 
Ji — Vi!\ Pil^i is the effective control and the controls Jij are virtual controls] see 
[76, 77, 73, 74]. 

As a consequence of Theorem 7.4. 1 . 1 , it follows that the iterations (7.4. 1.5)- 
(7.4. 1.7) are well defined for n = 0, 1, . . ., if ^ > 0, 7 > 0, and A^^-, G £^(Eij), 
Vj G J^. 

7.4.2 Convergence of the Iterates 

In this section we prove that the solutions ^ Q7^^)}i=i 

of the local optimality systems (7.4.1.5)-(7.4.1.7) converge to the solution 
{{Pi,Qi)}(^i of the global optimality system (7.4.1.1)-(7.4.1.3). 
We introduce the local errors 

:= (E” - EuHr - Hi), := (P^ - P,Q^ - Qi), n > 1 . 

Then (E^,H-), {P[^,Qf) satisfy 

Si{EJ+^y - rot HJ+^ + cTiEf+i = 0 
Hi{Hy+^y + rot Ey+^ =0 inC, 

Hl+^ - ai{ui A Ey+^) = ViA on 
Ey+\0) = Hy+\0) = 0 in Qi, 

ei{py+^y -rot -(TiPi = Q 
Mi(Q”+')' + roti^"+i =0 

+ai{ui A Py+^) = 0 on 

{Py+\T),Q^+\T)) = K{Ey+\T),Hy+\T)) in Qi, 

I A |r+i) - 7(1^, A py+^) = 

+ (3{i^i A py+^) - j{ui A £”+i) = on Eij 

where, for n > 1 , 

A” = (1 - e)[Hy^ + I3{u, A sy) + A P")] 

+e[Hl-(3{i^iAEy)-^{uiAPy)]\^^^ 
p”- = (1 - e)fe - d{vj A Pf) + A P")] 

Pe[Ql + di^i A Pn - j{ui A Pf)] Is,, > 

A° = A°. - [H,r + dii'j A E,) + A P,)]|s,, 

^ij = p% - [Qjr - A Pj) + 7(^'j A Pi)]|E„ • 



(7.4.2.1) 

(7.4.2.2) 

(7.4.2.3) 

(7.4.2.4) 

(7.4.2.5) 

(7.4.2.6) 

(7.4.2.7) 
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The main convergence result of this section is the following. 

Theorem 7.4.2.1 Assume that G Cl{T,ij), i = 1, . . . ,I , j e Ji, that (3 > 0, 

7 > 0 and that 



ao :=infa{x)>U-j + M + l 



Then for any e G [0, 1) and for z = 1, . . . , 



7 ^ - 1 
^ ^ 2k 



(7.4.2.8) 



(EnnHnT)) ^ O, (PnO^Qm) - O strongly in Hi 

Uae^\^,^o, ^0 

A 0, Qf^\Ei ->■ 0 strongly in £?(Si) 

(ui A ^ 0, Ijjinl — > 0 

f A P"|s.n« ^ 0, — >■ 0 weakly in 



In addition, 

(i) ife€ (0,1), 

{E ^ , ^ 0, , Q”) ^ 0 strongly in L°° (0, T; H,) 

I if” - if” Is., ^ 0, z/. A E” + z., A £”|s,, - 0 

\<3"r - Qjrkij ^ 0, z/j A i^” + z/,- A Fj'Is., 0 strongly in 

(ii) 7/ e = 0, and if it is assumed that for each i = 1, . . . , 7, either (i) pi 

are C‘^{Qi) positive scalar functions; or (ii) Si, pi are C^{Qi) positive definite 

matrices such that pi = fiSi for some C^{Qi) positive scalar function fi, then 

^ 0, 0 L^{0,T;Hi), 

Remark 7.4.2. 1 We see from Theorem 7.4.2. 1 that, for any e G [0,1), the local 
optimal control Ui A converges strongly in Cl{T>i) to the restriction to of 
the global optimal control z/ A P. Moreover, the deviation {E(){T) — EiT, Hf{T) — 
Hit) of the local optimal trajectory at time T from its target state (EiT^Hir) 
converges strongly in Hi to the restriction to Qi of the deviation of the global 
optimal trajectory at time T from its target state. 

Proof of Theorem 7.4. 2.1. We introduce the space 

I 

A’ = n^x(Sr*)x£2(S-nt) 

i=l 

= (lAi|2 + |p,|2)dS, X = {{K,p,)}U- 

tt 27 f E‘nt 



(7.4.2.9) 
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For X = {(A^, G X let {(F'i, i/i), {Pi,Qi)}(^i be the solutions of the family 

of problems 



eE[ — rot Hi + aEi = 0, fiH'- + rot = 0 
eP' - rot Qi - aPi = 0, fiQ[ + rot Pi = 0 in Qi 

{ Pir ^i(pi A Ei^ A P{ — 0 
1 Qir “1“ A P{^ — 0 on Xlj 



I Hir - ( 3 {ui A Ei) - A Pi) = Ai 
[Qir + A Pi) - 7(i/z A Ei) = Pi on 
Ei{0) = Hi{0) = 0, Pi{T) = KEi{T), Q^{T) = KHi{T) in Q,. 



This system, which is nothing but the system (7.4.2.1)-(7.4.2.3) above with the 
superscripts removed, has a unique solution with (Ei,Hi), (Pi^Qi) G C([0,T];'W), 
and all of the boundary terms are in C^. Define the linear mapping T : X X 
as follows. Set 



(TX)ij — [Hjr + (5(yj A Ej) + A Pj)^Qjr !3(yj A Pj) + 7(i/j A Ej)^ 
(TX), = {{TX)ij : j G Ji}, rX = {{TX)i : z = 1, . . . , (7.4.2.10) 

We see that X is a fixed point of T if and only if (Ei^Hi), (P^, Qz), z = 1, . . . , 
is the solution of the global optimality system corresponding to vanishing data 
Eq = Hq = Et = Ht = 0, F = G = 0. Since for vanishing data the optimal 
control is J = 0, it follows that the only fixed point of T is X = 0. 

The mapping T is useful for the following reason. If, for n = 1, 2, . . ., we set 

X" = {(A ^-\ = (7.4.2.11) 

and let {E^^H^)^ (P'^,Q^) be the solution of (7.4.2.1)-(7.4.2.3) with n replaced 
by n — 1 , then 

X” = { A E^) - 7 ( 1 /, A Pn,Q7r + A PH ~ A £”)) L., ^ 

(7.4.2.12) 



TX^ = {(//”+ I3{uj A S”) + A i^), 



i = (7.4.2.13) 



and the interface conditions on in (7.4.2.3) may be expressed as the fixed point 
iteration 



Xn+l = (1 _ ^ 



(7.4.2.14) 
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The following result shows that T is nonexpansive if 7 satisfy (7.4.2. 8 ). 
Lemma 7.4.2.1 For any X e ^ one may write 

||X||^ = S + J^, \\rx\\\ = S-X (7.4.2.15) 

where 

I 






7 



■{\ui A Eip + \ui A Pjp) 



1 



+ -{\Hir\‘^ + \Qir\‘^)}d'S. (7.4.2.16) 



^ = E{('^ + - i^"))\m{T),Hi{T))\\l,^ + ^\m{0),Q^{0))fn^ 

+ - [ {{criEi,Ei)i + {aiPi,Pi)i)dt + [ {ai-\ui A Eif 

7 Jo J^i 7 

+ (1 + ai^)\ui A Pi\^ + “Rg A Ei) • A (7.4.2.17) 

One has E > 0 if (3, ^ satisfy (7.4. 2. 8). 

Proof of Lemma 7.4.2. 1. We have 

11^111 = [ mr A Eo-i(u, A po\^ 

7^1 

+ IQir + /3(^'i A p) - 7(i/i A Ei)|^}dS 

+ ^Re {Qir ■ {vi A Pi) - Hir ■ [vi A Ei)) 

- Re [Hir ■ [I'i A Pi) + Qir ■ {vi A Ei)) |dE. 

(7.4.2.18) 

From 

0 = / {{sEl~TOtHi + aiEi,Ei)i + {iJ.iHl + TotEi,Hi)i}dt 

Jo 

we obtain 

0=l\\{Ei{T),Hi{T))f^^+ [ {aiEi,E,)idt+ [ Re Hir ■ A Ei)d'E 
^ Jo 
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and, therefore, 




Re Hir 



■ {ui A Ei)dT, 



1 

2 



- C {aiEi,Ei)dt 
Jo 

j {ai\ui AEif + Re {vi A Pi) ■ {vi A Ei)]d'E. 



(7.4.2.19) 



Similarly, 



0 




- rot Qi 



-GiPi,Pi)i + {niQ'i + rot Pi, Qi)i]dt 



leads to 




ReQir • (yi A Fi)dE 



+ [ {aiPi,Pi)idt+ [ ai\ui APi\^dE. 

Jo JT.i 



(7.4.2.20) 



Next we calculate 



0 — Re J — Tot Hi (TiEi, Pi)i {/jiiHl Tot Ei,, Qi)i}dt 

= K\\{Ei{T),Hi{T))\\l^ 

+ Re {Hir ■ {vi A Pi) + {vi A Ei) ■ QirjdE 

= K\\{Ei{T),HiiT))\\j,^ 

+ / \vi A Pi^dE 
JSi 

+ I Re {Hir ■ (i^i A Pi) + {vi A Ei) ■ Qir) dE (7.4.2.21) 

4S‘"‘ 

It follows from (7.4.2.18)~(7.4.2.21) that 



\\x\\% = e + E. 



(7.4.2.22) 
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Similarly, 



^ 27 

+ iQir ~ f^i^i A -Pz) + 7(^2 

.2^ . / 3 ^ + 7 ^ 



stlj 



2^(ji?irP + IQirl"^) + 2 ^ 



(lz/AEi|" + |z/APir) 



/3, 



- ^Re (Qir • {vi A P) - Pir • {vi A Pi)) 

+ Re (Hit ' iyi A Pi) + Qir ■ (yi A Pi)) I’dS 



(7.4.2.23) 



= Z-T. 

Inequality (7.4.2.15) now follows from (7.4.2.22) and (7.4.2.23). 

Under the stated condition on the parameters /?, 7, we have 

(k + ^(1 - K^)) > 0. 

and, moreover, the quadratic form 

aAWi A P"+i|2 + (1 + aA)\iyi A + ^Re(i/i A E^+^) ■ (z^i A F”+') 

7 7 7 



is positive definite. Therefore P > 0 if /?, 7 satisfy (7.4. 2. 8). This completes the 
proof of Lemma 7.4.2. 1. 

Let X'^ be given by (7.4.2.11), so that TX^ is given by (7.4.2.13) and the 
interface conditions are expressible as the fixed point iteration (7.4.2.14). From 
(7.4.2.22) and (7.4.2.23) we have 



\\X^\\% = £^+ \\rX^% = r (7.4.2.24) 



where 



£^ = 






/32+q2 



i/i A P”p + |i/i A P”|2) 



+ + \Qt\^)]<ni, (7.4.2.25) 
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+ 



a 



=E{(» 

i=l ^ 

r {{a,E^,E'^)i + {aiP^,P^)i)dt+ [ {afi 
Jo J^i 7 



u+ |;(i - K^))\m{T),Hr{T))fn, + ^\\{pno),Q7m\\ 



/5^ 



n|2 



ViAEf\^ + {l + ai^)\PiAP^\ 
7 



0. 



+ -Re{iyiAE^)-{uiAPJ 
7 




. (7.4.2.26) 



From Lemma 7. 4. 2.1, (7.4.2.24) and (7.4.2.14) we have 

^n+i ^ jrn+1 ^ ^ 2e{l - e)Re (TX”, X”)^ 

- (1 - 2e).X” (7.4.2.27) 

Prom (7.4.2.24) and the Cauchy-Schwarz inequality we have 

|(TX”,X")a'| < x/(^")2 - (X”)2 < 5" 



and, consequently, 

((1 - ef + e^)^:" + 2e(l - e)Re (TX", X");t < S^. (7.4.2.28) 

The following fundamental recursion relation now follows from (7.4.2.27) and 
(7.4.2.28): 



£:”+i+X"+i <f"-(l-2e)X", n = l,2,..., (7.4.2.29) 

If (7.4.2.29) is iterated down to n = 1 we obtain 

n+1 

Sn+i < _ 2 ^ Cp{e)pP, (7.4.2.30) 

p=l 

where the Cp{e) are defined in (6.4.2.26). Since > 0 for all p it follows from 
(7.4.2.30) that 



oo 

converges and is a bounded sequence. 

p=i 

The convergence of ^ .7^ implies that 



{EnnHfiT)) ^ 0 and (J7"(0),g^(0)) 0 strongly in Hi 

Vi A — *■ 0 and Vi A P"|si — *■ 0 strongly in £^(Sj), (7.4.2.31) 

(TiEf^^ -> 0, CTiPi'^^ 0 weakly in L^{Qi), i = 
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(7.4.2.32) 



FVom (7.4.2.1) and (7.4.2.2), 

-> 0, ^ 0 strongly in £^(Si) 

{P^{T),Qf{T)) 0 strongly in Hi. 

The boundedness of implies that A^, are bounded in C‘^{T>ij). Therefore 

(^n+i^^n+i)^ (^n+1 gn+1) bounded in L^(0,T;?^,), i = 1, . . . ,7 

and all of the boundary traces appearing in the interface iteration (7.4.1. 7) are 
bounded in It follows that, on a subsequence n = rik of the positive 

integers, 

(^n+i^^n+i) ^ (EuHi) weakly* in L°°{0,T]Hi) 

^ {h,Q,) weakly* in L~(0,T;Wi) 






A , h: 



(7.4.2.33) 



^ Bi weakly in £AE“‘) 

Vi A .^”+1 ^ Ci, ^ Di weakly in 

for some A, Bi, Q, Dj_e 4(S‘"‘), {Ei,Hi), {PuQi) G L~(0,T;Hi)- 
Let (0, '0) G C^{^i X [0,T]). We have 

0 = T[(£i(Ef+i)' - rot#f+' + aiE^+\<P)i + + rot E^+\^)i] dt 

Jo 

= m+^T),Hy+\T)), {<t>{TU{T)))n, - f m^\ei<t>' - rot^; - <Ji<t>)i 

Jo 

+ (#f+\/riV’' + rot<A)i] dt+ [ {#"+1 ■ (vi A <^) + {vi A Ey+^) ■ xPr}dE 

7si 

+ [ {Hy+^ ■ {vi A(t>) + {vi A £”+i) • V-rlrfE 

Upon passing to the limit through the subsequence n = Uk we obtain 

/ [{Ei,£i(p' - rot 'ip)i + {Hi,fj,i'tp' + Tot(p)i] dt 

Jo 

= [ {Bi- {vi A<P) + Ai- xPrjd-B, y{4>, i>) e C^ipTi X [0, T]). 



Therefore 



I £iE{ - rot Hi = 0 
\fJ-iHl + rot Ei = 0 in Qi 

Vi A Ei = Hir =0 on Ej 
Vi A Ei = Ai, Hir = Bi on E)"*^ 

Ei{ti) = Fi(0) = Ei{T) = Hi{T) = 0 in ffi 



(7.4.2.34) 
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Similarly, 

f SiPl - rot Qi = Q 

+rotPi = 0 mQi 

Ui A Pi = Qir =0 on Si (7.4.2.35) 

UiAPi= Ci, Qir = Di on S-''^ 

Pi{0) = Qi{0) = P^{T) = QiiT) = 0 in 0^. 



Case 1: € = 0. In this case we use a unique continuation argument to conclude 
that Ei = Hi = 0 and Pi = Qi = 0 in Qi for i = 1,...,/. Together with 
(7.4.2.31) and (7.4.2.32), this will complete the proof of part (ii) of Theorem 
7.4.2. 1. However, the unique continuation argument requires additional hypotheses 
on the coefficients Si^ fii as indicated in part (ii) of Theorem 7.4.2. 1. Suppose first 
of all that fii is a region adjacent to T, that is Ti ^ 0. From (7.4.2.34) we have 

SiEi{t) = [ rot 
Jo 

hence 

diY{siEi) = div(/ii#i) = 0 in Qi, (7.4.2.36) 

• {siEi) = Vi • (/iiJTi) = 0 on Si, 

since Vi • rot 0 is a tangential differential operation on Vi A (f) on Si. Since 
0 = Hir = Hi - {Hi • Vi)vi on Si 



Hi{s)ds, fjiiHi{t) = - vot Ei{s)ds, 
Jo 



we have 

0 = Vi’ {liiHi) ■= {Hi • Vi)vi • {liiVi) on Si, 

which implies that Vi'Hi = 0 on Si since /ii is positive definite. Therefore i/ilsi = 0 
and, similarly, Ei\Y,i = 0. Hence {Ei, Hi) is n solution of the dynamic Maxwell sys- 
tem and of (7.4.2.36) in Qi that vanishes on Si. Moreover, since {Ei, Hi) vanishes 
at t = 0 and t = T, this pair may be continued by zero to fi x {t < 0} and 
to fi X > T} as P'(— oo, oo); Wi) solutions of the Maxwell system satisfying 
(7.4.2.36) and vanishing on Ti x (— oo,cx)). It then follows from results of Eller 
(see [21, Corollary 50] when Si, jii are C^(fii) positive scalar functions, or [20, 
Theorem 1.1] when Si, jii are C^{fti) positive definite matrices and /ii = fiSi 
for some positive C°°(fii) scalar function) that Ei = Hi = 0 in Qi. Therefore, 
Ei = Hi = 0_in Qi for every index i such that Ti 0. The argument is the 
same for (Pi, Qi). It follows that for such i we have Ai = Bi = Ci = Di = 0 and 
therefore the convergence in (7.4.2.33) is through the entire sequence of positive 
integers. 
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Now suppose Qj is a region adjacent to a boundary region, i.e., to a region 
fti such that ^ 0. Then = d^i fl has a nonempty interior. From the 
interface conditions on we have 

A Ef+2) - A ^”+2) 

= ^7+1 + A + 7(i/i A P”+i), (7.4.2.37) 

- I3{uj A .b;+ 1) - 7(i/i A p;+i) 

= + /3(i/, A ) + 7 (i/i A P^) on . (7.4.2.38) 

Since, for the index i, convergence is through the entire sequence of positive inte- 
gers, if we pass to the weak limit in (7.4.2.37) and (7.4.2.38) through the 

subsequence n = Uk we obtain 

Bj “h (^Aj T 'yCj = 0, Bj — (^Aj — 'jCj = 0 on E^j. 

Similarly, 

Dj - (3Cj + ^Aj — 0, Dj + (3Cj — ^Aj = 0 on E^j, 
hence Aj = Bj = Cj = Dj =0, that is to say 

Uj A Ej = Hjr = Vj A Pj = Qjr = 0 on E^j, Vj G (7.4.2.39) 

The same unique continuation argument as above gives Ej = Hj = Pj = Qj = 0 
in Qj. One may now proceed step-by-step into the remaining interior regions Qj 
and conclude that Ej = Hj — Pj = Qj = 0 in Qj for j = 1, I. 

Case 2: 0 < € < 1. In this case we can obtain stronger convergence results 
than in the case e = 0 by invoking Proposition 2. 3. 7.1 to deduce that — 

^ 0, or, equivalently, that \\TX'^ — ^ 0. Prom (7.4.2.24) we have 

\\rX^ - X^\\% = 2S^ - 2Re(TX^,X^) 0. (7.4.2.40) 

We calculate 

{rX\X-U=j2Y.^ / {{Hfr+l3{i',^EJ)+^{ujAPj)) 

i=l j€j, 

+ (Q", - /?(!/, • A Pf) + 7(zv,- A Ej)) ■ (Q" + A P^) - l{vi A E{)))dE. 
The integrand equals 

F" • A” + Qir • Q'ir - A E^) ■ {Vi A ED + {Vj A Pf) ■ (l/i A .^D] 

- /3[% • {v. A E") - {Vj A Ej) • H„] - A PD ~ A Pj) ■ Ar] 

+ /J[QD • A Pn - A Pj) • Q.r] - 7[QD ■ A ED - {uj A Ej) ■ Qir]. 
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Integrals of the form 



{Fj-Gi-Gj-Fi)dE 



i=i jej- 



may be written 



EE / [{FrGi-GrF,) + {F,-Gi-Gi-F,)]<n: 

jeJi 

j>i 

= f V^lm{Fj-Gi-Gj-Fi)dI^ 

^ 1 'T 



i=i 

j>i 



and, similarly, 



! Fj-Fd^ = 2^^[ Re(F^-F,)rfS. 



i=l 



i=^ 

3>i 



Therefore 



Re(TX’",X" 



'^^LA 

, — 1 dez T- ^^.7 






j=l j€Ji 

j>i 



■ [{Vj A E^) ■ {Ui A K) + A P”) • (i^i A f^")] (7.4.2.41) 



By writing 



1=1'^ 



{\F,f + \F,f)d^ 



(7.4.2.42) 



we obtain from the definition of S'^ and (7.4.2.41) 



2£^-2Re{TX^,X^U = J2Yl / {~ {^r ~ H^r\" + \Q7r ~ Q^j 



j>i 

+ (ki A P” +Fj A P”|2 + \ui AP^ + iyjA P”|2) } ds (7.4.2.43) 
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Since and, similarly, for the other terms in (7.4.2.43), it 

follows from (7.4.2.40) and (7.4.2.43) that 



^• — 1 'T. I 



7 rH 



*=i jeji 

j>i 



I ^2 

+ ^ ^ ' {\iyi A + Vj A + \vi APP + Vj A P”|2) } dE. (7.4.2.44) 



Thus, for i = 1, . . . , / and j G Ji, 



0 , v,AP^ + VjAPf\^,. 



F” - - 0, Qt - strongly in 4(s. .), 

We now show that (7.4.2.45), together with 



(7.4.2.45) 



{Pi{T), Qf{T)) 0 strongly in Hi, Vi A Pi|s, -> 0 strongly in £^(Si) 

(7.4.2.46) 

for i = 1, . . . , / (both of which hold, according to (7.4.2.31)2 and (7.4.2.32)2, for 
e € [0, 1)) imply that 



(Pf,PD^0, (/^”, g”) ^0 strongly in L-(0,T;W,),z = l,..., 7. (7.4.2.47) 

Part (i) of Theorem 7. 4. 2.1 will then follow from (7.4.2.47), (7.4.2.45) and 
(7.4.2.31)2. 

To prove (7.4.2.47) we use the following result. 

Proposition 7.4.2.1 For i = 1, . . . , 7, let ($f , ^'”) satisfy 



I £i($r)' - rot + (Ti^f = Ff 
\pi(4'”)' + rot$” = G” inQi 

- ai{vi A $”) = J" on 

$”(0) = ^?(0) = ^ro in a 

where (Fp,G2) e 7,1(0, T; 77;), Jf G C^i'Ei) and (^fo.^'ro) G 'Hi. Assume also 
that 

Ui A are bounded in 

If 

ii(^ro>^?o)iiH. - 0, \\{Fr,G^)\\mo,T;HA 0, i|jnuj(s.) - o, 

mr-^7r\\cu^.p^0, ||l/,A$" + I/,A#”|U.(s.,)-0, yjeJi, 

then ($^, ^f) 0 strongly in L^(0, T; W^), i = 1, . . . , 

The proof of this proposition is given immediately below. 
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We apply Proposition 7.4.2. 1 with , iff ), in which case Jf = 

lyiAPp, ^lo) = (0. 0) and = Gf = 0. In view of (7.4.2.45) and (7.4.2.46) 
we may conclude that 

(Ef , H^) ^ 0 strongly in L^{0, T; Hi), i - 1, . . . , 7. 

Similarly, by the change o»f variable t i-^ T — t, we may apply the Proposition 
7.4.2.1 with ($f,^f) = (7^^g^), in which case ($?o,^) - (7^"(T), Qf (T)), 
~ = 0? and conclude that 

{PP, Qf ) ^ 0 strongly in L""(0, T; H.), i = 1, . . . , 7. 



Proof of Proposition 7.4. 2.1. The hypotheses imply that ($f,^^f) G C{[0,T]]Hi) 
and that ^ Suppose first of all that Ff = Gf = 0. Then 

($f , ) satisfies the following identity, whose proof follows the same lines as the 

proof of (7.2.2.11): 



Jo JQi 

+ / / (ai|z/A$f|2 + l|^-"|2)dTdi + 2Re / [ ■ {ui A d^dt 

Jo JVi Jo JF^^ 

= \mo,n)\\n+ f [ flJn^dTdt. (7.4.2.48) 

Jo Jr, 



We have 



^ r f • {u, A d^dt = E E /V ^ 

1=1 2=1 jeJi 

3>i 



+ • (z/^- A + z/i A )] dVdt. (7.4.2.49) 

It follows from (7.4.2.48), (7.4.2.49) and the hypotheses of the proposition that 

||($f,^f)||x.oc(0,T;rZA -^0, Z = 1,...,7. 

Now assume that = 0 and Jf — 0. If we multiply the two Maxwell 

equations by and , respectively, and integrate by parts we obtain 



^ Jo JUi 

= ^e f f (f" 

Jo Jvii 



cTi$" • dxdt + 



• + G” ■ dxdt - Re 



fh- 

Jo JVi 

f f ^rr-( 

Jo Jr'^^"^ 



Vi^^7?dVdt 



z/^ A ) d^dt. 
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It follows that for any S G (0, 1), 

With the aid of (7.4.2.49) we therefore obtain 



i=l 



(1 - <) E IK*?. *?)iii-(o,T.«,) s 7 E ii(£r‘fr.»*.-'G?)ii h{0,T-,Hi) 

" i=l 

+2EE{»*?.- II £?(!:«) II ^'iWcKT.ij) 

+ ll^jTll£?(Si:,)lkj A $” + i2j A $”||£2(S.^.)}. 



j>i 



7.4.3 A Posteriori Error Estimates 

In this section we shall derive a posteriori estimates of the difference between 
the solutions of the local optimality systems and the solution of the global opti- 
mality system in terms of the mismatch of the tangential components of the nth 
iterates, or of successive iterates, across the interfaces The analysis of this 
section parallels that of Section 6.4.3. Nonetheless, we provide it for the sake of 
completeness. 

The error e^{t) at the nth iteration at time t is defined by 
2=1 

+ f [ {ai\uiAE^\^ + -\Hr,f)dTdt+ r [ {ai\iyiAPP\^ + -\Qlf)dTdt}. 

Jo Jvi Jt Jvi 

We further define 

:= [ (|F” - i/" |2 + 

./ Sjj 

+ |i/i A + Vj A £;”|2 + \v, AP^P Uj A P”|2) dE 



and 

:= f (IP" - + IQr. - Q "+T 

J'Eij 

+ \uiAE^ + Uj A |2 + |i/. A P-" + z/^- A p) dE. 
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The quantity (Ttij) is a measure of the mismatch of the tangential components of 
the nth iterates across the interface while (Eij) measures the mismatch 

of successive iterates. 

For the remainder of this section, we assume that a, /?, 7 and k satisfy 
(7.4.2.S) of Theorem 7.4.2.I. 

Theorem 7.4.3.1 Let e G [0, 1). Then 

7-1 

l|e”||Loo(0,T) < E (7-4-3.1) 

jeJi 

j>i 



where C depends only on oq, 7 and k. 

Theorem T.4.3.2 Let e G [0, 1/2). Then 

+ e^||i,oo(o,T) 

< E (7.4.3.2) 

jeJi 

j>i 

where Ce depends only on oq, f3^ 7 , k and on e. 

Remark 7.4.3.1 The constants C and Ce will be explicitly calculated in the proofs 
of Theorems 7.4.3. 1 and 7.4.3. 2; see (7.4. 3.6), (7.4. 3. 9) and (7.4. 3. 5) below. Note 
also that = ||X^|1^ is nonincreasing. Therefore 

£- + j^< = E E ^ 

i=i jeJi ^ 

By using (7.4. 2.6) and (7.4.2. 7), the right side can be estimated in terms of the 
starting inputs , to the local problems, and the tangential traces of the 
solution of the global optimality system on the interfaces E^j. We do not, however, 
have estimates of these traces in terms of the input data (F^o? -f^o)? (^t? Ht)^ {F, G) 
and K to the global optimal control problem. 



Theorem 7.4.3. 1 is an immediate consequence of the following two lemmas. 
Lemma 7.4.3.1 Let e G [0, 1). Then 



T'^ < {max( 



1 

7’ 7 



i=l j^Ji 



1/2 



(7.4.3.3) 
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Lemma T.4.3.2 Let e G [0, 1). Then 



i-i 



sup^e”(0 < CiJ^ + 

i=i jeJi 



1/2 



0<t<T 



where 



C\ = max 



1 






C 2 — 2\/2{max( 






f>7)} 



7 47 , 

1/2 



(7.4.3.4) 



(7.4.3.5) 



Note that (7i > 0 by virtue of assumption (7,4,2. 8). Prom (7.4.3. 3) and 
(7,4.3. 4) one obtains (7.4.3. 1) with 



C = Ci|max(- /^^^^ )}^^^ + C2- (7.4.3.6) 

7 7 

Similarly, Theorem 7.4.3. 2 follows from the following two results. 

Lemma 7.4.3.3 Let e G [0, 1). then 

+ (1 - 2e)J^ < {max(-, + 7^ ^ 

7 7 

X {E E (7.4.3.7) 

j>i 

Lemma T.4.3.4 e G [0, 1). Then 

sup [e"+'(0 + e"(t)] < Ci(j^+' + J^) 

0<t<T 

+ C2^£:«+i+6:"{E E (7-4-3.S) 

*=i iei7z 

j>i 

where Ci, C 2 are ^fz-uen by (7.4. 3. 5). 

It follows that the constant Ce in Theorem 7.4.3. 2 is given by 

C, = -E^{max(4, ^!±t!)}1/2 ^ 4 3 

1 - 2e 7 7 



Proof of Lemma 7.4.3. 1. The proof follows exactly the proof of Lemma 6.4.3. 1 and 
is omitted. 
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Proof of Lemma 7.4. 3. 2. We begin with the energy estimate 



\\{Ent),Hnmfn^+ [ [ a drdt 

Jo Jr^ 

<~n - 

Jo Jvi 



Jo Jt 

\vi A Pr?dEdt - 2Re 



[ [ Hl-{uiAE^)drdt (7.4.3.10) 
Jo 



whose simple proof follows the lines of the proof of (7.2.2.11). By using (7.4.2.49) 
and the Cauchy-Schwarz inequality we then obtain, for 0 < ^ < T, 

+ f [ {m{hAEn^ + ~^)drdt\ 






i=l j€Ji 

j>i 



X 1/2 . ^ „ \l/2 

\H^,-H^^fdEj U \,.,AE:\‘^dLj 



+ 11 \i^i A E^ + Uj A E^fdE 



;) ^ |. (7.4.3.11) 

Similarly, from 

\\{PntiQntmn,+ f j {ai{\viApn^+^\Qi\^)drdt 

Jt JVi 

< \m{T), Q^T))\\l^ - 2Re L f Q" • A Pn dFdt (7.4.3.12) 
we obtain, for 0 < t < T, 

^^[\\iPm,Q7m\n,+f I APf p + ^,\Q7r?) dTdt^ 

<'£\\{ pnnQ7iT )) fn , 



2=1 



+ 2EE{(£ \Q7r-Q]rfd^y ll^iAPPfdy 

j > i 



\ 1/2 

V 



+ 



|i/i A Pf + A 







\Q]rfdi: 







(7.4.3.13) 
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It follows from (7.4.3.11) and (7.4.3.13) that 



sup e-{t)<J2{\\iPnnQ7{T))fn,+ [ 

0<t<T ^ I Jsi Oli J 



I-l 



7-1 



+ 2{E E E / ^ + 1^' 



1 

j>i 



^ Jy. 

i=l j€Ji 

j>i 



n |2 
jr I 



+ \vi A (7.4.3.14) 

where we have used the Cauchy-Schwarz inequality once again. We have 

E E / 0^* ^ + Wi A ^”1" + \Q]r?) 

i=l jeJi 

j>i 

< E /. A.gf |2 + h + \H7rf + \Q7r\^)d'S 



* ^ Jy<int 

i=l 



S (7.4.3.15) 



From (7.4.3.14) and (7.4.3.15) we therefore obtain 



sup e”(t)<E{ll(^"m.Qr(7’))ll«i+ / ^W^APn"dY^ 
0<t<T ^ I Jsi oti J 



+ 2V2{ma«(-5^,7)£"}‘'"{5; £5(S«)}‘'". (7.4.3.16) 



I-l 



1/2 



+ y‘ 



^—1 

j>i 



Thus it remains to show that 



j2!^\\{pm,Q7im\n,+ ibAF”pds| 



<Ci.F". 



(7.4.3.17) 



We have 



E(lKW),Qr(r))llwi+ / 

= E{«'ii(^?(7’),^r(r))ii?,,+ / ^WiApn^dA. (7.4.3.18) 
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By using the definition (7.4.2.26) of and a little algebra, one finds that 

f (1 - K^))Y^K^\\{Em,Hi{T))\\n, 

^ i=i 

+ V(ao + a^--/-) / -KAP"|2dS. (7.4.3.19) 

The estimate (7.4.3.17) follows immediately from (7.4.3.18) and (7.4.3.19). 

Proof of Lemma 7.4.3. 3. We again start from the recursion formula (7.4.2.28), 
which may be written 



+ (1 - 2e).r^ <S^ - 

and proceed to estimate the right-hand side. From the definition (7.4.2.25) of 
we have 



+ p - |P”+ip + IQ” p - |Q”+'P)}rfS. (7.4.3.20) 
We rewrite the right-hand side using (7.4.2.42). So, for example, we have 

Y,[ {kAPpp-li/iAEr+ipIdE 

7^1 -^^1“ 

^EE / {WiAE^+ujAE^+^\\uiAE:-ujAE;+^\ 

j>i 



+ \vj A p; + z/i A E^+^\\vj A E^ -Vi A E^+^\) dS 



and, similarly, for the remaining three differences in (7.4.3.20). An application 
of the Cauchy-Schwarz inequality, together with the trivial estimate (a ± 5)^ < 
2(a^ -f 6^), yields 

5” - < l{max(^^^^, 1) 



/-I 



X {E E (7-4.3.21) 

i=l j€ji 
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where 



j>i 



■Jj 



/J 2+72 



{\uiAE^\‘^+\iyjAEf\‘^+\iyiAE^+^f+\ujAEJ+^\^ 



+ \ui A + \uj A P”|2 + \ui A + \vj A P]^+^|2) 

+ i(|prri' + i%i' + i^r/T + \Hp^? 

+ \Ql\^ + |Q”,|2 + |g"+i|2 + |Q^+1|2)} = 2V^" + f"+i 

Use of the last expression in (7.4.3.21) completes the proof of Lemma 7.4.3. 3. 
Proof of Lemma 7.4. 3.4. From (7.4.3.10), (7.4.3.12) and the formula (7.4.2.49) we 
have 



e-+\t) + e-{t) < x;{ \\{pnnQ7im\m + wipr^\nQ7^\m\n, 

i=i ^ 

+ [ {-\uiAP^f + —\uiAP[^+^\‘^}dIl] 

JTii J 

-/2(P",g")(i) (7.4.3.22) 

where 

7i(P", = 2 ^ ^ Re r / {(P” - P" ) • (i^i A En 

i=i jeji "'o 

j>i 

+ A E^ + Uj A E'^)]drdt, 

h{p^,Qn{t) = 2^ E r / {w- - Qlr) • A pn 

i=l j€ji 

j>i 

+ Q^,{vi A + Vj A Pf)}dPdt. 

It may be verified that 



h (P" , 77") (t ) +h , 77"+^ ) (t) 



2E E /V {(77r.-77"+')-(i^.APr 

,_1 Jo JFh 



7=1 jeJi 

j>i 



+ (77”/i - P” ) • A Pf+I) + 77 -;, • (i/i A P”+1 + z/j A p;) 

+ ■ (i^i A P” + uj A EJ+^)}dTdt. 
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A similar expression holds for h{P ”' It follows that 



|/i , if” ) (t ) + 7i (i”+ S /f ) (t) + /2 (P” , Q”) (t ) + -12 (P”+ ' , ) (t) I 



n+1 ^n+lN 






2=1 j^Ji 

3>i 



^|EE [ {bAE”|2 + lz2,Af;"+i|2 + |ii”|2 + |ii”+i| 



2=1 jeJi 

j>i 



+ \Ui A F”|2 + \ui A i^”+Y + |Q”rl^ + 



< 2V2{i 



<fp. 



r,7)}^^V^” + ^"+^ 



EE[£^”+Hs,^) + £”+^’”(s, 



i=l j€ Ji 

j>i 



^ r^-1 '.1/2 

C2\/^” + f"+l |E E } ■ (7-4-3.23) 



' i=l j€Ji 

j>i 



Lemma 7.4. 3. 4 now follows from (7.4.3.22), (7.4.3.23) and (7.4.3.17). 



7.5 Time and Space Domain Decomposition 

7.5.1 Sequential Space-Time Domain Decomposition 

As in Section 6.5.1, one may write a sequential space-time domain decomposition 
scheme for the global optimality system (6. 1.1.1), (6. 2. 3. 4), (6. 2.3.6) by applying 
the spatial domain decomposition algorithm of Section 7.4.1 to each of the time- 
local problems arising in the time domain decomposition scheme of Section 7.3. 
The resulting local problems on the cylinders Qik are then given by 



r - rot ii™-”+^ + = p, 

= Gik in Qik 

A on 

UiiPr^^y - rotQ-’"+^ - a, 7’-'"+^ = 0 
Ui(Q:^’”+')' + rotP™’”+^=0 inQ,, 

Qr^^+«i(^iA7^r^i) = 0on E,, 



(7.5.1.1) 



(7.5.1.2) 
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•ffl;"*' - A £S’”+') - livi A = A”f 

+ H{n A ;>:•"«) - A £S'“+') = on 

•m,n+l^np, 



(7.5.1.3) 



(7.5.1.4) 






= 077™-”+i(Tfc+i) - 
/>™’"+i(T) = Av(£;'^"+'(T) - E,t) 
\QTit^\T) = i^{HTk"^\T) - H,t) in Oi 



^ik 
^m,n+l / 



in 

m— 1 
^m— 1 



(7.5.1.5) 



where /3, 7 , 9 are positive constants and 

Qik ~ Qi ^ 7/j, = Ti X //j, Eijk — Y ij y. 1}^, 

Further, n'^k,k±v 9T^k,k±i Kjk ^ Pijk taken as given data while, for n > 1 , 

A-f ={1 - e)[Hjl’: + (}{vi A EJI’-) + 7 ( 1 ^, A P™’")] 

+ e[H^,:;-/3{^^iAE2n-l{-^^PDU, 

pTj- =(1 - e)[Q™,v” - 0{vj A P-n + j{u, A P™’”)] 

+ ^[QTkr + ^ ’") - 7(i^i A , 



(7.5.1.6) 



where e G [0, 1) is a relaxation parameter. In (7.5. 1.4) the index k runs from 1 to 
K, while k runs from 0 to — 1 in (7.5. 1.5). 

The system (7.5.1.1)-(7.5.1.5) is well posed under our standing assumptions 
on the global data and provided {Pi^k,Li^v7!k,Li) ^ >Hjk^ P?jk ^ L'^i^ijk) 
for all j ^ Ji. Indeed, for the regions Qik with k = 1, . . . , — 1 it is the optimality 

system for the problem 



infC™’”(Jife,Ji,fc, hi^k,k—l’> 9i^k,k—l) 



taken over 



(^i,fe,fc— 1 5 9i,k,k—l ) G l~Cif Jik ^ L (5]j^), Jijk C L (5j^j7c), Vj G 
subject to 



J Si(^Eik^ rot Hik 4 ~ (JiEik — Eik 

T ^Ot Eik = Gik i^ Qik 
Hikr ^ Eik) ~ Jik C>n Eiik 
Hikr Eik) — Jijk T ^ijk j ^ \Ji 



(7.5.1.7) 
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< ^ (7.5.1.8) 

^HikiTk) = 9i,k,k-i) in 

where 

C’” = lf \JikfdE + ^ E / ^ + PTjCf} 

+ Yg{\\(dE^k{n+l) - 

■h 11 1 5 i)11t^^ }• 

For the cylinder Qio the appropriate cost functional is but with the last 
term omitted, subject to (7.5. 1.7) with k = 0 and with (7. 5. 1.8) replaced by 

Eio{0) = Eoi, Hio{0) — Hoi. 

For the cylinder QiK the appropriate cost functional is with the second to 
last term replaced by 



'^\mKiT),HMT))-{EiT,H,T)fH„ 

subject to (7.5. 1.7), (7.5. 1.8) with k = K. 

Since the conditions G L‘^{Tiijk) propagate with the index n, 

it follows that the iteration (7.5.1.1)-(7.5.1.6) is well defined under the standing 
assumptions on the global data and provided (Ml^/e7fc±i ^ 'Hi!k,k±i) ^ Kjk^ pTjk ^ 
L‘^{Y^ijk) for all j ^ Ji. The goal of this section is to verify that as n ^ oo we have 

/ Tpm,n TTm,n\ ( rpm Tjm\ . { vp'm u’mxl 

\^ik ">^ik / K^ik'i-^ik) ' \^k ^^k / 1 q ^ 

- iP^m) := 

where QT) solution on Ik of the time domain decomposition 

scheme (7.3. 1.8)-(7.3. 1.10), (7.3. 1.6) at iteration level m. 

In fact, this conclusion is almost obvious since, on each interval 7^, the iter- 
ation (7.5.1.1)~(7.5.1.6) has the exact structure of the spatial domain decompo- 
sition scheme (7.4.1.5)-(7.4.1.9) except for the presence of the terms P-’^’’^“^^(Tjt) 
and (Tk) in the initial conditions for on the interval Ik. 

However, these additional terms to not compromise convergence. The arguments 
used to confirm this statement are the same as those used in the proof of Theorem 
7.4.2. 1 and lead to the following result (cf. Theorem 6. 5. 1.1). Introduce the local 
errors 



rpTYi^n rpm^n rpTn 

^ik - ^ik ~ ^ik 5 

pm,n _ pm,n _ pm 
^ik -^ik ^ik ? 



Tjm,n rjm^n Tjm 

^ik - ^ik ~ Pik 



^m,n 

^ik 



= Q 



ik 



-Q 



m 
ik • 
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Theorem 7.5.1 . 1 Assume that (3^ 7 satisfy (7.4. 2.8) and that 

7 , 11 ^ 

/3 26 ' 

Then as n 00 we have, for i = 1, . . . ,1; k = 0, . . . ,K ; and m = 1 , 2 , . . .; 
(i) for any e G [0, 1), 

0 

strongly in Hi 

0 

0 strongly in 
0 

0 weakly in 



.(^r(r.),Qr(r.))-o 



. Tpm.n\ 

Is, 

Is, 



^ Tjm,n 

Pikr Si. 



0 , QTk. 



ikr ISifc 



' . T 7 im,n 

Vi A 



Trm.n 
^5 ^ikr 



ikr I 



* Ttrn.n 

^i^Pik 



0 , Q 



ikr Ie7^ 



(ii) In addition, if e > 0, then 



{ETu\ Hfin - 0 , Qm ^ 0 m L^{h-, H,) 



. rrim.n . . 771 m, n I 

UiAE^f^’ +iyjAE^^’ I 

. Tt'm.n , . 7 -)m,n| 

''i^Pik +^3^Pjk I 



-‘ijk 



^ik 

0 . HI 



m,n 

ikr 



A“;”ls ^0 

JKT 



■‘ij k 



0 , C;”-q;v 1 s,.-o 

strongly in L‘^{'£ijk), Mj G Ji. 



Indeed, by proceeding as in the proof of Theorem 7.4.2 . 1 we arrive at the 
fundamental recursion 



£*771,77+1 _j_ ^777,77+1 ^ £*: 



+ (1 - 2 e)j^™’", 



valid for every e G [0, 1), where 



i=l k=0'^^ik 



/?2+7^ 



■iWiAEm^+w,APr,’r) 



+ ^i\Hrkfr+\QTkrr)}d^ 
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and 






+ i(^+ - miPrin),QT{n))rn. 



02' 

+ (« + ^(I -«n)ll(^-"(r).if.rm)lll<, + ^II(C’”(0).«’”(0 ))IIk. 



_ /? r-^k+1 „ ^ ^ „ 

1 \ ^ ^1 r/ Tpm,n Tpm,n\ . / jjm,n jjm,n\ -i j. 

+ Er / ’p^k )i + {<^iPik ^Pik 

k=o ^ 



+/ { 



(^ \ A r-i’Ti,ni2 1 . /^ \ I A •nTn,n\2 i /^t> / a ( a rt'm,n 



ik 




By iteration in n of the fundamental recursion we obtain 



n-\-l 



sm,n+i ^gm,i _J2cp{e)J^^’P, m = l,2,..., (7.5.1.9) 

P=1 



where the coefficients Cp{e) are defined in (6.4.2.26). Part (i) of Theorem 7.5. 1.1 is 
just the observation that > 0 under the stated hypotheses on the parameters 
/J, 7, 6 and thus, from (7.5. 1.9), ^ 0 as n ^ cx). 

Part (ii) of Theorem 7. 5. 1.1 is proved by a calculation essentially identical to 
that carried out in the proof of Part (i) of Theorem 7.4.2. 1. 



7.5.2 Sequential Time-Space Domain Decomposition 

In sequential time-space domain decomposition, we apply the time domain de- 
composition algorithm of Section 7.3 to each of the spatially localized problems 
arising in the spatial domain decomposition algorithm of Section 7.4. The result 
is a family of problems localized on the cylinders Qik given by 

hi{ES*‘-"y - rot ffr + o.£S+‘’“ = 

lK(H”+‘'“)' + rotf;”+‘-” = G,j lnS« (7.5.2.1) 

//£’•” - 0.(0, A E2*'-') = o, A PS*'-" on Sa 



o,(P.r - roter'-" - o.C*'-" = 0 

/•i(<3’r''")'+rolJ’”*"’"=0 ine,i (7.5.2.2) 

OaJ‘-“ + a.(o.APr‘”) = «onS„ 
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QTkV '^ + A p^r A = pr ^ ^ 

'P™+'’"(0) = P,o, 

= ^(r?Xfc-i - in 

' _ E,j,) 

^Q™+'’"(T) = K{Hr/^'^{T) - H,t) in 



on S‘f 



(7.5.2.3) 



(7.5.2.4) 



(7.5.2.5) 



The system (7.5.2.1)-(7.5.2.5) is, except for indexing, the same as the system 
(7.5.1.1)-(7.5.1.5). However, in the present context, are treated as 

given data while 

MXfc+i =(1 - e)(^Cfc+i(^fc+i) - 

%a+i =(1 - e)(^Cfc+i(^^+i) - QaTi(^fc+i)) 

+ 6(Pi7™’"(Tfe+i) - 
=(i - ^){eE^k-i{Tk) + p;:CiiTk)) 

+ e(PP“’"(Tfc) + 7^™’”(r,)) 

C’l-i =(1 - ^){eH^Ci{Tk) + QTf-x{Tk)) 

+ e(P77”*,’"(Tfc) + Q”^^”(T,)), 

where e G [0, 1) is a relaxation parameter. 

As in the proceeding section, if the global data satisfies our standing assump- 
tions and if G L^(S-^*), (7.5.2.1)-(7.5.2.5) is an optimality system con- 

centrated on the cylinder Qik provided, in addition, that {lJ^T{Pk±i'>'^T^k±i) ^ 
Since the latter requirement propagates with m, the iteration (in m) (7.5.2. 1)- 
(7.5. 2.6) is well defined if {^^ikk±v'^^ikk±l) ^ object of this section is to 

verify that, as m ^ oo. 



{Kk'^^Kkn - '= 

{Prk^'^QT) {Plk^QD ■■= {Pi^Q'DL 



(7.S.2.7) 



where (Pr^Q?) solution on Cli of the spatial domain decomposi- 

tion scheme (7.4.1.5)-(7.4.1.7) at iteration level n in which 

A”,-' = {Kf\ ■■ 3 e Ji), pV = {pVL ■■ 3 e Ji). (7.5.2.8) 
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It is to be expected that (7.5. 2. 7) is valid since the relaxed iteration (7.5.2. 1)- 
(7.5. 2. 6 ) has the same structure as the pure time domain decomposition algorithm 
of Section 7.3, except for the fact that the boundary conditions (7.5. 2. 3) are inho- 
mogeneous and an additional term, 7 ( 1^2 A appears in (7. 5. 2. 3 ) 2 . The in- 

homogeneity causes no difficulties with regard to convergence because of (7.5. 2.8); 
the inhomogeneity disappears in the system satisfied by the local errors 



771m, n T7iTn,n 

^ik •— ^ik 

-pm^n 

^ik ^ik 



jpn 

^ik^ 

pn 

■^iky 



Hi 



ik 



H 



ik 



h: 



ik 



Q m,n 

ii 



'ik 



Q m,n 

ik ~ ^ik’ 



Further, the proof of convergence of the pure time domain decomposition algorithm 
carries over almost verbatim to a proof of convergence of (7.5.2. l)-(7.5. 2.6) and 
leads to the following result. 

Theorem 7.5.2.1 Let f3, 7 , 6 be positive constants. Then as m ^ 00 we have, for 
i = 1 , . . . , / and n = 1 , 2 , . . .; 

(i) for any e e [ 0 , 1 ) 



Vi A ^ strongly in L‘^{T,ik U k = Q,...,K 

Vi A ^ 0 strongly in ), k = 0,...,K 

^ 0 strongly in 77*. 



(ii) In addition, if e > 0 then for k = 0, . . . ,K 

(7r.or)-o 

Vi A ^ 0 strongly in L^(Sifc). 

Indeed, the same arguments used in the proof of Theorem 7.3.2. 1 lead to the 
usual recursive inequality 



^m+l,n ^ jyn+l,n < gm,n ^ _ 2e)^v 



(7.5.2.9) 



where 



= EE K-'m+i) + Cwi(ri+i)], 

i=l k=0 



2=1 



m,n 

iK 



(T))||2 



Hi 



+ 29 



i=l k=Q 



APf^’^fdE 
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The inequality (7.5. 2. 9) is valid for all positive constants ( 3 , 7 , 6 and all e G [0, 1). 
It follows that 0 as m ^ 00 , from which one immediately deduces the 

conclusions of (i) of Theorem 7.5. 2.1. The remainder of the proof of Theorem 
7.5.2. 1 follows exactly the proof of part (ii) of Theorem 7.3. 2.1. 




Chapter 8 

Optimal Final Value Boundary Control 
of Conservative Wave Equations 



8.1 Introduction 



This chapter is concerned with the problem with of optimal final value control of 
the second-order hyperbolic system 



d^w 

W 



- V • (AVw) cw = F in fi X (0, T) 



It; = 0 on X (0,T) 



dw 

duA 



= /onr^x(0,T) 



u;(0) = Wo, 



^( 0 ) = uo in n. 



( 8 . 1 . 1 . 1 ) 



where / € L^(F^ x (0, T)) is the control input and F is a given distributed system 
input. We retain the notation of Section 6.2.1, as well as the assumptions on the 
coefficients A and c, the region Q and its boundary components F^ delineated 
there. When / = 0 and F = 0, this system conserves energy: E{t) = F(0), where 
the energy functional E{t) is given by 




dw 


2 




+ AVw{x^t) • Vw{x,t) + c\w{xff)\‘^ 



When f = 0 and F G say, the solution of (8. 1.1.1) satisfies E{t) < oo for 

alH > 0 provided E{0) < oo. However, when / 7^ 0, there is a loss of regularity: 
the solution of (8. 1.1.1) in general does not have finite energy for any ^ > 0 regard- 
less of the regularity of the remaining data and regardless of the geometry of fl. 
Therefore, when considering the problem of optimal final value L^(S^) boundary 
control, the deviation of the solution at the final time from its target must be pe- 
nalized in a norm strictly weaker than the energy norm. The resulting optimality 
system then has a different structure than the one considered in Chapter 6, where 
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the control entered through a dissipative boundary condition that improved the 
regularity of the solution. This leads us to a domain decomposition algorithm for 
the optimality system that is different from the one introduced in Chapter 6. In 
fact, in the present case we use a domain decomposition method that is based on 
an under relaxation of the nonoverlapping Schwarz alternating algorithm and the 
introduction of skew-symmetric, Robin iterative transmission conditions. The use 
of this type of decomposition, without relaxation, in problems of optimal control 
was first proposed by Benamou as discussed earlier in this book. 

In this chapter we shall also develop an iterative domain decomposition al- 
gorithm for the solution of the optimality system associated with the problem 
of minimum norm exact controllability of solutions of (8. 1.1.1), that is, the state 
constrained optimal control problem 



inf 

/€L2(r^x(0,T)) 






( 8 . 1 . 1 . 2 ) 



subject to (8. 1.1.1) and 

{w{n^{T)) = {zo,zi). (8.1.1.3) 

Assuming that for T suitably large this problem has a solution for all and 

(zo,zi) in an appropriate function space, we will in fact establish the validity of 
the commutative diagram 

!>"(•;«)) {w{-;k),p{-;k)) 

K^OO K^OO (8.1. 1.4) 

(«;”(• ;oo),p”(-;oo)) {w{- ;oo),p{- ;oo)) 

in appropriate norms, where the parameter k penalizes the deviation of the so- 
lution at time T from its target (zq^zi). In (8. 1.1. 4), p denotes the adjoint vari- 
able and {w {' ; ; k.)) is the solution of the optimality system associated with 

the optimal final value control of (8. 1.1.1) for a fixed value of the penalty pa- 
rameter k; {w'^ ; k) ^ p'^ ] hi)) is the nth iterate in its domain decomposition; 
{w {- ; oo),p(- ; oo)) is the solution of the optimality system associated with (8. 1.1.2), 
(8.1. 1.3), and ; oo),p’^(- ; oo)) is the nth iterate in its domain decomposition. 



8,2 Optimal Boundary Control 

8.2.1 Setting the Problem 

We set H = L^(il) with its standard norm denoted by || • ||, and V = Hj^{Q) with 
norm || • ||v defined by 

||<^|| 2 ^= / [AV<l>-Vcl)+\cl)\^]dx. 

Jn 
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The space H is identified with its dual space and V* denotes the dual space of 
V with respect to H, so that we have V C H C with dense and contin- 
uous embedding. We further set H = V x H with the usual product norm. If 
F e Li(0,T;V*), {vo,wo) e H* and / G the system (8.1. 1.1) has a 

unique solution, which may be defined by transposition, for example. Even if the 
coefficients A and c are in F = 0, wq == vq = 0 and T G (7°^, the best regu- 
larity of the solution is {w^dw/dt) G C{[0,T]; x where s > 1/2 

but 5 < 5/6, the precise value of s depending on the geometry of fi (see [97] 
and [62]). When the data is less regular as is the situation under consideration, 
the precise regularity of the solution is more difficult to determine but, in any 
case, one has (w,dw/dt) G C([0,T];i7 x F*) (see the next section). Thus for any 
(zq? ^i) C X F* we may consider the optimal control problem 

subject to (8. 1.1.1), where /^ > 0. There is a unique optimal control /opt given by 
(see Section 8.2.3) 

/opt = (8.2.1.2) 

where p is the solution of the backwards running adjoint system 

d^j) 

- V • (AVp) + cp = 0mQ 

p = 0 on = 0 on (8.2.1.3) 

OVA 

p{T) = kA-\^{T) - z^), ^(T) = -k{w{T) - zo) in fi 

and where A is the Riesz isomorphism of V onto V*. Since 



{A(l),xp)v = / [AV(j){x) • Vxp{x) + (l){x)'ip{x)] dx, V(/), ^ G V, 
Jn 



the condition p{T) — kA ^ ("^(^) “ (8. 2. 1.3) is the elliptic boundary value 

problem 



-V-(AVp(T))+p(T) = k(— (T)-2Ti) inn 
p{T) = 0 on r^, = 0 on 



(8.2.1.4) 



Thus, any spatial domain decomposition algorithm for the optimality system 
(8, 1.1.1), (8.2. 1.2), (8. 2. 1.3) must include a spatial domain decomposition pro- 
cedure for the elliptic boundary value problem (8.2. 1.4), 
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8.2.2 Existence and Regularity of Solutions 

Consider the problem 



d‘^(j) 



dt^ 

6 = 0 on 



V • {AV(j)) + ccf) = G in Q 



|^=0on 

OVA 



d<t>. 



(j){0) 4>0, — (0) = (Aiinfi. 



( 8 . 2 . 2 . 1 ) 



(8.2.2.2) 



One may write (8. 2. 2.1), (8.2. 2.2) as the first-order abstract initial value problem 
in H 

A# + 6?, $(0) = $o, (8.2.2.3) 



where 



$ 



dt 

(J.. 






O' 
Gl ’ 



where 



A = 



0 I 

V • (A(.)V) - c(-)/ 0 






D{A) = D{Ao) = {(<A,V’) e n : i> e V, A<f> € H} := D{A) x V (8.2.2.4) 



If the coefficients A, c, and the boundary F are sufficiently regular, one has 

{4>,i;)€D{A)^ict>,i;)e{H\n)nV)xV, l^lr- =0- 

The operator Aq generates a unitary group of bounded linear operators on 
W, hence A is the infinitesimal generator of a Co group {S{t) : t G M} of bounded 
linear operators on H such that 

||5(t)|| < exp(t||/C||) < exp(t(l -I- ||c||i=c(n))). 

It follows that if ^ G L^(0,T;W) and C H, (8. 2. 2. 3) has a unique mild solution 
$ G C{[0,T];H) that satisfies the a priori inequality 

||^||L°°(0,T;7i) ^ Ct[||^o||'H + ||^|| Li(0,T;'H)] , (8. 2. 2. 5) 

where 

Ct:= sup ||5(t)||<exp(T(l + ||c|Uoo(^))). (8.2.2.6) 

0<t<T 
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Obviously the same conclusions are valid if the initial conditions (8. 2. 2. 2) are 
replaced by the final conditions 

4>{T) = 4>o, ^(T) = <Ai in n. (8.2.2.7) 

Remark 8.2.2.1 If c{x) > 0 on a set in Q of positive measure, or if ^ 0, we may 
renorm V by setting 

\ml= [ [AS7<l>-\/cl> + c\4>f]dx, 

Jn 

in which case A = Aq and {S{t) : t G R} is a unitary group on H, hence we may 
take Ct = 1 in (S.2.2.5). 

Now let 0 be the solution of (8.2.2. 1) with G = 0 and (8. 2. 2. 7). Suppose that 
F G V*), / G L2(E^) and {vo^wq) g W* = F* x i7. If u; a solution of 

(8. 1.1.1) and if formal integrations by parts are carried out in 

F cFw 

{F, 4>)vds = ( (— - V • (AVu.) + cw) , 4>)y ds 

one obtains 

+ [ {F,(f>)vds+ [ [ f4>drds, y{(f>o,(f>i)eH. (8.2.2.8) 
Jo Jo Jr^ 

Prom (8. 2. 2. 5) we have, for each t G [0,T], 

+ l|■f’llLl(0,T;^/•)||?^||L~(0,t;V) + || /|| L2(E" ) ||<^|| L2(o,t;r«) 

< C'T[||(no, -Wo)||w + ||-F||l1(0,T;\/*) + CaVrWfWL^^'EN)] II (^^>(0) llw 

for all {(j)o, (f)i) £H, where Cq is a constant such that 



||</>||L^(r^)<Cn||<^lk, V<^gF. 
d(j) 

Since the mapping (0o, </>i) ( 0(^)5 ‘^(^)) isomorphism on W, it follows that 



for each t G (0,T], (8. 2. 2.8) has a unique solution (“^(^5 ^ satisfying 

the a priori estimate 

< Ct[\\{vo, -'Wo)\\n* + ||-^||l 1(0,T;V*) + GQ\/r||/||2,2(s^)] 

(8.2.2.9) 



dt 
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for 0 < t < T. Thus C L"^(0,r; TT). In fact, this pair is in C([0, T]; H*), 

that is, it is uniformly continuous on [0,T] into H*, which may be proved as in 
[48, Theorem 4.7]. Thus we have the following result. 

Theorem 8.2.2.1 that F G L^(0,T;F*), / G L^(S^) and { wq . vq ) G 

H X V*. There is a unique function w G C([0,T];/f) fl (7^([0, Tj; F*) satisfying 
(8. 2. 2. 8), (8. 2. 2. 9) for all t G [0,T], where (j) is the solution of (8.2.2. 1), (8. 2. 2. 7). 

By definition, the function w of Theorem 8.2.2. 1 is the solution of (8. 1.1.1). 



Remark S.2.2.2 If / = 0, F G L^{0,T;H) and (wq^vo) ^ V x H it follows from 
(8. 2. 2. 5) that the trace w\y,n G L^(E^) and the mapping from the data to this 
trace is continuous in the indicated topologies. Lasiecka and Triggiani [62] have 
generalized this result to arbitrary / G provided the coefficients A, c and 

the boundary T are sufficiently regular. They show that in fact 



dw 



{w,—) G X G 



du) 

where a = 3/5 — e, Ve > 0, and that the map from the data to ((w, 

is continuous in the indicated topologies. This result was later strengthened by 
Tataru [97], who showed that one may take a = 2/3. 



8.2.3 The Global Optimality System 

Consider the optimal control problem (8. 2. 1.1) subject to (8. 1.1.1). By virtue of 
properties of the mapping ((wo,vo),f) ^ (w,dw/dt), the existence of a unique 
optimal control /opt C L^(E^) is standard. It is characterized by the requirement 
that the directional derivative of J at /opt in every direction must vanish. Therefore 

//idE + K[{m,w{T) - zo) + {^{T),A-\^{T) - z^))^] = 0, 

V/i G (8.2.3.1) 



where is the solution of 



V • (AS/'i/j) c'lp = 0 in Q 

= 0 on P^ = hon-£^ 

duA 

V>(0) = ^(0) = 0 in Q. 



(8.2.3.2) 
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Let p G C([0,T]; V) fl C^([0,T]; H) be the solution of (8. 2. 1.3). By virtue of 
the definition of the solution of (8. 2. 3. 2), -0 satisfies 

V/i e (8.2.3.3) 



It follows immediately from (8.2.3. 1) and (8. 2. 3. 3) that 

/opt = ~p|e^- 

Thus the optimality system for the optimal control problem (8. 2. 1.1) consists of 

(8.1. 1.1) , (8.2.1.3) and (8.2.1.2). 

Remark 8.2.3.1 Suppose that {wq^vq) e V x H and F G L^(0,T; iif). Note that 
the optimal control satisfies 

/opteC'([0,T];i/i/2(r^)). 

It then follows from a result of Miyatake [85] that the optimal trajectory satis- 
fies (w^dwldt) G C([0,T];F x H) provided the coefficients A, c are piecewise 
smooth and sufficiently regular near and F is itself sufficiently regular. Then 
if (zo,zi) e V X H, we obtain {p,dp/dt) G (7([0,Tj; D(^) x V) and therefore 
/opt € CH[ 0 ,T];F 7 i/ 2 (r^)). jf ^Iso {wo^vo) E D{A) x F and F G H), 

we may conclude in particular that {w,dw/dt) G C([0,Tj; D(^) xV). 

8.3 Time Domain Decomposition 

8.3.1 Description of the Algorithm 

We decompose the time interval (0,T) into K -\-l subintervals as in Section 6.3.1 
and impose the continuity conditions (6.3. 1.2) at the break points t = Tk, k = 
1, ... ,7V. However, because of regularity considerations the iterative uncoupling 

(6. 3. 1.2) , (6. 3. 1.3) of the transmission conditions does not make sense. Rather, we 
iteratively uncouple (6.3. 1.2) according to 

-^{Tk+i) - 

^iTk)-f3Apl+\n)=pl,_, 



(8.3.1.1) 
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where 



dw 



Mfe,fc+1 

ri^ _ ^ 



k+l 



(Tfc+i)-/3^p^+i(Tfe+i) 



dv^ 



dt 

dw 



— — 

Vk,k—1 



k-1 



(8.3.1.2) 



dt 

dpU 

dt 



{Tk) - !3Apl_^{Tk) 

(Tfc) + /3<_i(T,). 



On 7o and Ik^ respectively, only the first two or last two equations in (8. 3. 1.1) are 
imposed. Thus the decoupled local problems are 



(d^ 



w 



n+l 



V-(^V<+i) + c<+i = Ffc 



dfi 

«2„n+l 

- V • (AVp^+') + =0 in Qk-.= nx Ik 



W 



7^+1 _ ^^+1 



= 0 on Sf := x 4, 



dvA 



n+l _ ^pT" 



+pr = 



dvA 



= 0 on := X 4 



w”+i(0) = lOo, (0) = no in fi 

-l^iT) = -k{wI+\T) - z^) e H 



(T) -z,)€V 



(8.3.1.3) 

(8.3.1.4) 

(8.3.1.5) 

(8.3.1.6) 



subject to (8. 3. 1.1), (8. 3. 1.2). 

As in Section 6.3.1, one may show that the local problem on Ik, k = 0, . . . , K, 
is itself an optimality system. For example, on an internal interval the local prob- 
lem is the optimality system for the optimal control problem 



. Jkifk,9k,k-i,gk,k+i), 



(8.3.1.7) 



where 



J]:{fk,9k,k-i,hk,k-i) := \ f^dTdt + ^{\\(3wk{Tk+i) - < 



fc+il 



+ 



dt 



■{Tk+i) - Mfc,fc+i||v. + \\9k,k-i\\v* + \\hk,k-i\f}, (8.3. 1.8) 
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subject to 



- V • {AVwk) -h cwk = Fk in Qk 

lyfc = 0 on Sfc , - — = fk on Sj. 

^ (8.3.1.9) 

Wk{Tk) = -^{Vk,k-i + hk,k-i) in H 

^{Tk)^-{fxl,_,+gk,k-i) inV*. 

In this problem, k+vVk,k+i) € y.* and (Mfc,fc-i.<fe-i) e '><■* are given data. 
We omit the calculation since it is essentially identical to that in Section 6.3.1. 

The optimal control problem on the boundary interval Iq is given by (8. 3.1.7)- 
(8. 3. 1.9) with fc = 0 but with the initial conditions replaced by u;o(0) = wq , 
{dwo/dt){0) = Vo and the and /io,-i terms dropped in (8. 3. 1.8). The optimal 
control problem on the boundary interval Ik is given by (8.3.1.7)-(8.3.1.9) with 
k = K but with the terms 

^{\\(3wk{Tk-^i) - Vk,K-\-iW‘^ + \\—^{Tk+i) ~ f^K,K-\-l\\y*} 



replaced by 



x{lka:(7fe+i) - ^olP + \\^^{TK+i)zi\\y,}- 



Since the regularity properties (/i^ k+vVlk+i) e n* and (Mfc,fc-i,<fc-i) € 
H* propagate with n, it follows that the iterative procedure (8.3.1.1)-(8.3.1.6) is 

well defined provided (Mtfc+i>^fc,fc+i) ^ ^nd {g-k,k-vVk,k-i) ^ ^ = 

0, . . . , if — 1 and fe = 1, . . . , if , respectively. The local solutions have regularity 



„n+l 



)eC{Ik-,HxV*), {pV 






) e C(Ik;V X H). 



8.3.2 Convergence of the Iterates 

The proof of the convergence of the scheme (8.3.1.1)-(8.3.1.6) closely follows the 
proof of Theorem 6.3.2. 1 so it is only sketched here. As usual, we introduce the 
local errors 






which satisfy 






\7-{AVw]^+^) + cwl+^ =0 



- V • {Aypl+^) + cpl^^ = 0 in Q, 



(8.3.2.1) 



onS^ 
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dvA duA 



= 0 



on 



<‘^^(0) = = 0 in 

P-j^\T) = kA-^^^{T), ^^(T) = -kwI^\T) 

subject to 

^^(Tfc+i) - !5Apl-^\n+i) = A^,fc+1 

^(Tfc+i) + ^<+^(T,+i) = 4Vi 
— j-{Tk)-0Aru^\n)^filk-i 

where, for n > 1, 

d'Lu'^ 

Mm+1 = -^in+i)-PApt^,{Tu+,) 
dv^ 

= -^(Tfe+i) +/3<+i(Tfc+i) 
duj'^ 

~plk-i = -l^{n)-(3Apl_,{Tk) 

vh-i=—^iTk) + Pw^k-i{Tk), 

and 

i^lk+i = f^lk+i - i^^{n+i) - dApk+i{n+,)) 

Vk,k+i ~ ’^fc.fc+i “ ( + 0Wk+i{Tk+i)) 

filk-i = + f3Apk-i{Tk)) 

vlk-i^Vk,k-i - {-^{Tk) + f3wk-i{Tk)). 

Set 

X = {V* X Hf^ = {H*f^ 
with the standard product norm. Let 

V = {{pk,k+i,'nk,k+i)^^Q , (Afc,fc-i)^fc,fc-i)^i} € ^ 



( 8 . 3 . 2 . 3 ) 

( 8 . 3 . 2 . 4 ) 



( 8 . 3 . 2 . 5 ) 



( 8 . 3 . 2 . 6 ) 



( 8 . 3 . 2 . 7 ) 
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and {wk^Pk)k^o solution of (8.3.2.1)-(8.3.2.5) with the superscripts nn + 1 

removed. Define T : A' A' by 



fdwk+i , 



TX = {{^^^{Tk+i) - 0Apk+i{Tk+i), ^^{Tk+i) + l3wk+i{Tk+i))^, 



The mapping T has X = 0 as its sole fixed point. Further, if we set 



(8.3.2.S) 



and let {'^k^Pk)k=o solutions of (8.3.2.1)-(8.3.2.5) with n replaced by 

n — 1, then the iteration step (8. 3. 2. 5), (8. 3. 2. 6) may be expressed as the fixed 
point iteration 

j^n+l ^ (S.3.2.9) 

As before, we shall consider not only the iteration (8.3. 2.9) but also the under 
relaxed iteration 

^ ^ ^ (8.3.2.10) 

The first step in proving convergence of the iterates is to show that T is 
nonexpansive. 



Lemma 8.3.2.1 For any X ^ X, 

lirX||^ = ||X|p-2^ (8.3.2.11) 



where 



X = 2(3^f |p,|2rfs + 2/lK(||tZ,K(T)f + |1^(T)||J„). (8.3.2.12) 

k=0'^'^k 

Proof. The proof follows closely the proof of Lemma 6.3.2. 1. A direct calculation 
yields 



K-l 



= E [£k{Tk+i) + Sk{Tk)] + fo(Ti) + £k{Tk) 



k=l 



K-l 






dpk 



k=0 



+ 20[{^(TK),PK{Tk))y - {wk{Tk),^{Tk))], (8.3.2.13) 



dt 



£k{t) = + w^mi, + (3^pkmi + 



idpk, 



where 
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By a formal integration by parts that is justified by the definition of the solution 
Wk (see (8. 2. 2. 8)) we have, for fc = 0, . . . , K, 

#«)) i2;; = - ( 8 . 3 . 2 . 14 ) 

In particular, when k = K we obtain by (8. 3. 2. 4)2 

(—^{Tk),Pk{Tk))v - {wk{Tk), -^{Tk)) 

= <W^iT)\\l, + \\wK{T)f) + I \m?dT.. (8.3.2.15) 

Thus from (8.3.2.13)-(8.3.2.15) we obtain 

\\X\\l; = £-^T (8.3.2.16) 



where 

K-l 

£-.=^Y. + ^k{Tk)] + ^o(Ti) + £k{Tk) 

k=l 

K-l 

= [^k{Tk-\-l) + £k+l{Tk-\-l)]- 

k=0 

In a completely similar manner we also obtain 

\\TX\\% = S-T. 

Lemma 8.3.2. 1 follows from (8.3.2.16) and (8.3.2.18). 

We can now prove the following convergence result. 

Theorem 8.3.2.1 Let (3 > 0. Then 

(i) for any e G [0, 1) 

Pkl^^ — > 0 strongly in L^(Ej^), fc = 0 , . . . , K 
{w^,-^)^0in C{Io-,HxV*) 
C{Ik-,VxH). 

(ii) For any e G (0, 1) and for k = 0, . . . ^ K 

«,^) ^0 inC{h;HxV*) 

Bf)'^ 

- 0 inC{h-,VxH). 



(8.3.2.17) 



(8.3.2.18) 
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The proof follows from Lemma 8.3.2. 1 and, especially, (8.3.2.16) and 
(8.3.2.18). We introduce 

= i3^wut)f + \\^{t)\\l,+mmfv + ll^wf 

K-l 

S^=Y1 l^kiTk+i) + ^fe”+i(rfc+i)] (832.19) 

^ /, |PfcPdS + 2/3K(||u,^(T)f + ||^(T)||;.). 

k=0 

From (8.3.2.16) and (8.3.2.18) we have 

\\X^\\% W'TX^Wl; = £^ - (8.3.2.20) 

By using (8.3.2.10) and (8.3.2.20) we obtain the fundamental recursion formula 

^n+i ^n+1 < £;n _ 6 G [0, 1), n = 0, 1, . . . . (8.3.2.21) 

Part (i) of Theorem 8.3.2. 1 follows from (8.3.2.21) exactly as in the proof of part 
(i) of Theorem 6. 3. 2.1. 

For part (ii) we again use Proposition 2. 3. 7.1 as in the proof of Theorem 
6.3.2. 1. For this one has to calculate 

\\rx^ - xm = 2{£^ - {TX^,X^)x) 

Not surprisingly, it turns out that 



K-l. 
fc =0 ^ 

+ \mn+,)~rk+i{Tk+i)fv) 






dt 



dt 



+ 



^7— Ufc+lj 



. (8.3.2.22) 



dt ' dt 

The rest of the argument follows exactly the proof of part (ii) Theorem 6. 3. 2.1. 



8.3.3 A Posteriori Error Estimates 



We define the error e^ at the nth iteration by 



e 



n 



max 

0<k<K 



W\ 



k^ ■ 



dw^ 

dt 



2 

L<^(Ik]HxV*) 



+ 



max 

0<k<K 



II (p 



n M 

dt 



2 

L^{Ik-,VxH) 
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and further set 
^wiTk+i) = 

+ ||(p^(rfc+i),^(Tfe+i))-(p^^i(Tfc+i),^(Tfc+i))HtxH- 

Our first a posteriori error estimate is given by the following result. 

Theorem 8.3.3.1 Let e G [0, 1). Then 

K-l K-l 

e” < Ck,t [2K ^Ik+iiTk+i) + Cn{Y^ , (8.3.3.1) 

k=0 k=0 

where 

Ck,t = Cn = v^max(l, i) max(C^ T, «)(f” + 

and where Ct is given by (8. 2. 2. 6) (cf. Remark 8.2.2. 1/ 

As shall be shown below, E'^ + is bounded by a constant depending only 
on /?, K and the input data to the global and local optimal control problems. 
Therefore we have the following corollary. 

Corollary 8.3.3.1 Let e G [0,1). There is an explicitly computable constant C de- 
pending only on K and the input data to the global and local optimal control 
problems such that 

K-l K-l 

e” < Ck,t[2K ^k,k+i{Tk+i) + C{J2 ^k,k+iiTk+i)Y^^]. (8.3.3.2) 

k=0 k=0 

Proof of Theorem 8.3.3. 1. Set 

(y-k = CQ,y/\Ik\. 

We begin by applying the estimate (8. 2. 2. 9) to w'^ on the interval Ik to obtain 

ll«W. ^(<))IU,r. < Ct[|| Wffi). + aklKIU.,,.^] 

(8.3.3.3) 

where Lf := L‘^{T'^). The first term on the right is written 
du)'^ 

+ C'T[||K_i(T,_i),-^(Tfc_i))||^^^.+Cfc_i||pLillL^(/.-3;C/)] (8.3.3.4) 
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where we have used (8. 2. 2.9) again. By replacing the third term on the right side 
of (8. 3. 3. 4) in the same manner and iterating the argument, and using (^) “ 
(dwQ / dt){Q) = 0, we obtain for t e h 



dwu 



k-i 



dw, 



m=0 









\HxV 



m=0 



We apply the Cauchy-Schwarz inequality to the two sums to obtain 









k=0 

K 

(8.3.3.5) 

k=0 



+ l|PfellL2(4;C/) 



Similarly, for f e /j, we have from (8. 2. 2. 5) with 0 = 0 

||KW,^(«))llv,,„<CT||{S(T„,),^(n„))||„^„ 



dt 



K-l 






m=k 






(8.3.3.6) 

It follows from (8. 3. 3. 6) and (8. 3. 2. 4) that 

dpi.. 2 



K-l 






K J2 \\{pUTk+i), ^(Tfc+i)) - (pi+iin+i), '^{n+ 



dpi 



WxH 



k=0 



dw^l 



+KmwUT),-^m 



\HxV* 



. (8.3.3.7) 
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Prom (8.3. 3. 5) and (8.3. 3. 7) we thus obtain 



< 2Ck,t 



K-l 



K 



KY,£lk+i{Tk+i) + ClTY,\\p\ 



'k\\h{h-,U) 



k=0 



k=0 






dt 



xV* 



< Ck,t 



K-l 



2K ^ £lk+i(Tk+i) + ^meoc{ClT,^)r 



k=0 



Finally, as in the proof of Lemma 6.3.3. 1 we have 

K-l 



< ^/2max(l,/3)(^” 



k=0 



(8.3.3.8) 



(8.3.3.9) 



Theorem 8.3.3. 1 follows from (8. 3. 3. 8) and (8. 3. 3. 9). 

Proof of Corollary 8.3.3. 1. It suffices to show that 8'^ + < C where C is 

a constant depending only on f3, K and the input data to the global and local 
optimal control problems. One has 



K-l 



£^ + J^ = ||V"||^ < ||Vi||^ = J] mik+A+i)\\n^ + \\ilil+i,k,fit+i,k) 

From (8. 3. 2. 7) we have 



i2 

\n* 



k=0 



K-l 



[\\ii^k,ki-l^Vk,k+l)\\n* + \\{i^k-\-l,k^Vk-l-l,k)\\n* , 



k=0 



K-l 



- ^ [\\il4:,k+i^Vk,k-\-i)\\n* + \\{l^k+i,k^Vk-\-i,k)\\n* 



k=0 



K-l 



+ 4 [(3^w{n+^)f + \\~{Tk+^)\\l, + (3^p{Tk+,)fy + ||^(rfc+i 

k=0 



(8.3.3.10) 



The first sum in (8.3.3.10) represents data input to the local optimal control 
problems, so it remains to estimate the second sum in terms of global data, where 
w^p is the solution of the global optimality system (8. 1.1.1), (8. 2. 1.2), (8. 2. 1.3). 
From (8. 2. 2. 9) and (8. 2. 2. 5) we have 



[w 



+^Q^I|p|li2(s-)] (8.3.3.11) 



II (p. 1)11 



dw ^ 






2 

HxV* 
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Therefore by (8.3.3.10) and (8.3.3.11) we obtain 

k=0 

+ 4:Kma.x{l,f3‘^)C^3\\{wo,vo)\\Hxv + ^F\\h{o,T;V-) 

+ 3Ca T|b||i,(s„) + «1MT) - zo, ^(T) - ^OIlLv.]- (8-3.3.12) 

Since p\^N is the optimal control, one has 

lblli2(EN) + k||(w^(T) - 20, ^(T) - 

< k|| {w{T) - 20, ^(T) - 2i) II , (8.3.3.13) 
where w is the solution of (8. 1.1.1) corresponding to / = 0. Therefore 

||(*(T),^(T))f^^^. < 2C^\\{wo,vo)rH^y. + ||F||i.(0,r;v^.)]. (8.3.3.14) 

It follows from (8.3.3.13) and (8.3.3.14) that 

3Ca II {w{T) - 20 , ^(T) - 2 i) 11^^^. 

< max(3C2 T, k)k\\ {w{T) - zo, ^(T) - z,) 

< 2Kmax{3CQT,K){\\{zo,zi)\\jj^y, 

+ 2Cy [IKwo, vo)|||fx V + 11-^1111(0, T;V)] }• (8.3.3.15) 
If (8.3.3.15) is inserted into (8.3.3.12) we obtain 

k=0 

+ AK max(l, 0^)C‘^ [3 + AhiC^ max(3C^ T, ac)] 

X [Wiwo.Vo^jixV* + ll^llii(0,T;V*)] 

+ 8KkC^ max(l, ^^) max(3CQ T, k) || (zq, ^iWhxv* • 

The right side of this inequality is computable from local and global data, com- 
pleting the proof of Corollary 8.3.3. 1. 

8.3.4 Extension to General Conservative Control Systems 

The time domain decomposition procedure described above for the system (8. 1.1.1) 
may be extended without difficulty to general second-order control systems of the 
following type. Let V and H be Hilbert spaces such that V ^ H. We denote by 
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F* the dual space of V with respect to the pivot space H and by A the Riesz 
isomorphism of V onto V*. Let C G C{H), let U be another Hilbert space and B 
be a bounded linear operator from U into V*. We consider systems of the form 



+ Aw -\-Cw = Bf -\- F in y * 
u;(0) = 'i(;o, “^vO) = ^o. 



(8.3.4.1) 



In this system the initial data {wq,vq) G HxV*, F G L^(0, T; V^*), and the control 
function / G L^(0,T; U). If C is self-adjoint, a condition that is not required for 
the present discussion, the system (8. 3. 4.1) is conservative in the sense that when 
w is the solution corresponding to F = f = 0 the quantity 



+ {Aw{t),w{t))v + {Cw{t),w{t)) 



is invariant with respect to t. The system (8. 1.1.1) fits into this framework wherein 
the spaces V and H are those defined in Section 8.2.1, Cw = c{-)w — U — 
L^(r^), and the operator B is defined by 



f<l>dT, V/gI/,(/)GF. 

One may also consider locally distributed controls, or boundary control of thin, 
elastic places, etc., within the framework of (8. 3. 4.1), as discussed in the examples 
of Section 6.3.4. 

If F G L^(0,T;i/), / = 0, and {wq^Vq) G H, by standard semigroup theory 
the system (8.3.4. 1) has a unique solution such that 



(u;,— ) gC([0,T];W), 

II “^)|Iloo(0,T;H) - ^T[\\{wo,vo)\\n + \\F\\l^o,T;H)] (8. 3.4.2) 

where Ct = supo<^<T \\S{t)\\ < exp(||C||T) and S{t), t G R, is the Cq group of 
bounded operators on H associated with the system (8. 3.4.1) (cf. Section 8.2.2). 
In the general case, the solution of (8.3.4. 1) may be defined by transposition. It is 
the unique pair 

such that for every t G [0, T] 

= ((^ 0 , -U'o), (0(0), ^i^)))n 
+ f [{F, 0) V + (/, B*<l>)u] dt, V(0o, 0i) e W, (8.3.4.3) 
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where 



(P(l) 

dt‘^ 



4" v4.(^ 4“ (f) — 0, Q t T ^ 

m = 4>o, ^{T) = <!>,. 



(8.3.4.4) 



It follows from (8. 3.4.4) and the estimate (8. 3.4.2), applied to the solution (j)^ that 

< C^[\\{vQ,-wo)\\n* + \\F\\l^(o,t;V*) + V^||S*1|||/||l2(o,t;[/)] (8. 3.4.5) 

where = supo<^<T \\S*{t)\\ < exp(||C*||T). 

We may therefore consider the optimal control problem 



inf 

/€L2(0,T;C/) 



£ WfWUt + ac[||«;(T) - zoWl + \\^{T) - 



subject to (8. 3.4.1), where k > 0 and ( 2 : 0 , 2 : 1 ) ^ H x V* is the intended target 
state. There is a unique optimal control which, by the usual argument, is given by 



/opt = -B*p 



where p is the solution of 

(Pp 



dt^ 



4“ >Ap 4~ C*p — 0, 0 i <C T", 



p(T) = - zi), ^(T) = -k{w{T) - zo). 



(8.3.4.6) 



(8.S.4.7) 



A time domain decomposition of the optimality system, consisting of 
(8. 3.4.1), (8. 3. 4.6) and (8. 3. 4.7), proceeds along the same lines as Section 8.3.1. 
It is given by 



^2 n+l 



(8.3.4.S) 



+ =0, 



*„"+! _ I 






n4-l 

=“^0, 



/nA 



pI^\T) = kA-^{^{T)-z,), 



(8.3.4.9) 



dpT" 

dt 



(T) = -acK+1(T)-zo). 



The initial conditions u;^“^^(Tfc), fc = 1, . . . , A", and the final conditions p^“^^(Tfc+i), 
k = AT — 1, . . . , 0, are determined by (8. 3. 1.1) in which the quantities fik,k±i^ Vk,k±i 
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are given by (8. 3. 1.2), just as before. The local problem on the interval k = 
0, . . . , K, is itself the optimality system for a certain optimal control problem 
concentrated on Ik, the specific form of which may easily be deduced from the 
discussion of Section 8.3.1. 

Convergence of the iterates, and a posteriori error estimates, may be devel- 
oped by the same arguments employed in Sections 8.3.2 and 8.3.3, respectively. 
In particular, for the iterative scheme with or without relaxation there is strong 
convergence in L^(0, T;?7) of the aggregate of effective local optimal controls, 
{— global optimal control and strong convergence mHxV* 

duj^ duo^ 

of the final state {wk{T), ^ (T)) of the local optimal trajectory to 

Clb (XL 

the final state of the global optimal trajectory. 



8.4 Decomposition of the Spatial Domain 

8.4.1 The Local Optimality Systems 

We decompose the region Q into subregions as in Section 6.4.1 and retain 

all of the notation of the first paragraph of that section. We set Hi = with 

the standard norm, and Wi = with norm 

/ \ 1/2 
||<^lk, = U , a>0. 

The dual space of Wi with respect to Hi is denoted by W*, and Bi is defined as 
the canonical isomorphism of Wi onto W * . The duality pairing between elements 
(/)* e W* and (f) eWi is denoted by ((/>*, 

We also denote by Ai the canonical isomorphism of Vi := H}){Qi) onto its 
dual space V* with respect to Hi when is endowed with the norm 

= (_£ {AiV<i>-ycl>+\cj>f)dx^ ' . 

Of course Wi and Vi (resp., W* and V^) are the same as sets and have equivalent 
norms, but Bi and Ai are not the same. They are, however, connected through 
the bounded, invertible mapping Ki on Wi defined by ((/), = {Ki(j),'ip)wi, 
V0, t/; G Wi. Note that if cf) eV and = (/>|^., then 

I 

Mv = '^\\(l>i\\v^ and A(f> = (Ai(l)i, . . . ,Ai4>i) 



I 

{A(t>,ip)v = 

2=1 



in the sense that 
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For Ti given in we define (Ti G W* by 

/ Ti(j)dr, ^(j)£Vi. 

ypint 

Let Xi, Hi £ We introduce the following local optimal control problems 

on the regions Qi, i = 1, . . . , I: 



Ji 



inf Mhj2), Ui = ) X ), 

(/i,/2) |/2|^dS + ~ + \( 3 wi + HifdT, 



(8.4.1. 1) 



+ f (||tc,(T) - + ll^(T) - /? > 0, 



subject to 



dt‘2 



- V • (AiViVi) + CiWi = Fi in Qi 



Wi = 0 on S 



D 



dwi 



dvA 
dw. 



= h on S 



N 



(8.4.1.2) 



dVAi 



= /i + Aj on S 
dwi 



int 



Wi{Q)=woi, — (0) = noi in Oi. 

The optimal control problem (8. 4. 1.1), (8. 4. 1.2) is well posed if the following reg- 
ularity condition is satisfied: 

Regularity Assumption: If wqi = vqi = 0, = 0, /2 € /i + G 

the solution of (8.4. 1.2) satisfies 



w. 



Mr^ur- 






(8.4.1.3) 



and the map (/ 2 , /i + A^) i-^ tc^lpwypint is continuous in the indicated spaces. 

If this assumption holds then, by superposition, (8.4. 1.3) remains true if (tr?oi?^Oi) ^ 
Vi X Hi and Fi G I/^(0,T;Fi), and the mapping from the data to it;i|pivypint is 
continuous in the indicated spaces. Condition (8. 4. 1.3) is known to be true if, for 
example, the coefficients Ai, Ci and the boundary set U VF are sufficiently 
regular (see Remark 8. 2. 2. 2). 

Using the same argument as for the global optimal control problem, it follows 
that there are unique optimal controls given by 
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where p is the solution of 

- V • {AiVpi) + CiPi = 0 in 
Pi = 0 on Sf , = 0 on Sf 

OVAi 

#^^=M+«onE“ (8-4-1-5) 

dvA, 

Pi{T) = KBr\^{T) - zu + K-Vi) 

^ dv ^ 

-^{T) = -K{wi{T) - ^oi) in Oi. 

Equations (8.4.1.2)-(8.4.1.5) comprise the local optimality systems. 

Note that (8.4. 1 . 5)4 means that Pi{T) G W{ is determined by the elliptic 
boundary value problem 

-V • {AiVp^{T))+pi{T) = - zu) in Oi 

Pi{T) = 0 on rf , = 0 on rf (8.4.1.6) 

^^ + api{T)^n onrj"‘. 



8.4.2 The Domain Decomposition Algorithm 

For the remainder of this chapter we assume that the global data satisfy 
{wo,vo)eVxH, {zo,zi)eVxH, FeL^0,T-,H), 



and that the regularity assumption (8.4. 1.3) holds. We introduce the following 
iterative scheme based on the local optimality systems (8.4.1.2)-(8.4.1.5): 



= 0 



V • {AiVw'i+^) + Ciu;"+i 



= Fi in Qi 
= 0 on Sf 



d^Ai 



+ I3p7^^ 



u;”+l(0) = woi, 



= A”- on T,ij, Vj e Ji 
L (Q) = '^Oi in Hi, 



(8.4.2.7) 
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- V • {AiWp^+^) + = 0 in Q 



= 0 on Sf 



= 0 on Sf 



dpl^ 

dvAi 



-/3<+i=p”. onSy,Vie J. 



p"+i(T) = - zu + «-Vr) 

^(T) = -/c«+i(T)-zoi) infii, 



where A° , p®. G L'^{T,ij), rf G are arbitrary, 



(8.4.2.8) 



5w;" 

„ »p?(r) 






-/?< 



+ ap”(T)|j, , n>l, 



(8.4.2.9) 



and where af G VF* is defined by 



■**’*■' “S/r. 



r/Jflidr, V</.GWi- 



(8.4.2.10) 



Thus we see that p^'^^{T) is determined by the elliptic boundary value problem 



-V • {AiVp:+\T))+p'l+\T) = - zu) in 

p^+\T) = 0 on rf , = 0 on Tf (8.4.2.11) 

+ apr'(T) = r” on Vj G J,. 



Note that, in the limit, the conditions on the interfaces T>ij and Tij become 

dwi _ dwj _ 

^+l3pi = -^ + l3pj 

dvAi OVAj 

dpi . 9pj 

^Wi = - 0Wj 






and 
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respectively. By interchanging % and j and adding the resulting equations to the 
original ones we recover the transmission conditions 



dwi 

Wi = Wj, Pi=Pj, - — 

di^A. 



dwj dpi 
dVAj ’ dUAi 



dpj 

dvAi 



on Yij 



Pi{T)=pj{T), 



dpijT) 

dvAi 



dpAT) 

dvAj 



on Tij. 



(8.4.2.12) 



Thus the algorithm (8.4.2.7)~(8.4.2.10) represents a domain decomposition of 
the global optimality system that is consistent with the transmission conditions 
(8.4.2.12). 

If A^ , C tIj G L‘^{Tij)^ Vj G Ji^ then, as discussed in the previous 

subsection, (8. 4. 2. 8), (8. 4. 2. 9) is the optimality system for the optimal control 
problem 



inf Jr+H/ 1 ,/ 2 ), Ui = L2(s“) X ), 

5/2 jeOi 



(8.4.2.13) 



Je'V P JT.ij 






dt 



-(T)-ZH+K-vrii;,.) 



subject to 



df^ 



V ■ == Fi in Qi 

= 0 on Ef 



Mil 

di^A. 
dw?+^ 



= /2 on S 



N 



di'A. 



— /i + A" on Sj 



iy”+i(0) = woi, (0) = voi in fit. 



(8.4.2.14) 



Since the traces andp""''^(T)|ry G T^(ry), it follows 

from the boundary conditions on and E ij that the normal derivative traces are 
also in or L‘^(Tij), as appropriate, and therefore A^^^, C 

G L^(rij). Thus the iterative scheme is well defined provided the local input 
data satisfy A°-, p°j G T^(Eij), e T^(rjj), Vj G J). 
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8.4.3 Convergence of the Iterates 

We introduce the local errors 



w 



n+l 



— Wj 






where is the solution of the local optimality system (8.4.2.7)-(8.4.2.9), 

and Wi = w\q.^ Pi = where (rc,p) is the solution of the global optimality 
system (8.1. 1.1), (8.2.1.3),\8.2.1.2). 

The errors satisfy 



where 



dt^ 



V • =0 in g. 



w, 



n+1 



0 on sf , 



dvAi 



+ P\ 



n+1 



0 on S 



N 



di'Ai 



+ /?p,"+' =A" on 



<+'(0) = -^(0) = 0infii, 



dt 



d2pn+l 

dt^ 



- V • {AiVp^+^) + dp^+^ =0 in Qi 






= 0 on sf , 



dpl 



^cn+l 



di'Ai 



= 0 on E 



N 



dp] 



-n+l 



- /?<+! = /i”- on Vi G Ji 



Pt+HT) = + K-ia") 



dUA 

dpr^ 

dt 



(T) 



dt 

-kw^+\T) inQi, 



\n \n 



( dwj 
^ dUA, 
dp^ 



■(^Pj)\^ 






, = T- — ( — 

•ij 'ij V 



dp^{T) 

dui 



+ op"m)li 



(8.4.3.1) 



(8.4.3.2) 



(8.4.3.3) 



with e G arbitrary, p^j, rg given by (8.4.2.9) for 

n > 1, and where df G W* is defined by 



jeJi 



(8.4.3.4) 
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As usual, we wish to write the iterative step (8.4.3. 1)3, (8. 4. 3. 2)3, (8. 4. 3. 2)4, 
as a fixed point iteration. To this end we define 



a : := X X L^(r'"‘) 

i=l 




(|Aip + ImiP) dH + 



aK 




where X = {(Xi, /j,i,Ti) : i = 1 ,. For X G A' let be the solution of 

the local optimality system (8.4. 1.2), (8.4.1.4), (8. 4.1. 5) with 



Fi = 0 , woi = voi = zoi = zii=Q 



(8.4.3.5) 



and define T G C{X) by 



dw 









dpj_ 

dvAi 



-(3wj 



(■ 



dPjjT) 

dvA, 



+ apj{T))\ : jeJi;i = l,. (8.4.3.6) 



We see that X is a fixed point of T if and only if w p := {pj}i=i is the 

solution of the global optimality system corresponding to vanishing data (8.4.3.5). 
Since, in this case, the optimal control is / = 0, it follows that the only fixed point 
of T is X = 0. 

Now set 



X'^ = {CK-\p^-\f^-^): = (8.4.3.7) 

and let {{w^,p^) : i = 1,...,/} be the solutions of (8. 4.3.1), (8. 4.3. 2) with n 
replaced by n — 1 . We then have 









{ 



di'Ai 









• j C i!Ji^ i — 1, . 



and the iterative step (8.4.3. 1)3, (8.4.3. 2)3, (8. 4.3. 2)4, with A; 
(8. 4.3. 3), may be expressed as the fixed point iteration 



(8.4.3.8) 
given by 



X»+i = 



(8.4.3.9) 



We consider in what follows the iterative step (8. 4. 3. 9) with under relaxation, 
that is, we consider the fixed point iteration 

X"+i = (1 _ g)7'X” + eX", eG[0,l). (8.4.3.10) 



The main convergence result of this subsection is based on the following properties 
ofT. 
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Lemma 8.4.3. 1 For any X G A' one may write 

\\x\\1^£ + :f, \\rx\\l = £-x 

where 



(8.4.3.11) 









+ 



Uj 



l, dpi(T) ,2 

a' dvAi ' 



+ c^\Pi{T)\ 



Vr} 



X 






/Ef ^ 

In particular, T is a nonexpansive mapping. 

Proof. For X ~ {{\i,pi, Ti) : i = 1, G X we may write 






dwj 

di'Ai 



+ I^Pi + 



2 , I 



'dvAi 



!3wi\^)dX 



+ 



OLK 7 pi 



MT) 

an Ji'int ' duAi 



F Oipi{T)^ dT 



where (wi,pi) is the solution of (8.4.1. 2), (8.4. 1.4), (8.4.1. 5) with data (8.4.3. 5). 
Thus 



di^A/ 

+ -/ Pi{T)^§^dr\. (8.4.3.12) 

K Jrint duA, J 

Prom 

O-y Pi{^^ -X ■ {AiVwi) + CiWi) dxdt 

we obtain, after formal integration by parts (which may be justified because of the 
regularity properties of Wi and pi) 






£ + 2 



m-. 



{p> 



dwj 

dvA, 
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Similarly, from 
we have 



dx 






(8.4.3.14) 



It follows from (8.4.3.12), (8.4.3.13) and (8.4.3.14) that 

I 



||V||^ = f + 2 



2=1 



} 



= £ + J^. 

In a completely analogous manner we calculate 



i=l jeJi ^0 



dPj 

duA, 



-Pwj\^)dT, 



+ 



— [ 
Jr. 



dpj{T) 

duA. 



+ apj{T)fdT 



Since ELi ^jej. = Ej=i Eiej. and since the integrands are independent of i 
we have, by the same calculation as above. 



+ 1-^ - <’«'/) 

j=l ^ j ^ '' 



+ 



^ [ I 9pj(T) 



+ apj 



(T)|V| 



= £-T. 



The main convergence result of this subsection is as follows. 

Theorem 8.4.3.1 With the iterative transmission conditions given by (8.4.3.10), we 
have 

(i) for any e e [0, 1) and for z = 1, . . . , / 

Pi\^N ^0 strongly in 

{P?{T). -> 0 strongly m V, x H, 

dw'^ 

«(T), -^(T)) ^ 0 strongly in Hi x H~\ni). 
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(ii) In addition, if e > 0 we have 
dt ’ ’ dt 



-^) - 0, {pf, ^ 0 weakly* in L~(0, T; Hi x V*) 



w: 



i lE^ 



0 weakly in 






dWi I 

apF(T), 



0, p"i\y^\nt 0 weakly in 

^Pi ! . A r2/v'iiit 



0 , 



dvA. 



> 0 weakly in ) 

0 weakly in L^(r-"*) 



< - E. 



0, p”-p” 



J ISi 



0 strongly in L^{Y,ij) 



dwf- dw*^ 

+ 



0 . + ^ 



9z/A, 

dpiiT) , ap”(7’)| 



0 strongly in L?{Yiij) 






+ 



9i/a, 



0 strongly in L^{Tij). 



Remark 8.4.3.1 Part (i) shows that for any e G [0, 1) the effective local optimal 
control —pf\^N converges strongly in to —p\^N, where — is the global 

optimal control. Further, the final state (wf{T), (dwf)dt){T)) of the local optimal 
trajectory converges strongly in L‘^{fti) x H~^{Ui) to the final state of the global 
optimal trajectory, restricted to Qi. 



Remark S.4.3.2 If the coefficients Ai, ci and the boundary part U are suf- 
ficiently regular, the boundedness of implies that 

{w'f}, {p^} are bounded in C([0,T]; 
w'^lyN is bounded in 

I s ’ I E bounded in (E^j ) 

(see Remark 8. 2. 2. 2). We may then conclude, by using a compactness result of 
J. Simon [96, Corollary 5], that for e G (0, 1) 

«, -^) -> 0, (p", - 0 « C{[ti,T\,Hi X V*) 

wf\^N -> 0 strongly in L‘^{T,f) 

^i"lv “*'0) Pi*lv 0 strongly in (Hi j). 

iZjij '^ij 

Proof of Theorem 8.4.3. 1. With X" given by (8. 4. 3. 8) we have from Lemma 8.4.3. 1 
||X"||^ = + .f”, ||TX"||^ =£" -JF" (8.4.3.15) 
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where 






dw^ 

dUAi 



+ 



dPi 

dfA, 



■|V/3(Kl' + |PrP)] dT, 



+ 






= 2 



Ul 



^Jp”|^dE + i||(p?(T),^(T))||^., 



2 

ViXHi 



}■ 



(8.4.3.17) 



From (8.4.3.10) we calculate, with the aid of (8.4.3.15), 



5”+i + = ((1 - ef + _ (1 _ 2e):r2 + 2e(l - e)(TX", X”)a- 

< ((1 - e)2 + _ 2g)jF2 ^ 2e(l - e) V(5«)2 - (jr«)2 

<£:"-(!- 2e).F”, 

(8.4.3.18) 

hence 

f"+i < f - (1 - 2e).F”. (8.4.3.19) 

Upon iterating (8.4.3.19) down to n = 1 we obtain 

n +1 

£n+\ < ^1 _ ^ Cp(e).P’ (8.4.3.20) 

p=l 

where 



Cp(e) = 2(1- e), p = 2,..., n; ci(e) = 1 - 2e, c„+i(e) = 1. (8.4.3.21) 

It follows from (8.4.3.20) that 

->0, 

that is to say, 

p"|sN 0 strongly in L^(Sf ) 

dv'^(T) (8.4.3.22) 

(p?(r), — -> 0 strongly in Vi x Hi. 

Prom (8.4.3.22)2 and (8.4. 3. 2)5 we have 

w^{T) 0 strongly in Hi. 

Further, since {d'^,(j))wi = 0, V(/) G ifQ(Oi), we obtain from (8.4.3. 2)4 

Ac|(^(r),0)| = \{Bip-+\T),<p)w.\ < m^\T)\\wA\ct>\\H^^n,), '^4> e Hl{Qi), 
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strongly in 

This proves part (i) of Theorem 8.4.3. 1. 

Now suppose that 6 > 0. We first invoke Proposition 2. 3. 7.3 to deduce that 



and, therefore, 



X'^ — > 0 weakly in X 



(1 - e)TX" = - eX” ^ 0 weakly in A:. 



Thus we may conclude that 



+ PPi \^int 0, ^ 0 ^ - 0 weakly in 



dpmi 



0 weakly in L'^{Tf' 



hence 



qhV' — > Q 

|j]int ^ Fi |5]int 

5^1 I 

dP^iT)^ 



0 weakly in 
— > 0 weakly in 



0 weakly in L^(rr)- 



Therefore 



X^j 0, 0 weakly in 

flj 0 weakly in L^{Tij), E Ji, i = 1, . . . , I. 

Since the map taking the data 



where is the solution of (8.4.3.1), is continuous from U SJ"*) into 

L^{0,T-,Hi xV*)x 1,2 (Sf U it follows that 



dw?+\ 



It’JV 



0 weakly* in L°°{0,T-,Hi x V*) 
0 weakly in L‘^{T,f). 



Similarly 



{p7^\ -^t-) ^ 0 weakly* in L^{0,T;Hi x V*). 
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It remains to prove that for all j G Ji and i = 1, . . . , 



+ 



dvAi dvAj 






0 , 



0 strongly in Lp‘{Hij) 



dl/Ai duAj 

0, Pr - P” Ie, . 0 strongly in , 



(8.4.3.23) 



Ij. ^ 0 strongly in L\Fij). 

duAi dvA, 



\X 



0. 



For this we invoke Proposition 2.3.7. 1 to obtain 

||j5^n+l _ 

Prom (8.4.3.15) we have 

\\TX^ - X^Wl = 2[£^ - {TX^,X^)x]. 

A direct calculation gives 

dwf dw'j dp^ dp^ 

1 /? 1 Bu A f)h 

i=i jeJi 

+ (3^w^w^+p^p^)+0{p^ 



(8.4.3.24) 

(8.4.3.25) 



(TX”,X" 



IX 






Ey L 

dwf 

di'Ai 



dVAi dUAj dvAi dVAj 

dw^ , _,^_dp" 



■Pi 



dvA 



-)-m 



Ot'A, 



— 



-/ f' 

aK Jy-. 

i Z7 L 



dUA, \ 



dL 






+ «(P"(7’) 



dp^{T) 

dUAi 



-PUT) 



dp]{T) 

dVAi 



dr 



}■ 



One has 



s s /. 



i=l j€ Jz 



dw^ 

dvAi 



dw 






and, similarly, for the other integrals with mixed terms. Since also 
/ ^ 7-1 



A 1 A f- 'T .. Eji „■ 1 At— T " Ej 1 



i=l i€ J'i 



2=1 j^Ji 

j>i 



we may write 
{TX^,X^)a 






+ P\Kib]+P^p'}) 



i=i jeJi 

j>i 



dE 



+ 



aK 



L 



dpfjT) dp]{T) 
dvAi dVA. 



a^p7{T)PnT) 



drj. 



(8.4.3.26) 
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Since we may write 



EL 



i=i je Ji 

j>i 



if follows from (8.4.3.16) and (8.4.3.26) that 






dUA, dUA, dVA, 

j>i 



+ ^2(|^n_^n|2^|pn_ -n|2) 



+ ^ +«^|p»(T)-p»(T)|^]dr}, (8.4,3,27) 



The conclusions (8.4.3.23) now follow from (8.4.3.24), (8.4.3.25) and (8.4.3.27). 



8.5 Domain Decomposition in the Exact Reachability Problem 

8.5.1 The Global Optimality System 

In this section we consider the state constrained optimal control problem 

inf J(/), J(/) = l f IffdS (8.5.1.1) 

subject to (8. 1.1.1) and the state constraint 

w{T) = zo^ -^{T) = zi. (8.5.1.2) 

We assume that for each T sufficiently large, say T > To, this problem has a 
unique solution for each {wq, vq) :=V x H, {zq, zi) G H and F G T^(0, T; H). 
Because of the time reversible character of the system (8. 1.1.1), we may and do 
assume without loss of generality that 

^0 = = 0, F = 0. (8. 5. 1.3) 

In this case the optimal control problem is called the exact reachability problem. 
The solvability of the exact reachability problem for each {zq, zi) e H means 

that 

VxHc RgijCr) := {Hr), ^(T)) : / e 



(8.5.1.4) 




354 



Chapter 8. Control of Conservative Wave Equations 



where 

Ct: (w(T), ^(T)), L^(S^) ^HxV* 

is the control-to- state mapping. It is well known that (8. 5. 1.4) is equivalent to the 
continuous observability from of the system (8.2.2. 1) (with G = 0), (8. 2. 2. 2), 
that is, to the observability estimate 

<<^T / y{<l>o,<t>i)^VxH, (8.5.1.5) 

for some constant Ct independent of ((/>o,(/)i). 

When (8. 5. 1.5) holds, the optimal control /opt may be constructed via the 
Hilbert Uniqueness Method of J.-L. Lions [72]: 

/opt = -pI^iv (8.5.1.6) 

where p is the solution of 

d^p 

- V • {AVp) + cp = 0 in <5 

p = 0 on = 0 on (8.5.1.7) 

OVA 

dp 

p{T)=po, ■^(T)=piinf2 

and where {po,pi) G i/ x V* is the unique pair satisfying 

{{Po,Pi),{-zi,zo))^= [ (8.5.1.8) 

The coupled systems (8.5. 1.7) and (8.1. 1.1), with (po,Pi) given by (8.5. 1.8) and / 
given by (8. 5. 1.6), comprise the optimality system for the optimal control problem 
(8.5.1. 1) subject to (8.1. 1.1) and (8.5.1.2). 

The optimality system (8. 1.1.1), (8. 5. 1.6), (8. 5. 1.7), (8.5. 1.8) may, in fact, be 
obtained in the limit of the optimality system (8. 1.1.1), (8. 2. 1.2), (8.2. 1.3) for the 
unconstrained optimal control problem (8. 2. 1.1) as the penalty parameter ^ oo, 
as described by the following theorem. 

Theorem 8.5.1. 1 Suppose that the data satisfies (8. 5. 1.3), that {zq, zi) G V xH, and 
that (8.5. 1.5) holds. Then as k ^ oo the solution w{' k), p{- ; hi) of the optimality 
system (8. 1.1.1), (8.2. 1.2), (8. 2. 1.3) satisfies 

; /c), ^(- ; /.)) ^ («;(•), —{■)) in C([0,T]; H x V*) 

(p(.;«),^(-;«)) - (p(-)>^(-)) inC{%nHxV*) 
p(-;k)|sn ^p(-)|en strongly in 
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where w{'), p(-) is the solution of the optimality system (8.1. 1.1), (8. 5. 1.6), 
(8.5.1.7), (8.5.1.8). 

We omit the proof of Theorem 8. 5. 1.1 since it is outside the main theme of 
this monograph. Complete details may, however, be found in [56, Theorem 4.1]. 

In the following subsections we shall introduce a nonoverlapping spatial do- 
main decomposition for the computation of the solution of the global optimality 
system (8. 1.1.1), (8.5. 1.6), (8. 5. 1.7), (8. 5. 1.8) similar to the one introduced in sub- 
section 8.4.2 for the optimality system associated with the unconstrained optimal 
control problem (8. 2. 1.1). In fact, if ; a^), ; a^), ^ = 1, • • • ? -f? denote the 

solutions of the iterative scheme (8.4. 2. 7), (8.4.2. 8), (8.4. 2. 9) with data satisfying 
(8. 5. 1.3), and if and rf- are chosen independent of /^, it shall be proved 

that as AC ^ oo 

(<(-;«),-^(.;ac)) ^ «(.),^0) in C{[0,T];Hi x V*) 

rtrP' 

(•;«)) - (p?(-),^0) inC'([0,T];/f, x V*) 

Pi {- ; «)|sN ^ P”(-)|sf strongly in L^(Sf ) (8.5.1.9) 

<(• ; «)|sint ^ <(-)lEin‘ strongly in 

i i 

p7{- ; K)|si„t ^ Pr(-)lsint strongly in 

i i 

where is the solution of a certain local, state constrained optimal 

control problem concentrated on the cylinder Qi. These functions are determined 
through an iterative scheme that represents a nonoverlapping spatial domain de- 
composition of the global optimality system (8.1. 1.1), (8.5. 1.6), (8.5. 1.7), (8.5. 1.8), 
and they converge, in appropriate spaces, to its solution. Thus we have the com- 
mutative diagram 



At— >00 K—^OO 



(8.5.1.10) 



where Wi{- ; k) , pi{- ; k) (resp., Wi{-)yPi{')) denotes the restriction to Qi of the 
solution of the global optimality system for the unconstrained (resp., constrained) 
optimal control problem (8.2. 1.1) (resp., (8. 5. 1.1)). The top branch of the diagram 
was proved in Subsection 8.4.3, and the right branch represents the content of 
Theorem 8.5. 1.1. The left branch is the assertion (8. 5. 1.9). The bottom branch 
will be proved in the subsections that follow. 



8.5.2 The Limit of the Local Optimality Systems 

In this subsection we will examine the limiting behavior as a^ ^ oo of the solution 
; /^), ; At) of the local optimality system (8.4.2.7)-(8.4.2.10) with data 
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satisfying 



woi - voi - Fi =0, i = I. 



To this end we first consider the limiting behavior as ^ oo of the solution 
Pi{' ; of tho system 



d'^Wi 



dt^ 

Wi = 0 on Sf , 



V • {AiVwi) + CiWi == 0 in Qi 
dwi 



= / 2 " onS^ 



dvAi 



dwj 

di'Ai 



-/f + Afy-;K) onSr 



o 



V • {AiVpi) + CiPi == 0 in Qi 



d'^Pi 

df^ 

Pi = 0 on Ef , 



dpi 

di'Ai 



= 0 on Ef 



N 



dpi 

di'Ai 



(3wi + pi{- k) on E ■' 



int 



Pi{T-K) = kB^ ^(^^(T;/c) - Zii + k Vj(/t)), 

dv ' 

= -K{Wi{T] k) - Zoi), 



(8.5.2.1) 



(S.5.2.2) 



fl — ~/ 3 Pi(' i /2 — ~Pi(' j ) 



(S.5.2.3) 



where Aj(- ; k), pi{- ; k) g L^(EJ"‘), Ti{- ; k) e are given and ai{K,) e W* is 

defined by 



{ai{K),(f))wi = / ri{--,K)(f){-)dr, 

Jl'int 



y<i> G Wi. 



The system (8.5.2.1)-(8.5.2.3) is the optimality system for the problem 






r(/i./2) = ^/ |/2|^dE + ^ / + \l 3 wi{- ■, k) + Pi{- ; K)\‘^)dT, 

^ ^ nO IldWi ^ . _1 / \l |2 



- inf Jr(/i,/2), u = T^(E'"*) X L^(Ef ), 

(/I i/ 2 )€m 
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subject to 



d'^Wi 

df^ 



- V • (AiVwi) + CiWi =0 in Qt 



Wi = a on Sf , = /2 on T,\ 



dvAi 



dwj 

d^Ai 



= fi + Xi{-;K) on S 



int 



(S.5.2.4) 



Wi{0;K) = -^(0;'^) = 0- 



Let 4>i be the solution of 

f\2 1 

- V • {Ai'V(j)i) + Ci(f)i = 0 in Qi 
<pi=0 on Ef , ^ = 0 on Sf U S'"‘ (8.5.2.5) 

^i(O) = «/>?, ^{0) = <t>l inQi. 

It is assumed that (8. 5. 2. 5) is continuously observable from U for T > To 
for some To > 0: 



11^' 



, 0||2 

\Hi 









< Ct 




^{4>°,<f>l)£VixHi, (8.5.2.6) 



for some constant Ct- It follows from (8. 5. 2. 6) that if {zoi^ zu) eViX Hi there are 
controls fi e /2 G L^(Ef ) such that the solution of (8. 5. 2.4) satisfies 

dvu 

Wi{T; k) = zoi, ~^{T;k) = zu. (8.5.2.7) 



Theorem 8.5.2. 1 Suppose that the regularity requirement (8. 4. 1.3) is satisfied, that 
the observability estimate (8. 5 . 2 . 6) holds, thatT > To, and that {zQi,zu) G VixHi. 
Suppose further that as k oo 

\i{- ; k) A~(-), ; k) nfi') strongly in 

; k) — > 0 strongly in L^(rj"‘). 

VK 



(8.5.2.8) 
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Then the solution of (8.5.2.1)-(8.5.2.3) satisfies 

y/K{wi{T\hi) — zoi) 0 strongly in Hi 
duu 

k) — zii) 0 strongly in V* 

(• ; K)|s;ntus~ ^ strougly in U Ef ) 



w. 






Pi(' ) ^) *■ Pi(') I 2‘.' 

where Wi, pi is the solution of 
d^Wi 



strongly in U S”) 






- V ■ (AiWwi) + CiWi = 0 inQi 



Wi =0 on Sf, 



dwj 

dfAi 



= -pi on E 



N 



dwj 

dvAi 



(S.5.2.9) 



^-0Pi + Xr onE” 



int 



Wi{Q) = ^(0) = 0> = Zoi, 



d'^Pi 



V • (AiVpi) + CiPi =0 in Qi 



df2 

Pi=0 on Ef , 



dpi 

di>Ai 



0 on Ej 



N 



dpi 

di'Ai 



(8.5.2.10) 



= Pwi + p°° on E: 
dpi 



int 



Pi{T) = poi, -^{T)=pii, 
and where {poi^Pu) ^ Hi x V* is the unique solution of 

= / [0M^ + \wi\^)-XrPi+Pr^i]d^+f \Pifdi:. (8.5.2.11) 

^ i 

Remark 8.5.2.1 It will be shown in the course of the proof that the system 
(8.5.2. 9)-(8. 5.2. 11) is the optimality system for the problem 

inf Ji(/i,/ 2 ) 

(/l,/2)eWad 

-^j(/i,/2) = x [ \f2\^dY,+ — f [\fif + \f 3 wi + p°°f]d^y 

2 J^N IP JY^int 
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where ZYad consists of controls f\ G /2 G such that the solution 

of 

d'^w ' 

* - V • {AiVwi) + CiWi = 0 in Qj 



df^ 

£, dwi 

Wi=0 on 

dvAi 



fi on 



N 



dwj 

dvAi 



(8.5.2.12) 



A + A“ onSr‘ 



w'i(O) = = ® 



satisfies the state constraint 



dwi 

Wi{T) = zoi , {T) = zii- 

Proof of Theorem 8.5.2.I. Let T > To and ff € L^(E‘"‘), /| G L^Sf ) be such 
that the solution W{ of 



d'^Wi 

df^ 



V • {Ai'^Wi) + CiWi = 0 in Qi, 



Wi = 0 on Sf , 



dwj 

di^A. 



= f^ onSf, 



dwj 

dvA, 



= /i° onS‘"‘, 



satisfies 



w>i(0) = ^(0) = 0 in fi, 
Wi{T) = zou ^{T) = zu. 



By the regularity assumption (8. 4. 1.3) we have 

ll^i||L2(Si^^USf ) ^ 4- 11/2 ||L2(Sf ))• 

Set /f (• ; k) = /? (•) - A^(- ; k). Then 



+ ^ + A*i(- ; + ^\\(Ti{X‘)\\w; ■ 

It follows that 



fi is bounded in 

/2 is bounded in L^(Ef^) 

^/K{wi{T; K,) — zoi) is bounded in Hi 
duj 

\/k{-^{T\k) - zii 4- K~^Gi{K)) is bounded in W*. 



(8.5.2.13) 
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and, therefore, 

(wi{' ; At), ; ^)) is bounded in L^(0,T; Hi x V^) 

Wi {' ; is bounded in U Ef^) 

^ ^ (8.5.1 

Wi{T] k) zoi strongly in Hi, 

dwi , 

— (T; k) -> zii strongly in Vi . 

We may conclude that on a sequence k = Km oo, 

/r-^/r weakly in 

/2 ^ / 2 ~ weakly in ) 

weakly* in L°°(0,T;//'i X F/) 
u^i(- ; weakly in L^(Ef‘ U Sf ) 

(8.5.: 

where Wi satisfies 



- V • (AiVwi) + CiWi =0 in Qj 



/r + Af onE- 



Wi =Q on Ef 



’ duA, 



= / 2 ~ onEf, 



Further 



Wi(0) = ^(0) = 0, Wi{T) = z^i, ^(T) = 0 h. 



1 1 
^ II ^00112 I 1 



/*2 llL2(Ef) (■)IIl2(E*.'^^) 



— ( 11/2 II L2(Ef ) o Wfl II L2(Ej'^^) /O ll/^'^^(‘ 5 5 ^)|| L2(E'>^)) 



= {/i C L^(EJ^^), /2 G L^(Ef ) : the solution of (8. 5. 2.4) satisfies 

dz ■ 

Zi{T\K) ^ Zoi, -^{T\k) = Zii], 



Z^ad = {/i € L^(E-"‘), /2 € L^(Ef^) : the solution 2 ;j(-) of (8.5.2.12) satisfies 

8z 

Zi{T) = zoi, -^{T) = zu}. 
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In addition, set 

Ji{flj2) = \! \f2?dll + T /■ + /,oc|2j v(/i, /2) 6 Z^ad. 

We have 



jnfiJ2)<jnfij2) 

= \ + T y’^^J|/il2 + |/j2.(.;K)+^.(.;K)|2]dE 

+ y{hJ2)eU^. (8.5.2.18) 

If if 1 ^/ 2 ) ^ Z^ad and if we define 

fii - ; «) = /i(-) - A*(- ; «) + A-(.), m - ; «) = /2(-), 

then (/f,/ 2 ) ^ Z/^ad where Zi{'\K) is the solution (8. 5. 2.4) 

corresponding to /f , /2 . Prom (8.5.2.18) and hypothesis (8. 5. 2. 8) we then obtain 

limsup Jf(/f,/ 2 ") < Ji(/i,/ 2 ), V(/i,/ 2 ) E Wad. (8.5.2.19) 

K—*00 

In particular, we have 

limsup Jf (/f , f^) < Ji(/r, /|°). (8.5.2.20) 

K— +00 

On the other hand, from (8.5.2.17) and (8.5.2.19) we also have 

Mfi°, fn < liminf Jf (/f , f^) < Mh,f 2 ), V(/i, / 2 ) G U^. (8.5.2.21) 

fim—*00 



Therefore /f®, 
problem 

and 



is the unique solution of the state constrained optimal control 






(8.5.2.22) 



J^nflJ2)^Ji{frJr) 



through all real k oo, from which we may conclude that 



ifi, /2 ) - (/r, fn strongly in x Z,2(Sf ) 

•/K{wi{T\ k) - Zoi) -» 0 strongly in Hi 

dvu 

«) - zii) 0 strongly in V* (8.5.2.24) 

{wi {- ; k), ^(- ; «)) -> (u;,(.), ^(-)) in C([0, T]; if, x 7/) 

Wi{- ; w,(-)|Eintusf strongly in L^(Ej"‘ U Sf ). 




362 



Chapter 8. Control of Conservative Wave Equations 



The solution ; ^) c>f (8. 5. 2. 2) may be expressed as pi = qi ri, where 
satisfies (8. 5. 2. 2) except that 



n{T; k) = k) = 0, 



and Qi satisfies (8. 5. 2. 2) except that 

dqi 

dvAi 



= 0 on 



By virtue of the regularity assumption (8.4. 1.3) we have 
lki(- ; K)|li2(sN) + ||n(- ; K)||^2(sint) < C't / \l 3 wi{-;K) + fii{--,K.)\‘^dE (8.5.2.25) 

J^,nt 

and, by virtue of the observability assumption (8. 5. 2. 6), we have, for T > To, 
\\Pi{T-,K)\\% + \\^{T-K)fy, < Ct . (8.5.2.26) 

By replacing qi by pi — ri in (8.5.2.26) and then using (8.5.2.25) we obtain 



lb^(r;«)||?r, + ||^(r;K)||^v^^. 

<Ct{ f {\pi{--,K)\^ + \/3wi{--,K) + ,ii(--K)\^)d^+ f |pi(-;K)|"ds) 

= CtI [ d/ri" + |M(- ; + Pi {- ; K)l")dS + [ im^dn] . ( 8 . 5 . 2 . 27 ) 

Jsf J 

Next, we note that Wi{']Ki) — Wi{‘]K 2 ), Pi{-]Ki) — Pi(*;^ 2 ) satisfy (8.5.2. 1) and 
(8.5.2.2 )i, 2,3 with /f, f^, Ai(- ;«), Mi(' ;«) replaced by /f' - /f", and 

so forth. The inequality (8.5.2.27) therefore holds for the difference Pi{T-,Ki) — 
Pi{T; K 2 ) by replacing the terms on the right side by the corresponding differences 
/f' ~ / 2 * “ f 2 ^i forth. It follows from (8.5.2.24) that 



Pi{T\ k) poi strongly in Hi 
dpi 



dt 



(T; k) -> pii strongly in V* 



(8.5.2.28) 



for some (poi,Pii) & HiX V*. This, together with (8.5.2.24), allows us to conclude 
that 



(p,(-;k),^(.;k)) - in C([0,T];7f, x V*) 

Pi {- ; «)|sintusf ^ P*(')|sintusf Strongly in U Ef ) 
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where pi is the solution of 
d^v ' 

- V • (i4jVpi) + CiPi = 0 in Qi, 

onsrs 

(8.5.2.29) 

Pi = 0 on Sf , ^ = 0 on Sf 

Ol^Ai 

Pi{T)=poi, ^{T)=pu. 

A formal integration by parts (which may be justified by approximating /f^, 
pf, by smoother data) gives 



0 = {zii,P{)i)Hi - 



that is, 



dwi dpi \ f dwi 

Pi-^ Wi- dE- / Pi- dS, 

, OUAi Ol'Ai J OVAi 



= [ imPif + \wi?) - >HPi + pTwi\<ni + [ Ipil^dS. (8.5.2.30) 
This completes the proof of Theorem 8.5.2. 1. 

Remark S.5.2.2 Let us comment further on equation (8.5.2.30). The pair (poi^pu) 
may be calculated in a manner reminiscent of the Hilbert Uniqueness Method. In 
fact, this pair is chosen so that the solution of 

d‘^Wi 

— ^ - V • (AiVwi) + CiWi =0 in Qz 



± = -Pp, + X^ onT^ 



Wi=0 on Ef , = -pi on E^ 

tni(0)=.^(0)=0, 



V • {AiVpi) + CiPi = 0 in Qi 



(8.5.2.31) 



^=!3wi+pT onS‘"‘ 

di'Ai 

Pi =0 on Sf , = 0 on Sf 

dvAi 

dx) ■ 

Pi{T)=poi, -^{T)=pii, 



(8.5.2.32) 
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satisfies 

Wi{T) = zoi, -^{T) = zu. (8.5.2.33) 

For arbitrary {poi^pu) E V{ x Hi the system (8.5.2.31), (8.5.2.32) has a unique 
solution since it is the optimality system for the problem 



inf 





subject to 



d'^Pi 



- V • {AiVpi) + api = 0 in Qi, 
^f + pr ontf, 



dVA 



Pi = 0 on Ef , 



dpi 

dvAi 

dpi 



0 on E • 



N 



Pi(T)=Poi, -g{T)=pu. 



The solution of (8.5.2.31), (8.5.2.32) may be written W{ = wj + wf, pi = p] 
where 



{wl^p]) is the solution corresponding to = 0, 

solution corresponding to poi = Pu = 0. 

By Holmgren’s theorem, we may define a norm \\{poi,Pu)\\Fi by setting 

\\iPoi,Pii)\\Fi-^ [ /3 {\pI\^ + \wj\'^)dT,+ f 

and a corresponding Hilbert space 

Fi = completion of Vi x Hi in || • Hi?.. 

For T > To one has (cf. (8.5.2.25)-(8.5.2.27)) 

\\{POi,Pli)\\HiXV; < CT\\{P0i,Pli)\\Fi, 

hence Fi C Hi x V*, Hi x Vi C F[. In addition, by Green’s formula we have 

{{pouPii), (-- ^ \\iPoi,Pu)\\%, 

where {'r)HixVi denotes the duality pairing in the Hi x Vi, Hi x V* duality. 
Therefore if {—zu, zoi) G F' and if we set 

{P0i,Pli) = A“^(-2h,%), 
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where A{ is the canonical isomorphism Fi F/, then we will have 

wl(T)^zoi, ^{T)^zu. 

It follows that (8.5.2.33) will be satisfied by choosing 

{P 0 i,Pii) = A-^{{-zu,Z 0 i) - {-^{T),wKT))). (8.5.2.34) 

It may be checked that (8.5.2.34) is exactly the same as (8.5.2.30). 



8.5.3 Application of Theorem 8.5.2.1 to Domain Decomposition 

We now apply Theorem 8.5.2. 1 to the solution ; /c), ; /^) of the local 

optimality system (8. 4. 2. 7), (8.4. 2. 8) with under relaxation in the iteration step, 
that is with A^^(- ; /^), /i^^(- ; k), r^(- ; /c) given by 



dw^ 



= (1 - e ) (- + (3p])+e { + /3K) I e,. 



Pij = (1 -e)(- 



dp] 

dUA, 



/3<)+e( 



dw'^ 

duj 

dp 



’■S = (1 - + “Pi (’’)) + 4 



a.. 



di^Ai 

dpUT) 



(8.5.3.35) 



for n > 1, and where erf (/c) is defined by (8.4.2.10). As in the last section we 
assume vanishing data woi = uoi = 0 and Fi = 0. We further assume that the 
starting data A^^(- ; /^), ; k) and r^^(* ; k) satisfy hypothesis (8. 5. 2. 8), that is 



A? (- ; k) A° (-), /i° (- ; k) -*• /x° (-) strongly in i^(S^) 
; k) 0 strongly in Vj £ Ji 



(8.5.3.36) 



for some A?-, eL‘^{T,ij). Hypothesis (8.5.3.36) will hold if, for example, A^^(- ; /c), 

/i?^(- ; k) and rfj {' ; k) are chosen so that they are independent of k. 



It then follows from Theorem 8.5.2. 1 that, as ac ^ (X), the solution 
pK*;^) converges in the manner described in that theorem to the so- 
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lution w}{’), p}{') of the system 
d^w} 



dt‘^ 

d^Pi 

dt^ 



- V ■ {AiWwi) + Ciw] =0 in Qj 

- V • {AiVpi) + Cipl =0 in Qi 



+ Pp] = A° , - / 3 wj = on T,ij, 



dv^ 



dw] 1 

+ Pi = 0 , 

OVA. 



dvA, " * 

n;i=pi =0 onSf 

dp\ 



dvAi 



= 0 on E: 



N 



n;i(0) = -^(0) = 0, p\{T) = pI, -^{T)=p\. 

rinT^ 

w\{T) = Zi,u -^{T) = zu, 



where (Poi?Pii) ^ Hi x V* is the solution of 



= E/ mpl\^ + Hf)d^ 

77Z 



>^%Pi + P%w. 



ieJi 



\\d^+ [ 



\pl\^di:. 



According to Theorem 8 . 5 . 2 . 1 , 

wl {- ; K)|sint ^ u;,^(-)|sint, pI{- ; /c)|smt ^ P,H-)ls‘"‘ strongly in 
and therefore 



9w]{--,k) 

dVAi 






dw}{-) 

dVAi 



^ strongly in 

As a result 



At(- ; k) ^ (1 - + ^p](-))lsy + + /?Pi (•))|Ei, 

:=A-j(-) strongly in 

pI{-,k) ^ (1 -e)(-^ -/3 «;](.))|e., + - K('))|e., 

:= Pij{-) strongly in 



( 8 . 5 . 3 . 37 ) 
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The proof of Theorem 8.5.2. 1 showed that 

dw, 
dt 



k) - zii + 0 strongly in W* 



and therefore 
1 



,dwj 



p- (T; K,) = k,) - zu + k Vf (ac))] -> 0 strongly in Wi 



In particular, 



Since 



it follows that 



dt 



K)|rint ^ 0 strongly in 

* 



dpl(T;K) 



duA 
1 dpj(T-,K) 



+ apl{T-,K) = rfA-) on T 



u 





■v/k 


di'A, Ir,, 


hence 




■'‘>= ^ 1 


( dp]{T-,K) 


^ dvAi 




e 

H — 


(dp\{T\K) 




v/k 


\ dvA, 



0 strongly in 



+ ap]{T-, k) 



0 strongly in lAiVij). 



We may now apply Theorem 8. 5. 2.1 to conclude that as /t ^ oo the solution 
wf{-;K), p^{-\k) of (8. 4. 2. 7), (8. 4. 2. 8) with n + 1 = 2 converges in the manner 
described in that Theorem to the solution ref (•)> Pi(') of 



d^wf 

d'^Pi 

dt^ 



- V • (AiVwi) + CiWi =0 in Qi 

- V • {AiVpi) + Cipf = 0 in Qi 



+ I^pI = A|, , on Sy 



dVA 



dVAi 



-2 



dVAi 

dwf 



= Pi = 0 on 'Sf' 

*"'<+p? = 0, M=0 onE." 



dUAi 



dp^ 



<(0) = ^(0) = 0, pf{T)^pi, ^{T) = pi 



dt 



dt 
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where Xjj, /jjj are given by (8.5,3.37) and where (Poi^Pu) is the solution of 

= 1 ^ + - ^ijP^i + PijWi]dT, + f \pffdT,. 






One may now proceed inductively to obtain the following result. 

Theorem 8. 5.3.1 Suppose that the regularity requirement (8. 4. 1.3) is satisfied, that 
the observability estimate (8. 5. 2. 6) holds, thatT > Tq, and that {zoi,zu) G ViXHi. 
Assume also that the starting data A^^(*;«:), satisfy (8.5.3.36) 

(which will be the case if they are chosen independent of k, for example). Then, as 
> 00, for every n = 0,1,... the solution {• ] k) , p'^^^ f ] k) of (8. 4. 2. 7), 
(8. 4. 2. 8), (8.5.3.35) converges in the sense of Theorem 8.5.2. 1 to the solution 

».”«(■)! f-ho/ 






,n+l 



dt^ 



V-{AiVwf+^) + 



Cjw: 



,71+1 



= 0 in Qi 



+ ppi — Xij on T^ij 

<+' = 0 on Ef , +P+1 = 0 on Ef 






71+1 



df^ 



-V-(+Vp+') + Cip+i = 0 inQi 



dp 



71+1 



P 



duA 
= 0 on Ef 



onT^ij 



dp. 



n+l 






dp^' 



dt 



= 0 onEf 



<+i(T) = zoi, -^{T) = zu 



where, for n> 1, 



dw^ 



"ij 



(l-e)(- 



duA, 

dpf 

dUAi 



W 



i) + < 



dvAi 

dp2 

di'Ai 



W?) 



^ / ISi 



(8.5.3.38) 



(8.5.3.39) 



(8.5.3.40) 



(8.5.3.41) 
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and where, for n>0, ^ Hi x V* is the solution of 

+ E/ (8.5.3.42) 

jeji 

Remark 8.5.3.1 Analogous to Remark 8.5.2. 1, the system (8.5.3.39)-(8.5.3.42) is 
the optimality system for the optimal control problem 

inf (/i,/2) 

(/i,/2)ewr, 

Jr'(/i,/2) = ^ /j/2|"dS + T^ f [|/il2 + |/3<+i+M”ndE 

where consists of controls fi e /2 G L^(Ef^), such that the solution 

of 

n+l 

- V • (AiV<+i) + c,<+i = 0 in Qi 
<+i = 0 on Ef , = /2 on Ef 



di'Ai 



dv/ 



— /l + i ^ 



<^^0) = ^(0) = 0 

satisfies the state constraint 

<+'(T) = zoi, 



dt 



dt 



(T) = ZH. 



8.5.4 Convergence to the Global Optimality System 

In this section is it proved that the solutions ,p'^'^^), i = of the 

local optimality systems (8.5.3.38), (8.5.3.39), (8.^3. 41), (8.5.3.42), in aggregate 
converge to the solution (w,p) of the global optimality system (8. 1.1.1), (8. 5.1.6)- 
(8. 5. 1.8). Let {wi,pi) denote the restriction of {w,p) to Qi. 

Theorem 8.5.4.1 Assume that (zq,zi) e V x H, that T > Tq, that the local and 
global observability estimates (8. 5. 1.6) and (8. 5. 2. 6) hold, and that the regularity 
requirement (8. 4. 1.3) is satisfied. Then 
(i) for any e G [0, 1) 

i 



0 strongly in L^(Ef^). 
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(ii) In addition, if e ^ ^hen 



(w”, -^) (wi, -^) weakly* in L°°{0,T\Hi x V"/) 



dt 



w, 



dn^ BrP 

{p1. - (pz, ^eaW ^n L-(0,T;i/, x V^) 

weakly in L‘^{T,f) 
weakly in 






^ IE“ 



dw^ I 
di^A. 



^ I I 

dwi I dp2 I 



■Pi 



Ejn* 

dpi 



weakly in L^(Sr) 






duA.'^i 

0 strongly in L^(Eij) 



dw'!^ dw^ 



+ 



dvAi duA. 



•». p."-p,"k- 

0 , 



duAi duAs 



0 strongly in L^{T>ij) 



Proof. Since the proof is similar to that of Theorem 8.4.3. 1 it is only sketched here. 
We introduce the space 






i=l 



with norm defined by 
/ 



ll^ll^ = E^/ {\^i\^ + \Pi?)d^, X = {{K,Hi): i = l, 

i=i p J^r 



For X £ X let {wi,pi) be the solution of 
d^Wj 



df^ 



- V • (AiXwi) + CiWi =0 in Qi 



Wi=0 on Sf , 



dwi , ^ 

alTT = ““ 



dwj 

dvAi 



= -(3pi + Ai on S •' 



int 



^i(O) = 
d'^v 

- V • {AiXpi) + CiPi = 0 in Q, 

Pi = 0 on Sf , 

dp., 



= 0 on S 



N 



dVAi 



dvAi 
0Wi + Hi on S‘"‘ 



dpi 



Pi{T) = poi, -^{T) = Pii, 



(8.5.4.1) 



(8.5.4.2) 
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and where {poi,pu) E Hi x V* is chosen so that 



Wi{T) = -^{T) = 0 (8.5.4.3) 

(see Remark 8. 5. 2. 2, especially (8.5.2.34)). The system (8. 5.4.1), (8. 5. 4.2) is then 
an optimality system; see Remark 8.5.2. 1. Define the bounded linear map T : 
A'by 



TX={{- 



dwj 

dUA, 






J\T.i 



dPj 

duAi 






Then TX — X \i and only if the global transmission conditions hold on 
Further, X = 0 is the only fixed point of T. 

By a calculation similar to that in Lemma 8.4.3. 1, for any X G T we may 

write 

\\X\\\ = £ + X, \\TX\\l = £-X (8.5.4.4) 

where 



£ = 




dwj 
di'Ai 

T 



dpi 






dS 






'dE. 



For A^ , given in let , p^^^ be the solution of the local opti- 

mality system (8.5.3.38), (8.5.3.39), with {p^t ^ given according to (8.5.3.42). 
Let Wi, Pi be the restriction to Qi of the solution of the global optimality system 
(8. 1.1.1), (8. 5. 1.7) with (po,Pi) given by (8. 5. 1.8) and / by (8. 5. 1.6). Then 

<+i(T) = Wi{T) = ^oi, = ^{T) = zu. 

Introduce the local errors 



w”+l = u;"+l 



Wj 



~n+l 






n+1 



Pi- 



These satisfy 






-X-{AiVwr) + Ciw'^ 

dvA, 

rZ,«+i =0 on Sf , = 0 on Sf 

<+'(0) = ^^(0) = 0 



(8.5.4.5) 
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^2 ~n+l 






onE« 

= 0 on Sf , = 0 on Ef 


(8.5.4.6) 


where 




(8.5.4.T) 


and 






Further 


<+i(r) = ^^(T) = o. 




By setting 







and solving (8. 5.4.5), (8. 5.4. 6) with n replaced by n— 1, the iterative step (8. 5.4. 5)2, 
(8. 5. 4.6)2, with A^, given by (8. 5.4.7) and A^, given by (8.5.3.41), may be 
expressed as the relaxed fixed point iteration 



Prom (8. 5.4.4) we have 



rn\\2 cn 



with 



= E f \- 

JEint y 



duAi ^ dUAi 



e)TX" + eX". 


(8.5.4.8) 


||TX"||^ = f" -X” 


(8.5.4.9) 


-n+l |2x 


_ 1 






dS 



JF" = 2 



i=l 



By taking the square norm of each side of (8. 5.4.8) and using (8. 5. 4. 9), we 
obtain the fundamental recursion inequality 



^n+l jrn+l < £;n _ 
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and then, by iterating down to n = 1, 

n+l 

£n+l < ^ Cp{e)J^ 

P=1 

where Cp(e) is given by (8.4.3.21). It follows, in particular, that 0 for any 

6 G [0, 1), that is 

p”| ^-^0 strongly in ( 8 . 5 . 4 . 10 ) 

Now suppose that e G (0, 1) Then, according to Proposition 2.3. 7.3, X 

weakly in A', where X is a fixed point of T. Thus X'^ 0 and TX^ 0 weakly 

in X, from which follows that 



nTf} 1 — 


->0) ^rlsint “ 


0 weakly in L^(S“) 




dvAi 


.0, f*‘- 

dvAi 


> 0 weakly in L^(S)"‘). 


(8.5.4.11) 


Therefore 








d 

T 


0 weakly in 


L'^i'Sij), j e Ji,i = l,...,I. 


(8.5.4.12) 



It follows from (8. 5.4. 5) and (8.5.4. 10)-(8. 5.4. 12) that 

« , ^ 0 weakly* in (0, T; x y* ) . 

Prom the observability estimate assumption (8.5. 2.6) we have (cf. (8.5.2.27)) 



Therefore, on a sequence n = n/e oo, 

^ {p 0 i,Pii) weakly* in Hi x V* (8.5.4.13) 

for some {PoitPu) ^ HixV*. It then follows from (8. 5.4.6) and (8.5.4.11)-(8.5.4.13) 
that, on n = n/e, 

(p7^\ ^ {Pu weakly* in L~(0, T; Hi x V*), 

where p, is the solution of 
d‘^v- 

- V • (AiVpi) + CiPi = 0 in Qi 

I ^ I £« usy = 0 

dv ■ 

Pi{T)^poi, -^{T)=pii. 
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In addition, from (8.5.4. 1) and (8.5.4.11) we have 

It then follows from the observability estimate that poi = pu = 0, hence 

^ 0 in L°°(0, T; Hi x V*). 

To complete the proof of Theorem 8. 5. 4.1, we invoke Proposition 2. 3. 7.1 to 
conclude that 



||j^n+l _ ^ 0. 



Prom (8. 5.4. 9) we have 

\\TX^ - Xm = 2{S^ - {TX^,X^)x). 

A calculation completely analogous to one carried out at the end of the proof of 
Theorem 8.4.3. 1 gives 



-{TX^,X^)x 



j>i 



dw^ dw^ 

+ 



dvAi dvA 



+ 



d^^dpi 



dVAi dUAi 



+ ^2(|^n_^„|2^|-n_ ~n|2) 



dY,. 



In this expression we may replace wf, w'j and p'j by w'j and pf , p^, re- 
spectively, since 



Wi - w] 



dw'^ 



Wa 



w 



3 ’ 



+ 



dw'^ 



dw^ 



+ 



dw'^ 



duAi dvA, dPAi duA 



Pi - Pi =Pi - Pi , 



dpf dp 

' + 



dp^ dp 



+ 



di^Ai duA, duA, dvA 



The proof of Theorem 8.5.4. 1 is now complete. 




Chapter 9 

Domain Decomposition for Distributed 
Parameter Systems on 2-D Networks 



9.1 Elliptic Systems on 2-D Networks 

This chapter is mainly concerned with domain decomposition in optimal final value 
control of hyperbolic systems on two-dimensional polygonal networks V in 
However, in order to fix the ideas in the context of a somewhat simpler problem we 
shall begin by considering a domain decomposition procedure for the calculation 
of the solutions of elliptic systems on such networks. 

A two-dimensional polygonal network V in is a finite union of nonempty 
subsets 'Pi, z G I, such that 

(i) each Pi is a simply connected open polygonal subset of a plane II i in R^; 
(^0 UiGJ Pi is connected; 

(iii) for all i, j G J, Pi p| Vj is either empty, a common vertex, or a whole common 
side. 

The reader is referred to S. Nicaise [86], whose notation we adopt, for more details 
about such 2-d networks. 

For each i G X we fix once and for all a system of coordinates in 77i. Thus 



Ili = {Pio + XiT]ii + X277i2}, Xi, X2 G R, 

where pio is the origin of coordinates in Ili and rjn, r]i 2 are orthonormal vectors 
that span Ili. We assume that the boundary dVi of Vi is the union of a finite 
number of linear segments Fij, j == 1, . . . , Wi. It is convenient to assume that Vij 
is open in dVi. The collection of all Vij are the edges of P and will be denoted by 
£. An edge Fi^ corresponding to an e G f will be denoted by Fie and the index 
set Xe of e is Xe = {i| e = Fie}. The degree of an edge is the cardinality of Je and 
is denoted by d(e). For each i e Xe we will denote by Uie the unit outer normal 
to Pi along Fie. The coordinates of Uie in the given coordinate system of Pi are 
denoted by {i^l, i/fj. 

We partition the edges of £ into two disjoint subsets V and TV, correspond- 
ing respectively to edges along which Dirichlet conditions hold and along which 
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Neumann or transmission conditions hold. The Dirichlet edges are assumed to be 
exterior edges, that is, edges for which d{e) = 1. The Neumann edges consist of 
exterior edges and interior edges := 

Let m > 1 be a given integer. For a function W : V ^ Wi will denote 
the restriction of W to 7^^, that is 

Wi'.Vi^MT : xy-^ W{x). 

We introduce real m x m matrices 

Af,B^,Ci, i el, a, (3 ^1,2, 

where 

Ci = C* 

and where the * superscript denotes transpose. For sufficiently regular W, ^ : 
V h-> we define the symmetric bilinear form 

a{W, ^) = J2 [ + BfWi) ■ + Bf^i) + QWi • $,] dx, (9.1.1.1) 

iex 

where repeated lower case Greek indices are summed over 1,2. A subscript following 
a comma indicates differentiation with respect to the corresponding variable, e.g., 
= dWi/dxp. The matrices Af, Sf, Q may depend on {xi,X 2 ) G Vi and 
a(W, $) is required to be V-elliptic for an appropriate function space V specified 
below. 

We shall consider the variational problem 

a(W $) = (F, G V, 0 < t < T, (9.1. 1.2) 

where V is a certain space of test functions and F is a given, sufficiently regular 
function. The variational equation (9. 1.1. 2) obviously implies, in particular, that 
the Wi, i eX, formally satisfy the system of equations 

■ + {BfYAf{Wi,0 + BfWi) 

~^CiWi = Fi mVi,ieI. (9.1.1.3) 

To determine the space V, we need to specify the conditions satisfied by W 
along the edges of F. These conditions are of two types: geometric edge conditions, 
and mechanical edge conditions. As usual, the space V is then defined in terms of 
the geometric edge conditions. At a Dirichlet edge we set 

Wi = 0 on e when Tie G V. (9. 1.1.4) 

Further, along each e G we impose the condition 

QieWi = QjeWj on e when Tie = Tje, e G AT"^^, 



(9.1. 1.5) 
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where, for each i £1^ Qie is a real, nontrivial peXm matrix of rank Pe <m with 
Pe independent of i G Xe- If Pe < additional conditions may be imposed, such 
as 

UieWi =0 on e, Vz G Je, e G (9.1. 1.6) 

where Uie is the orthogonal projection onto the kernel of Qie. (Note that (9. 1.1. 5) 
is a condition on only the components i G Xe, where is the orthogo- 

nal projection onto the orthogonal complement in of the kernel of Qie.) For 
definiteness we always assume that (9. 1.1. 6) is imposed and leave to the reader 
the minor modifications that occur in the opposite case. Thus the geometric edge 
conditions are taken to be (9.1.1.4)-(9.1.1.6), and the space V of test functions 
consists of sufficiently regular functions $ : 7^ i— > that satisfy the geometric 

edge conditions. 

Formal integration by parts in (9. 1.1. 2) shows that, in addition to (9. 1.1. 3), 
Wi must satisfy the variational boundary condition 

E E / = 0, e V. 

eeAf ieie 

It follows in particular that 

vZAf{Wi,p + B^Wi) = 0 on e when Tie € (9.1.1.7) 

and that 

Y, [ ^feAf{Wi,0 + 5f Wi) • dr = 0, V$ G V. (9.1.1.8) 

For each Vie ^ write = ^ie^i + and let denote the generalized 

inverse of Qie^ that is Qf^ is a m x pe matrix such that 

QieQte ~ QteQie ~ Hie* 

Then (9. 1.1.8) may be written 

E E / {Qter<AfiWi ,0 + BfWi)-Qje^jdT = Q, V$€V, 

where j is any index selected from Xg. We deduce that 

= 0 on e if e € (9.1.1.9) 

Conditions (9. 1.1. 7) and (9. 1.1. 9) are called the mechanical edge conditions. We 
also refer to (9. 1.1. 5) and (9. 1.1.9) as the geometric and mechanical transmission 
conditions^ respectively.. 

To summarize, the edge conditions are comprised of the geometric edge con- 
ditions (9.1.1.4)-(9.1.1.6), and the mechanical edge conditions (9. 1.1. 7), (9. 1.1. 9). 
The geometric transmission conditions are (9. 1.1. 5) and (9. 1.1.6), while the me- 
chanical transmission conditions are given by (9. 1.1. 9). 
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9.1.2 Examples 

Example 9.1.2.1 Suppose that m = 1. In this case the matrices , Ci, Qie 

reduce to scalars 6", c^, qie, where . Set 

= bi=col{bf). 

The system (9. 1.1.3) takes the form 

-V • {A^VW^) + [-V • {A^bi) + b*A^bi + = Fi. (9.1.2.1) 

Suppose that all Qie = 1. The geometric edge conditions (9. 1.1. 4), (9. 1.1. 5) are 
then 



Wi = 0 on e when e eT> 

Wi = Wj on e when e G 

while the mechanical edge conditions are 

[vie ■ (AiVWi) + {i/ie ■ Aibi)Wi] = 0 one when e G AA. 

iGle 



Example 9.1.2.2 (Membrane networks in In this case m = N = 3. For each 
i e I set rji 3 = rjii A rji 2 , where rjn, rji 2 are the unit coordinate vectors in 77^. 
Suppose that Bi = Ci =0, Qie = h, where Is denotes the identity matrix with 
respect to the {r]ik}l^i basis. With respect to this basis the matrices A^^ are 
given by 

/ 2/i^ + Aj00\ / jj,i 0 0\ 

= 0 0 , Af ^ 0 2^i + Xi 0 , 

\0 0 fiij \o 0 mj 

/o Ai o\ /o m o\ 

A\'^=\im 0 0 , Af=\\i 0 0 

\0 0 0/ \0 0 0/ 

Write 

3 

= y] Wikllik, Wi = WiaVia, 
k=l 

(^0 ~ A )(5 ^ . 

The bilinear form (9. 1.1.1) may be written 



a(W^,$) = V [ [af{w,)ea0{<l>i)+t^iWis,c,^is,, 



1 dx 
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where = Ylk=i ^iklik ■= 4>i + The corresponding system (9.1. 1.3) is 

= 1> 2, -IJ’iWis^aa = Fis in Vi, i G I (9.1.2.2) 

where Fi = Ylk=i FikVik- The geometric edge conditions (9. 1.1. 4), (9. 1.1. 5) are 

Wi =0 on e when Fie € H, , , 

(9.1.2.3 

Wi = Wj on e when F^e = F je- 
The mechanical edge conditions (9. 1.1. 9) are 

[Ui^ {wi)f]i /3 + (J.iWa^aVislk'Z = 0 on e when eeAf. (9. 1.2.4) 

i€le 



The system (9.1.2.2)-(9.1.2.4) models the small, static deformation of a net- 
work of homogeneous isotropic membranes {Vi}i^x in of uniform density one 
and Lame parameters Ai and fii under distributed loads Fi,i£j-, Wi{xi,X 2 ) rep- 
resents the displacement of the material particle situated at (xi,X 2 ) € Vi in the 
reference configuration; and the transmission conditions have the interpretation 
of continuity of displacements and balance of forces at a junction. The reader is 
referred to [61] where this model is introduced and analyzed. 



Example 9.1.2.3 (Interface problems for serial Reissner-Mindlin plates.) We take 
N = m — 3 and assume that the regions Vi are coplanar. The region Di^jVi 
represents the middle surface of a thin plate of uniform thickness h. Within the 
region Vi x {—h/2, h/2) the plate is assumed homogeneous and elastically isotropic 
with Lame parameters A^, pi and shear modulus Ki. Let rji, Jj 2 be unit coordinate 
vectors in the plane 77 containing the regions Vi, and set = V 2 , ^2 = and 
^3 = A ^ 2 - The matrix C, = 0 and, with respect to the basis. 









Ai = hdia.g{--{2pi + ai), j-pi, Ki), 



T2 
,h^ h\ 



12 ' 



Af = hdi&g{--pi,—{2pi + ai),Ki) 



12 ^ ’ 12 



where ai = 2piXi/{2pi -f Aj), 






' 0 ai 0 > 



12 



0 0 0 ; 






0 Pi O' 



A' =711 Mi 0 0 , Af^-la, 0 0 



12 



0 0 0 ; 



^0 0 O' 



a 0 0; 



'0 0 



Bj = \ o 0 0 , Bf=[o 0 



.0 1 



0 

0 

0 
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Write Wi = '■= m + ^^ 3 ^ 3 , and set 

= ^(2Mi£a/3(wi) + ai£^~^{wi)5°‘^). (9.1.2.5) 

With this notation the bilinear form (9. 1.1.1) is 

a{W, $) = V / [af{Wi)£ap{<l>i) + Kih{Wi3,a + + $ia)] dx 

i€l 

where ^ik^k •= (l>i + The system (9. 1.1. 3) takes the form 

+ hK,{W,3,is + W,^) = (3 = 1,2, 

-hKi{Wi3^f3 + Wip)^(3 = Fis in Vi, i G I. 



For fixed i G J the system (9. 1.2.6) is the Reissner-Mindlin model for the static 
deformation of a thin elastic plate under distributed loads 

3 

Gi{xi,X 2 ,xs) = '^Gik{xi,X2,X3)^k, (xi,X 2 ) G Vi, -h/2 <X3< h/2 

k=l 

(see, for example, [93] or [61]). In (9. 1.2.6) 

nhl2 

Fi3{xi,X2)= / Gi3{xi,X2,X3)dX3, 

J-hl2 

fhl2 

Mif3{xi,X2,t) = / X3Gif3{Xi,X2,X3)dX3, 

J-hl2 

In particular, if Gi does not vary through the thickness of the plate, then Fi3 = 
hGi3 and Mif^ = 0, P = 1,2. The function Wi3{xi,X2) represents the transverse 
displacement of the material particle situated at (xi,X 2 ) G Vi in the reference 
configuration, and Wn, Wi2 measure transverse shearing. With the choice Qie = I3 
the geometric boundary and transmission conditions are 



Wi =11 on e when Vie G V, 

Wik = Wjk on e when Vie = Vje, k = l,2, 3, 

(the degree de = 2 for each interior edge) while the mechanical edge conditions 
are 



XI = 0, (3 = 1,2, 

i^Te 

X Kit^?e{Wi3,a + Wi^) =0one when e € V. 
ieXe 

These have the interpretations of balance of angular and linear momenta, respec- 
tively. 
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Example 9.1. 2.4 (Interface problems for non coplanar thin plates.) We again take 
m = N = 3. Let i, j, k denote the standard basis for and (yi, ^2, Vs) denote the 
Cartesian coordinates of a point in with respect to that basis. We consider a 
2-d network in E^ of consisting of planar regions Vi^ i = 1, . . . such that 

(i) Vi is a unit square; 

(ii) ViHVj = {(0,0, 7/3)1 Ivsl < 1/2} := e, for all i j. 

If n = 2 it is further assumed that Vi and V 2 are not coplanar. Let Uie denote 
the exterior unit normal to dVi along e and choose rjn = Vi 2 = k as unit 
coordinate vectors in Vi. One may represent Vi as 



Vi = XiTJii + (X2 - l/2)rji2, 0 < Xi,X2 < 1. 



The network {Vi}i^T has e as its only interior edge and the degree of this edge is 
n. The coordinates of e with respect to rjn, 7/^2 are (0,X2), 0 < X2 < 1. 

Set ^ii = r/i2, = -r]ii, ^is = A ^^2 and Wi = J2k=i Wikf^ik := m + 

Wis^is. Let (jU = [0, 1] X [0, 1]. We consider the following problem on the network 
(see [51] and Remark 9. 1.2.1 below): 



+ hKi{Wi3,p + Wi0) = Mi0, P = l,2, 

-hKi{WiS,(3 + Wif3),f3 = Fz3, {Xi,X2) G CJ, 



where af^{wi) is given by (9. 1.2. 5), 






K^lyZ{Wis,a + W^a) 



/?-l,2, 

(xi,X2) G d(ju\e. 



(9.1.2.7) 



(9.1.2.8) 



As in the Example 9. 1.2.3, equations (9. 1.2. 7) and (9. 1.2. 8) represent the small 
static deformations of a network of Reissner-Mindlin plates whose outer edges are 
free (with respect to transverse displacement and shear), with Vi representing the 
mid-surface of the ith plate. In addition, there are junction conditions that must 
hold on the interior edge e. The geometric junction conditions are taken to be (see 
Remark 9. 1.2.1 below) 



Wii{0,X2) = Wji (0,2:2), Vi, j G J, 0 < X2 < 1 

W^z 2(0,2:2) = -fc'79, W, 3 ( 0 ,X 2 ) = ^^(2:2 - 1/2)1? + 6 ], 



(9.1.2.9) 



where k'- is a constant depending on the angle between Vi and Vi and 1?, b are 
constants that are among the unknowns of the problem. The mechanical junction 
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conditions on e are 



n « n p 

k'Kih / (Wii + Wi3.i) dx2 + / Fadu = 0, 






-{Wii,2 + Wi2,i) + KiiWa + Wa,^){x2 - l/2)\dx2 



(9.1.2.10) 



n . 

+ j [Fii{x 2 -1/2) - Fi 2 Xi]dw = Q. 

i=2 

where k{ is a constant that also depends on the angle between Pi and Pi and 

M2 

Fip{xi,X2)=^ / Gi(3{xi,X2,Xs)dXs. 

J-hl2 

Let us remark that solutions of (9.1.2.7)-(9.1.2.10) are unique only up to 
rigid motions of the form 

Wii = -a, Wi 2 = -k'0, - axi + k'[{x 2 - 1/2)0 + c], 

where a, c, 0 are arbitrary constants. Further, the system has a solution if and only 
if the applied load satisfies 

^ ^ r 

Y / - Mii)(hj = 0, 

i=i 

n « n « 

Y K Fisdw + Y^^i / = 0 , 

• -I tJ (jJ •_ (jJ 

( 9 . 1 . 2 . 11 ) 

YK [[{x2~l/2)Fi3-Ma]duj 
i=i dw 

n « 

+ Y^^ [(a:2 - l/2)Fii - xiFi2] (L) = 0. 

i=2 

Suppose that is a solution of (9.1. 2. 7)-(9. 1.2.10) and let us set 

U,2 = Wi2Fk[d, 

Uiz = Wiz-k[[{x2-ll2)dFb]. 

Then it is seen that is a solution of 



-aZim) + hKi{Uii^0 + Ui0) = Mi0, (3=1,2, 
-hKi{Ua ^0 + Uip,),^ = Fa, (xi , 0:2) G w, 



( 9 . 1 . 2 . 12 ) 
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where u* = Uia^ia, 



= 13 = 1,2, 

Kivf^{Uiz,a + Via) = 0, {xi,X2) € dw\e, 

Uii{0,X2) = Uji{0,X2), i,j = l,...,n, 

Ui 2 { 0 , X 2 ) = Uiz{0, X 2 ) = 0, i = l,...,n, 

+ = 0<X2<1. 



(9.1.2.13) 



(9.1.2.14) 



Solutions of (9.1.2.12)-(9.1.2.14) are unique up to rigid motions of the form 

Uii = -a, Ui2 = 0, Ui3 = axi, 



where a is arbitrary. Further, this system has a solution if and only if the first 
equation in (9.1.2.11) is satisfied. If {Ui}'f^i is a solution of (9.1.2.12)-(9.1.2.14) 
and if we set 



Wn = Uiu Wi2 = Ui2-k[d, 

Wi3 = Ui3 + K\{x2-ll2)^^hl 

where 7 ?, h are arbitrary constants, it may be proved that 7 ?, 6 is a solution 

of (9.1.2.7)-(9.1.2.10) provided (9.1.2.11) holds. 

The system (9.1.2.12)-(9.1.2.14) fits into the general framework of the pre- 
vious section. Indeed, let ^ Ci be the matrices in Example 9. 1.2. 3 with 
respect to the basis, P = 0, and let 

Qie = {l 0 0 ) , i = l,...,n, 

also with respect to the basis. The orthogonal projection Il^e onto the 

kernel of Qie and the pseudo-inverse of Qie are then given by 

Hie =(o 1 oV Qt = 0 . 



Therefore the geometric transmission conditions (9. 1.1. 5), (9. 1.1, 6) reduce to the 
first two conditions in (9.1.2.14), while the mechanical edge conditions (9. 1.1. 7) 
and (9. 1.1. 9) give (9.1.2.13) and the last of the conditions in (9.1.2.14), respectively. 

Remark 9.1.2.1 A dynamic version of (9.1.2.7)-(9.1.2.10) was derived in [51] as a 
model for the deformation of a network of Reissner-Mindlin plates connected at a 
single rigid joint. There it was assumed that (a) the in-plane displacements of each 
plate are rigid motions; (b) the displacement vectors of the various plates coincide 
along the junction e; (c) the “rotation vectors” of the various plates coincide 
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along the junction (roughly speaking, this means that the angles between plates 
are preserved under the deformation); (d) the outer edge of V\ opposite e is fully 
clamped, the other outside edges of the network being free. These assumptions lead 
to the system (9.1.2.7)-(9.1.2.10) except that the boundary conditions (9. 1.2. 8) 
hold only for i = 2, . . . , n and on the two edges of V\ immediately adjacent to e, 
while on the remaining edge of V\ we have ITi(l,X 2 ) =0. In fact, the derivation 
given in [51] leads exactly to the system (9.1.2.7)-(9.1.2.10) if condition (d) is 
replaced by (d’): the in-plane displacements in V\ vanish. According to condition 
(a), this is the same as saying that the in-plane displacements vanish at the edge 
of V\ opposite e. When n — 2 and V\ is orthogonal to V 2 , the model in [51] is 
analogous to one derived by Le Dret [17] in the spirit of the Ciarlet-Destuynder 
method of asymptotic expansions. More precisely, the Le Dret model is obtained 
in the limit as the shear moduli Ki ^ 00 . 

9.1.3 Existence and Uniqueness of Solutions 

In this section existence and uniqueness of solutions of the variational equation 
(9. 1.1. 2) are considered. It is assumed that the elements of the matrices , 

Ci are all in For a function ^ : V ^ we denote by the restriction 

of $ to Vi and we set 



n^V) = {^ : ^ie W{Vi), Vi G X] 

where H^{Vi) denotes the usual (vector) Sobolev space of order s on Vi. Set 
H = H^{V) and define a closed subspace V of H}{V) by 

V = {^e n\V)\ ^i=0one when F^e G P, 

Qie^i = Qje^j on e when Fie = F^e, 

Fiie^i = 0 on e when e G i G X}. 

The space V is densely and compactly embedded in H. It is assumed that a($, $) 
is elliptic on V: there are constants fc > 0, X > 0, such that 

+ v$ev. (9.1.3.1) 

Let F = {Fi]i^x ^ XL. It follows from standard variational theory and the Fred- 
holm alternative that the variational equation (9. 1.1. 2) has a solution if and only 
if F is orthogonal in H to all solutions IF G V of a(IF, $) = 0, G V. If it is 
known that a($, $) > 0 for each $ G V, the last equation has only the trivial 
solution if, and only if, (9. 1.3.1) holds with A: = 0. 

Let us apply this to the four examples of the last section. 
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Example 9.1.3.1 Referring to Example 9. 1.2.1, it is clear that (9. 1.3.1) is satisfied 
for k large enough if each 2x2 matrix Ai is uniformly positive definite on Vi, 
Vi G J. Further, (9. 1.3.1) will hold with k = 0 if, for each i G X, we have q > 0 
and the conditions $ G V, = 0, a = 1,2, Ci^i =0 in Vi implies = 0 

in Vi. This will obviously be the c 2 Lse if, for example, q > 0 on a set of positive 
measure in Vi, or if bj =bi =0 and Vi ^ 0. 

Example 9.1.3.2 Referring to Examples 9. 1.2.2 and 9. 1.2. 3, it is a consequence of 
Korn’s Lemma for 3-d linear elasticity that (9. 1.3.1) holds for some constants k > 0 
and K > 0. If P / 0 then (9. 1.3.1) holds for fc = 0 (see [61, Chapter VI, Section 
2.4]. 

Example 9.1.3.3 Consider the system (9.1.2.12)-(9.1.2.14) in Example 9. 1.2.4. This 
system corresponds to the variational equation 

a{U, = [ i^ic^Uia + FisU^s) dx, G V, (9.1.3.2) 

t J UJ 
2 = 1 

where 

Tl> A 

a{U, $) = V / + Kih{Ui3,a + + ^ia)] dx 

i=l J-Pi 



and 



V = {$1 € H\w), k = 1,2,3, $ii(0,X2) = $ji(0,X2), 

$i 2 ( 0 ,a; 2 ) = $i3(0,X2) =0; i,j = l,...,n; 0 < X 2 < 1}. 

Here = J2l=i ^ik^ik '■= 4>i + ^i 3 ^i 3 - The inequality (9. 1.3.1) holds for some 
k > 0 but not for A: = 0 since the equation of a{U, ^) = 0, G V, has nontrivial 
solutions G V. These solutions are those rigid motions for which ea/ 3 {ui) = 0, 
Ui 3 ,a + Uia = 0, I = 1, ... ,n, a, f3 = 1,2. They are given by 



Uii = -a, Ui 2 = 0, Ui 3 = axi 



where a is an arbitrary constant. It follows that (9. 1.3. 2) has a solution in V if 
and only if 




— Mil) duj = 0 . 



Remark 9.1.3.1 In the general case, (9. 1.3.1) will be satisfied if the matrices 
satisfy, for each z G X, the inequality 

(9.1.3.3) 

for some c > 0. Further, if the matrices Ci are all nonnegative definite, (9. 1.3.1) 
will hold with A: = 0 when, for each i el, the conditions $ G V, = 0, 

a — 1, 2, Ci^i = 0 in Vi implies = 0 in Vi. 
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9.1.4 Domain Decomposition 

In the present context the goal of domain decomposition is to replace the above 
global problem on the network P by a sequence of local problems, each of which 
lives on a single element Vi, and whose solutions converge to a solution of the global 
problem in an appropriate sense. In the decomposition, the coupling conditions on 
the interfaces between adjacent regions in the global network are replaced by local 
iterative Robin- type boundary conditions in which the effect of adjacent regions 
is modeled by certain inhomogeneities in the boundary conditions. These iterative 
conditions are analogous to ones introduced earlier in the study of 1-d networks. 

For each index i G I we denote by Vi the Dirichlet edges in dVi and set 
Mi = dVi\Vi, which is partitioned into Mf^^ U with obvious notation. We 
shall write TYf for H^{Vi) and set Hi ’=H^^ We define 

Vi = G Hj, ^i=0 one when Tie G Vi, 

Uie^i = 0 on e when Tie G M-^^} 



A continuous, symmetric bilinear form is defined on Vi by 

a^iWi, Vi) = [ [Af{Wi ,0 + BfWi) ■ iV,a + Bf^i) + CiWi ■ dx. 

JVi 

For each i G X we consider the following sequence of local problems for functions 

G Vn 



ai{WJ^+\V)+ fce/ QieW^+^-Qie^idT 

= f Fi-^idx+ Y, / ^^e{W^)■Q^e^id^, ( 9 . 1 . 4 . 1 ) 

\/-int Tie 



where n = 0, 1, . . ., fcg > 0 is constant and 



X^W^) = E + B^W^) 



jeTe 



+ {QteT<eAf{Wr^0 + B^wn + - fceQ.eW,”. 



jeTe 



The inhomogeneity \ie{W^) reflects the influence of the regions adjacent to F^e, 
e G M-^^, on the solution in Vi at level n -h 1. The choice of {W^}i^x is arbitrary 
save for a regularity requirement on XieiW^) 
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We note that (9. 1.4.1) is the variational formulation of the boundary value 
problem 



d 

dXa 



+ Bfw-+^)] + {BrrAf{W-+^ + Bf +1) 

+ CiW"+i = Fi in Vi, 



(9.1.4.2) 



= 0 on e when Tie G A, 

= 0 on e when Tie G Afr\ 

FieeMr\ 

+ keQieW^^^ = XieiW^), Tie G , 
where, for convenience, we have set 



(9.1.4.3) 

(9.1.4.4) 



D,^,M = <Af{Wi,p + BfWi). 

With this notation, XieiW^) is written 



jeie 

+ |- E keQjeWf - keQieWp. ( 9 . 1 . 4 . 5 ) 

jeie 

Suppose that 

Fi e L\Vi), \ie{W^) G L\Tie), Ve G 
and that ai satisfies, for some (7 > 0, 

a^{F,^^)+ E / IQie$i|'cJr>C'||$il|^,, V$iGVi. ( 9 . 1 . 4 . 6 ) 

Then (9. 1.4.1) has a unique solution G Vi. Thus G L^(Tie) so 

that, from (9.1.4.4), {QteY ^ It then follows that Xie{W^^Y ^ 

L‘^{Vie)- As a consequence, if is chosen so that Xie{W^) G //^(r^e), Ve G 
the variational equation (9. 1.4.1) has a unique solution G Vi, n = 0, 1, — 

Let us note that if Ui G Vi has the trace regularity Dj^.^Ui G L‘^{Tie) for 
e G Afi, then the following Green’s formula is valid: 




AiUi • $i dx 




{D,,^Ui)-^idT 



- E / {{QterD..M-iQMdT, 

eeA/J"* 



G Vi, 



(9.1.4.7) 
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where 



AC, = -^[Af[Ui,0 + Bf Ci)] + {B^YAf{Ui,0 + Bf [/,) + QC* 

and the integral on the left side of (9. 1.4.7) is interpreted in the sense of V*-Vi 
duality, where we have identified Hi with its dual space and where V* denotes the 
dual space of Vi with respect to Hi^ so that Vi C Hi C V* with dense and compact 
embedding. 

Let us comment on condition (9. 1.4.6). It is a consequence of Korn’s lemma 
that (9. 1.4. 6) is satisfied by the forms in Examples 9. 1.2. 2-9. 1.2. 4 above. It 
also holds in the case of Example 9. 1.2.1 if, for instance, Ai is uniformly positive 
definite on Vi and q > 0 on a set of positive measure in Vi. In the general case, 
(9. 1.4.6) will hold if satisfies (9. 1.3. 3), Ci is nonnegative definite, and 

G Vi, ai($i, $i) == 0, $i — 0 on e when e G implies ^i = 0. 

Indeed, under the stated hypothesis we have 

+ (9.1.4.8) 

for some constants ki >0,Ki> 0. If (9. 1.4.6) is false, there is a sequence C 
Vi such that 

I|<|.‘||„, = 1, «.(«‘.<l>‘)-0, 

Qie^\\vie 0 strongly in L^(Lie). 

It follows that, on a subsequence, $i weakly in H\ and, by compactness, 

$i strongly in Hi. It then follows from (9. 1.4. 8) and (9. 1.4.9) that 
$i G Vi strongly in H} , where 

ll^ill^i == 1, a,($i, $i) = 0, Qie^i = 0 on e, Ve G Afi. (9.1.4.10) 

Since $i G Vi we also have IIie$i — 0 on e, Ve G hence ^i = 0 on e, 

Ve G It follows that $i = 0 on Fie when e G and therefore $i = 0, 
contradicting (9.1.4.10). 

9.1.5 Convergence of the Algorithm 

In order to obtain a convergence result we shall consider a relaxation of the basic 
iteration step (9.1. 4.4)2- Thus we introduce a relaxation parameter e G [0, 1) and 
replace (9.1. 4.4)2 by 

+ keQieWY+^ 

= (1 - e)\,{W^) + e[{QlYD,,^WY + k^Q^.W^] := KAW^). (9.1.5.1) 
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Thus the (n + l)st local iterate is calculated as the solution of the variational 
equation 

kef QieWP+^ -Qie^idT 

ee7V‘"‘ 

= f Fi-i^idx+ Y, f V$iGVi, (9.1.5.2) 

JVi e€A^i"‘ 

where the starting data A-g(VF°) e L'^{Tie). 

We next note that a function W :V ^ satisfies the global transmission 
conditions (9. 1.1. 5) and (9. 1.1. 9) if and only if Wp = i G I, n = 0, 1, . . sat- 
isfies (9.1.4.4)2 (and, consequently, (9. 1.5.1)). In fact, from (9. 1.1. 5) and (9. 1.1. 9) 
we have 

iQte)*D,ieWi + keQieWi = Ke{W) on 6 G (9.1.5.3) 

Conversely, if (9. 1.5.3) is satisfied we obtain 

Y, keQreWi = -2^ + 2 ^ keQjeWj - ^ keQieWi, 

i^Xe j^Xe j€Xe i^X^ 

hence 

j^Xe 

and then, from (9. 1.5. 3), 

QieW^ = J- X] on e G i G le, 

J^Xe 

that is, QieWilr^^ is independent of the index z G Je* 

It follows from the above discussion that if is the solution of (9. 1.5. 2) 

and W is a solution of (9. 1.1. 2) (recall that solutions of (9. 1.1. 2) are not necessarily 
unique) then the errors 

U^-Wp-Wi, iel, n = l,2,..., 

formally satisfy (9.1.4.2)-(9.1.4.4) with Fi = 0, that is 

ai(C/”+\$i)+ X3 QieU"^" ■ Q^e^^ 

e€7V)"* 

= Y [ Ke{Un■Q^e^^, GVi. (9.1.5.4) 

eeA/"]"' 
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As discussed above, if A^g(C/^) G L^(r^e), the problems (9. 1.5.4) for n = 0, 1, . . . 
have unique solutions with regularity 

€ V,, e L\Ti,) on e e 

Since for the system (9.1.4.2)-(9.1.4.4) the Wf are chosen so that G 

L^(rie), in order that G L^(r^e) it is necessary that AJg(lF) G L^(rie), 

which is equivalent to 

{Qte)*Du,M e on e € i e I. (9.1.5.5) 

The regularity assumption (9. 1.5.5) is problematical in as much as precise 
knowledge of the regularity of solutions of (9. 1.1. 2) is generally unavailable. The 
regularity of W will depend on the Fi^ on the set of coefficients Ci 

and the particular configuration and geometry of the 2-d network. For the case of 
interface problems for general elliptic equations on polygonal domains, i.e., when 
all Vi are coplanar, much is known and, in fact, (9. 1.5. 5) does not hold for all 
possible choices of the coefficients and the regions Vi. The reader may consult the 
work of Nicaise and Sandig [87], [88], Nicaise [86], and references therein. For a 
study of the Laplace and biharmonic operators on general 2-d networks, see [86]. 

We shall prove the following convergence result. 

Theorem 9.1.5.1 Assume that the coercivity conditions (9. 1.3.1) and (9. 1.4.6) are 
satisfied and that the global problem (9. 1.1. 2) has at least one solution having the 
regularity (9. 1.5. 5). Let W = {Wi}i^x be such a solution. Suppose that ke ^ k 
is independent of e e and let G Vi be the solution of (9. 1.5.2) for 

n = 0, 1, — Then the following hold for the errors Uf' = Wf — Wi: 

(i) For each e G (0, 1) 



U^^Ui strongly in {Vi), Vi G X, 
where U - {Ui}iex ^ V and a{U, $) = 0, G V. 

(ii) lfe = 0 we have 

ViGJ. 

Remark 9.1.5.1 The conclusion of part (i) of Theorem 9. 1.5.1 is equivalent to say- 
ing that = {U'f'}i^x converges to zero in the quotient space yV\JZ, where 
W = Yliex ^ denotes the null space of the bilinear form a{W, 4>), that is 

n = {WeV: a(VF,$)=0, G V}. 

Remark 9.1.5.2 In Examples 9. 1.2.2 and 9. 1.2. 3 above, a{U,^) = 0, G V, im- 
plies that U = 0 and, further, ai{Uf',Uf') — > 0 implies that Uf' 0 strongly 
in H^iJ^i). The same is true in Example 9. 1.2.1 under certain conditions on the 
coefficients as discussed above. However, for the system (9.1.2.12)-(9.1.2.14) in 




9.1. Elliptic Systems on 2-D Networks 



391 



Example 9. 1.2.4, solutions in V of a(C7, $) = 0, G V, consist of rigid motions 
of the form Ui = —a^n + a G M, / = 1, . . . , n. Thus the conclusion in part 

(i) means that 

-Wi 2^0 in 

a ^1,2, 

W? 3,2 - W^i3,2 - 0 in L\u), 

and 

f{\WJl - - o|2 + + axi|2 + \Wl, - l^,3.i + af}du ^ 0 

J io 

for some a G K. 

Proof of Theorem 9. 1.5.1. Set 



•^ = 11 n 

with the standard product norm. Let 

X = {A^e : i el, ee G X 
and, for each i el, let Ui be the solution of 



^i{Ui,^i) -{- ^ ^ ke. I QieUi ’ Qie^i 






Y, f ^ie-Qie^i, V$iGVi- (9.1.5.6) 



We define the bounded linear operator T : X i—> X by 



('rx)i 



E (QjerD.^.Uj + {QteYD^^^Ui 



jeXe 



+ ^ keQjeUj — keQieUi, (9. 1.5. 7) 






TX = {{TX)ie: ieI,eeArl^^}. 

With this notation, X is a fixed point of T if and only if the corresponding solution 
U — {Ui}i^x satisfies the global transmission conditions (9. 1.1. 5) and (9. 1.1. 9); 
that is, if and only if [/ is a solution of the global problem a{U, = 0, G V. 
Furthermore, if we set 



X^ = {Xl-^:ieI,eeAfr^}, n = l,2,... 
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and let be the solution of (9. 1.5.6) corresponding to then 
X" = {(Q+ + fceQ^ef/^ :iGl,eG Mr^}, 

TX" = {Aie(C”) : ieI,eeMr^}, 

SO that the iteration step (9.1. 4.4)2 may be written as the fixed point iteration 

^n+l _ 

while the relaxed iteration step (9. 1.5.1) is the same as the relaxed fixed point 
iteration 

X«+1 = (1 _ e)7-x« + eX". 

We shall need the following properties of T. 

Lemma 9.1. 5.1 Suppose that ke = k is independent of e ^ Then for any 

X = {\e ‘ i e e ^ X we may write 

||Xf^ = f + X, \\TX\\\ = £-J^ (9.1.5.8) 

where 

^ [\{QterD,.M^ + kl\QiMi\^]dT, (9.1.5.9) 

X=2kJ2ai{Ui,Ui), (9.1.5.10) 

and where Ui is the solution of (9. 1.5. 6). In particular, T is a nonexpansive map. 
Proof of Lemma 9. 1.5.1. Since S/eiXleeX”* ^ ZleeX‘"‘ Siei^ 

11^111= E E / [\(QterD..M"+ki\Q,Mi\^ 

eGA/'*^^ ieXe 

+ 2ke{{QlrD,,M ■ {QieUi)] dT. (9.1.5.11) 



Wi'TXUf 



Alc^ 

' ' Y, QjeUj\^ + kl\QM^ - -f QieUi ■ Y QjeUj 






j€Xe 



jeie 



+ -jp\ + \{QteYD„,^Ui\ 



jeXg 



- f {Qte)*D.,^Ui-YiQteTD.,eUj 



ieXg 



- 2ke{f Y • (z - {QlTD„M 



ieXg 



^de 



j€le 
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After some algebra we obtain 



^ ||(TX),e|P - k! ^ + 53 l(Qter-D.u(/ii^ 

2k,Y,iQi-Ui)-{{QlTD,,^Ui), eeM. (9.1.5.12) 






iele 



ieXe 



It follows from (9.1.5.11) and (9.1.5.12) that 

ll^ia-^ + 253 53 / ke{{QtrD,,^Ui)-{QieU.)dT 

i&l e67V]"‘ 

\\TX\\l = £-2 S E L ke{{QtXD,,M-{QieUi)dT. 

iel 

From Green’s formula (9. 1.4. 7) we have 

53 f iiQtXD,,^Ui)-{Q,eUi)dT=^ai{Ui,Ui). 

Tie 



(9.1.5.13) 



(9.1.5.14) 



Since fee = fc is independent of e G the conclusions of the Lemma follow from 
(9.1.5.13) and (9.1.5.14). 

Continuing with the proof of Theorem 9. 1.5.1, we consider the relaxed fixed 
point iteration 

and define 

[\{QterJ^^iM? + k!\QieUrf]dr, (9.1.5.15) 

J^ = 2kj2<^i{ur,un, (9.1.5.16) 

iei 

from Lemma 9. 1.5.1 we have 

jlx”+^!l|. = +:p"+^ 

= (1 - efWTX^Wl + €2||xn||^ + 2e(l - e){X^,TX^);, 

= ((1 - €)2 + £2)^" - (1 - 2e)J^ + 2e(l - £)(X”, TX^)x 

as well as 

|(X",TX")Ar| < \/(f”)2 - (JF«)2 < £^. 

We thus obtain the recursion formula 



^n+l < £;n _ jyi+1 _ _ 2g)jT". 
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and therefore, upon iterating this formula, we have 

n+l 

£n+i < ^ Cp(e) J-P (9.1.5.17) 



where 

ci(e) = l-2e, c„+i = 1, Cp(e) = 2(1 - e), p = 2, ... ,n. 

It follows from (9.1.5.17) that, for any e G [0, 1), 

oo 

p=l i^X 

{QieUnvJ is bounded in e e i G le, 

{iQteTD.ieUnrJ is bounded in L^{Tie), e G i G le. 

In particular, for each i G X we have 

^0 (9.1.5.18) 

and, in view of (9. 1.4.6), that {U^} is bounded in T-L^iVi), hence kie} is 

bounded in Therefore on a subsequence n = nk oi the positive integers 

we have 



Ui weakly in li}{Vi)^ 

QieUr ^ QieUi Strongly in L‘^{Tie), Ve G (9.1.5.19) 

{QteTD.ieU^ Uie weakly in L^{Fie), Ve G 

for some f/* G Vi and Uie € L^(Fie)- Conclusions (9.1.5.18) and (9.1.5.19) are valid 
for any e G [0, 1). 

Now let e G (0, 1). According to Proposition 2.3. 7.3 we have 

X’" -> X, TX^ X weakly in X (9.1.5.20) 

where X is a fixed point of T. If we set X = {A^e : i G /, e G and let Ui 

be the solution of (9. 1.5.6) corresponding to A^e, e G then U = {Ui}i^x is a 
solution of a((7, $) = 0, V$ G V. 

Since 

{XUU^) : iel,ee = (1 - e)TX^ + eX^ 

we have Afg(C/’^) ^ Xie weakly in L^(r^e). If we pass to the limit in (9. 1.5. 4) 
through the subsequence n + 1 = n/c we find that Ui satisfies (9. 1.5. 6), that is, 
Ui = Ui^yi e X. Thus the convergence in (9.1.5.19) is through the entire sequence 
of positive integers and, furthermore, Uie = {QteT 
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It remains to show that Ui strongly in V}i(Pi). Since Ui weakly 

in Vi we have G V^. Prom (9. 1.4.6) we have the 

estimate 

C\\K - UiWl^i < ai{U^, Uf) + a,{Ui, U,) - 2ai{U^, Ui) 

+ Y. i \Qie{u^ 

eeJ^U'- 



Thus 

cy^lim sup II [/”-[/* 11^1 < -a{U,U)^0 
iei 

since [/ G V. This completes the proof of Theorem 9. 1.5.1. 



9.2 Optimal Control of Hyperbolic Systems on 2-D Networks 

9.2.1 Optimal Final Value Control 

We retain the notation of Section 9.1. For each i el and each edge e = Tie e 
let aie be a positive scalar function defined on Tie. We introduce continuous, 
symmetric, bilinear functional 5 on V by 

6(W,$) - S E ( aieWi-^idr. (9. 2. 1.1) 

iel e€JV“* 

Fix an interval {t : 0 < t <T} and let F : F x (0, T) and, for each i Gl 

and e € A/)®’'*, fie : Tie x (0,F) i— > K™ be given functions. We shall consider the 
evolutionary variational problem 



.&^W 
^ du ’ 



$)^ + a(W,$) + 6( 



dW 
dt ’ 



$) 



= (^>^)« + E E / 

ieT 



G V, 0 < t < T, (9.2.1.2) 



W{0) = Wo^ —{0) = Vo. (9.2.1.3) 

A calculation similar to that of Section 9.1 shows that the Wi formally satisfy the 
system of equations 



d^Wi 

dt^ 



^ [Af{Wi,0 + BfWi)] + {B^)*Af{Wi,0 + B^Wi) 



+ CiWi = Fi in Q, := Vi x (0,T), (9.2.1.4) 
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the exterior edge boundary conditions 

Wi = Q on := r^e X (0,T) when Vie C V 

vf,Af{W,,p + B^,Wi) + = fie on when T,e G 

together with the interior edge geometric and mechanical conditions 
HieWi = 0 on Sie, Vi G le, e 6 
QieWi = QjeWj on e X (0, T) when Tje = Tje, e G A/’*"* 
(W ,,0 + 5fm) = 0 on e X (0,T) if e G 

zGXe 



(9.2.1.5) 



(9.2.1.6) 



Let L‘^{Vie) denote the space of square summable valued functions defined on 
r^e with the standard norm and set L‘^{T>ie) = L^(0, T; L^(rie))- It shall be shown 
below that under suitable conditions on the coefficient matrices and assuming that 

{Wo,Vo)eVxH, FeL^{0,T;H), /ie G (9.2.1.7) 



the variational problem (9. 2. 1.2), (9.2. 1.3) has a unique solution with regularity 



hF G C'( [0, T] ; V) n ( [0, T] ; W) n ( [0, T] ; V* ) 



dWi 

dt 



G L"(S,e), 



Ve G i G I. 



Thus we may consider the optimal final value control problem 



(9.2.1.8) 



where 



jnjf^ J(/) subject to (9.2. 1.2), (9.2.1.3) 



^=n n 

ieX 

Af) = l£ wmwh dt+'^W {W{T), ~{T)) - {Zo, 



(9.2.1.9) 



(9.2.1.10) 



and where the target state (Zq, Zi) G V xH is given and the penalty parameter 
/^ > 0. As is noted in the following section, it follows from the material developed 
in Section 6.2.2 that the problem (9. 2. 1.9), (9.2.1.10) has a unique optimal control 
given by 



/ = {fie}, where fie = ~PiL. , iel, ee A/)®’'*. (9.2.1.11) 

In (9.2.1.11), Pi = P|( 2 - where P is the solution of the backwards running adjoint 
system 



d'^Pi 

dt^ 



d 

dxa 



[Af{Pi,0 + pdPi)] + {BfYAf{P,,p + BfPf) 



+ CiPi = 0 in Qi (9.2.1.12) 
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Pi = 0 on E^e when F^e C V 
+ B^Pi) - aiedtPi = 0 on when Tie G 
UiePi = 0 on Sje, Vi ele, e e A/”'"* 

QiePi = Qje-Pj On 6 X (0, T) when Fje = Tje, e € AF"‘ 
+ B^Pi) = 0 on e X (0,T) if e G 

i^Te 



P{T) = k{^{T)-Z,), 



dt 



{T) = -kA{W{T) - Zo), 



(9.2.1.13) 



(9.2.1.14) 

(9.2.1.15) 



In (9.2.1.15), A denotes the Riesz isomorphism of V onto its dual space V* while, 
in (9.2.1.13), dt is the bounded linear operator 



dt : L^0,T-,L^{rie)) >-^{H\0,T-L^{Tte))y 



given by (6.2.2.27). Obviously the form of dt is independent of the particular 
edge r^e- The problem (9.2.1.12)-(9.2.1.15) has a unique solution, appropriately 
defined, with regularity 



PGC'([0,T];W)nC'i([0,T];V*), pL G L'(Sie), i G I, e G A/;®"‘. (9.2.1.16) 

' ^ie 

In fact, if V is appropriately normed the solution of (9.2.1.12)-(9.2.1.15) may be 
expressed in terms of a more regular quantity R as 



where R is the solution of 

^2 D ^ D 

{-,^)^ + a{R,^)-b{—,^)=0, V$GV, 0<t<T, (9.2.1.18) 

R{T) = k{W{T)-Zo), ^{T) = k{^{T)-Z,). (9.2.1.19) 



9.2.2 Existence and Regularity of Solutions 

It is assumed that the matrices Bf and Ci have entries that are in L^iVi), 
and that and l/a^e are in L^(Fie) for alH G X and e G We further 

assume that the form a($, $) is strictly coercive on V, that is 

«($,#)> R||$||?,.(P), V$GV. (9.2.2.1) 

Then ||$||v := \/a($, $) defines a norm on V that is equivalent to the induced 
H^{V) norm. We shall always assume that V is normed according to ||$||v- Then 
the canonical isomorphism ^4 of V onto its dual space V* satisfies (v4^,^)v = 




398 



Chapter 9. Domain Decomposition for 2-D Networks 



a($, for all ^ G V, where ($*, $)v denotes the duality pairing between the 
elements G V* and $ G V. 

We define the bounded linear operator B : U hy 

{Bg,^)v = Y. E / ^g = {g,,]eU,^eV. (9.2.2.2) 

If we identify U with its dual space, the dual operator B* : V ^ U of B is then 
given by 

= {Voil^ilr ■ ieI,eeAfr^}. (9.2.2.3) 

With this notation, the variational problem (9. 2. 1.2), (9. 2. 1.3) may be expressed 
in the abstract form 



(PW dW 

~^+BB^^ + AW = F + BU inV* 

dt^ dt 

W{0) = Wo, ^{0) = Vo, 



(9.2.2.4) 



where 

/a = {/ie/v^ : ieX,ee Mr^}. 

The problem (9. 2. 2. 4) has the same structure as the problem (6. 2. 2. 3) consid- 
ered earlier, and theory developed in Section 6.2.2 applies to the present problem. 
Thus if the data satisfies (9. 2. 1.7), then (9. 2. 2. 4) has a unique solution with regu- 
larity (9.2. 1.8). Further, for any S G (0, 1) we have the a priori estimate 



(1-«)|K»'.^)I|1-(0,T;Vx«|+E E / 



1 in wi 2 ^ 
a,> ' at ' 



dT, 



i€l eeA/y** 

<\\iWo,Vo)\\l^n + l\\nUo,T-,n) + E E [ — l/iel'rfE (9.2.2.5) 

iei eGAT-‘ 



where 



D,,^W, = ureAf{W,,g + BfW.). 

If F = 0 one has the identity in T 

!|(ir(7-),^(D)|i^^„ + E E / \XlD...W.f+a, 



,dWj,2 
' dt ' 



(9.2.2.6) 



dE 
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It also follows from the material of Section 6.2.2 that for any / G L^(0, T;ZY) 
and (Po, Rq) C W x V* the following problem has a unique solution with regularity 
(9.2.1.16): 

^ ^ + B^Pi)] + {BrrAf{Pi,0 + 

+ CiPi = 0 in Qi (9.2.2.8) 



= 0 on T>ie when Tie C V 

lygAfiPi,^ + BfPi) - aiedtPi = dtfie on when e 
TliePi = 0 on Sje, Vi G Ie> e G A/”'"* 

QiePi = Qje-Pj on e X (0,T) when Tie = Tje, e G A/'“‘ 

^(Q+)V« Af (P,,^ + Bfp) = 0 on e X (0,T) if e G AA-‘. 

iele 

P{T) = Po, ^(T) = -i?o 

This solution may be defined by transposition and satisfies 



(9.2.2.9) 



(9.2.2.10) 



(9.2.2.11) 



dP 

((-— (0),P(0)),(yo,Vi)>v,„ + {P{t),G{t))ndtP {B*P{t),g,{t))udt 

= {{Ro,Po), {V{T), ^(T))>^,„ - ^(t))^dS, 

V(V(„Vi)G VxP, GgL^(0,T;P), g e L‘^{0,T-,U), (9.2.2.12) 

where F is the solution of 






V{0) = Vo, ^(0) 



^ 1 . 



In addition, this solution may be expressed as (9.2.1.17), where R is the solution 
of 

3^ R 3R 

(-^,$>^ + a(P$)-6(— ,$) = (BP,$)v, V$gV, 0<t<T, (9.2.2.13) 
and 

3R 

R{T) = -A-^Ro, -^{T) = Po. (9.2.2.14) 

It is now easy to show that the optimality system for the optimal control prob- 
lem (9. 2. 1.9), (9.2.1.10) is indeed given by the forward running problem (9. 2. 1.2), 
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(9. 2. 1,3), the backwards running problem (9.2.1.12)-(9,2,1.15), with the optimal 
control given by (9.2.1.11). Indeed, the optimal control / = /opt is the unique 
solution of the variational equation 



r if + 4 {A{w{T) - Zo), U(T))^ 

Jo 

+ (^(T)-Zi,^(T)y =0, ygeu, (9.2.2.15) 

where U is the solution of 

t/(0)=^(0)=0. 

Let P be the solution of (9.2.1.12)-(9,2.1.15). Then P satisfies (9.2.2.12) with 
Co = «(^(T)-Zi), Ro = ttA{W(T)-Zo). 

If we insert U in place of V in (9.2.2.12) we obtain 

Jo 

= k[{A{w{T)-Zo),U{T))^+{^{T)-Z,,^{T))^], Vgeu. (9.2.2.16) 
It follows from (9.2.2.15) and (9.2.2.16) that /opt is given by (9.2.1.11). 



9.3 Decomposition of the Spatial Domain 

As in the case of one-dimensional networks, the object of spatial domain decom- 
position on two-dimensional networks is to uncouple the global optimality system 
transmission conditions on the interior edges through an iteration such that 
the original global system on the network V is replaced by a collection of in- 
dependent subsystems, each of which resides on a single polygon Vi. As usual, 
the recursive conditions imposed on the interior edges must be such that com- 
munication among the polygons is restored in the limit, that is, the transmission 
conditions must be recovered in the limit. 

Some preliminary material is required in order to properly formulate the 
subsystems in the decomposition. Let Vi, and ai{Wi,Vi) be the spaces and 
bilinear form defined in Section 9.1.4. It is assumed that 

^ (9.3.1. 1) 

for some constant Ki > 0. We may then define a norm on Vi equivalent to the 
induced Ti}{Vi) by setting 



= V ^i)- 
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We identify the dual of Hi with Hi and denote by V* the dual space of Vi with 
respect to Hi. We define the continuous bilinear functional bi on Vi by 

bi{Wi,^i)= j OLieWi-<i,dr+ Y. [ PeQieWi-Qie^idr. 

where /?e is a positive constant independent of i G Je- For each i G X we consider 
the following local problems for functions Wi defined on Qi\ 



\ /Tx. X , fdWi ^ . 



dt 



^ L fie ' ^2 -j- ^ f Qie ' Qie^i , 

'^^ie \iint ''^ie 



eejV” 

V$ e Vi, 0 < t < T, (9.3.1.2) 



W^{0) = Woi, ^{0) = Voi 



(9.3.1.3) 



where {Woi,Voi) = (Wo,’Po)|p . The boundary value problem corresponding to 
(9.3.1.2) is 



d^Wj _ 
dt'^ dXa 



[Af{Wi,0 + B^W,)] + {BtrAf{Wi,0 + BfWi) 



+ CiWi = Fi in Qi, (9.3.1.4) 



IVi = 0 on Sie, e€T>i 
dW^ 



+aie-^= fie on Sie, e G 



IlieWi = 0 on Sie, e G Nl 



'int 



(9.3.1.5) 



{QtyD.,^W, + |3eQ^ 



dWj 
' dt 



= Qie on Sie, e G A/J 



■int 



where the operator is defined in (9. 2. 2. 6). 

Set 

w,= n L\v^e)^ n 

eCA/yxt eeAfl^^ 

and define the bounded linear mapping Bi :Ui\-^ V* by 

{^2 (5^2 5 ^2)5 ^2}y, — ^ (^ie Qie ' ^2 dF -|- ^ ^ / \/ /^e hie ’ Qie^i dF . 



g^j^ext •'hie 



eeAfi^^ ' 



Then the dual operator B* '.Vi^-AUi (identifying Ui with its dual space) is given 

by 

[ yoiie $i I } gg^ext I { \/We I ) • 



B*^i 
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With this notation the variational equation may be written as the abstract equa- 
tion 



cPWj 

dt'^ 






Fi + Bi{fia,gi/3) in V*, 



(9.3.1.6) 



where 



fia = 






g^^ext 5 






eCA/'y 



Prom the previously developed existence theory, assuming that the global data 
satisfy (9. 2. 1.7), and that gie G L^(E^e), Ve G it follows that (9. 3. 1.2), 

(9. 3. 1.3) has a unique solution such that 



{W^, 



dt 



dWj . 
dt ' ^ 



Qie 



dWj 

dt 



) gC{[ 0,T]- Vi X Hi) 

L\^ie), \/eeMr\ 



Further, one may derive an a priori estimate and an identity for this solution 
analogous to (9. 2. 2. 5) and (9. 2. 2. 6) above. For example, when F = 0 we have the 
identity in T 



+ E / \j\iQierD.,Mf+0e\Q^ 



,dw,. 



i |2 



dWj 

dt 



dt 



dY. 



dY 



= \\{Woi,Vo.)\\l,n,+ [ ^\fie\^dY+ [ hdiel^dY. 

eGA/”®^^ eGA/”-^"^ 

(9.3.1.7) 

Now consider the following problem 

^ ^ + B^F)] + + BdPi) 

VCiPi^QinQi, (9.3.1.8) 

Pi = 0 on Yie, e£T>i 

Pi^igPi ^iedtFi ~ df,hiQ On 5jie, 6 G. Afi 

Die Pi = 0 on Sie, e e 

{Qf^)*D^,^Pi - BedtQiePi = dthie on Yie, e e 

dP 

Pi(T)=Poi, -^{T) = -Roi. 



(9.3.1.9) 



(9.3.1.10) 
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If 

{Poi^Roi) ^ ^ }g^jy/'ext ? {^2e}g^^int) ^ 

(9. 3. 1.9), (9.3.1.10) has a unique solution which may be defined by transposition. 
This solution satisfies (cf. (9.2.2.12)) 



dPi 



{{—^{0),Pm),{VouVu)) 



ViXHi 



+ 



[ {Pi{t),Gi{t))nidt+ [ {B*Pi{t),{fia{t),gip{t))uidt 
Jo Jo 



/O JO 

dVi 

~ Poi)i j vv'nav*'/? 



y{Vo^,Vu)eVixn^, GieL\0,T■,n^), {fi,9i)^L\0,T-,Ui), (9.3.1.11) 
where Vi is the solution of 

^^2 P = Gi-\- dijs) 

l^i(O) = Voi, ^(0) = Vh. 
at 

The solution of (9.3.1.11) has regularity 

dP 

(P,,^) eC([0,T];W,xV*) 
pL^ eX'(Sie), VeeA/?"‘ 

Q,eP|v &L\^ie), 

This is due to the fact that Pi may be expressed as 

' at ’ at ' ‘ 

where Ri is the solution of the more regular problem 



and 



^ + AiR^ = 

Ri{T) = -A-^Rf^i, -^{T) = Po,. 



(9.3.1.12) 



(9.3.1.13) 

(9.3.1.14) 

(9.3.1.15) 



9.3.2 The Decomposition Algorithm 

In place of the transmission conditions 

QieWi - QjeWj, QieWi = QjeWj On 6 X (0, T) if Tie = pe, 6 G A/"'"* 

= 0 on e X (0,T) if e € 

zGXe 



(9.3.2.1) 
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on the global network V consider the following iteration on an interior edge e G 
of the polygon Vi'. 



+ 0eQie—^ + leQieP^^ = A” 

- MtQieP?^^ PledtQ^e^^ = 



(9.3.2.2) 



where 7 e are positive constants independent of i G le, and where, for n > 1 , 

A" = \ie{W\Pn := 






2 „ dw^ dwj 



d. ^ dt 

jeie 



+ tJ 2 ^eQjeP;^ - leQieP^ (9.3.2.3) 



i€le 



= i^ie{w^,pn := -j ^(q;j*b.,,p; + (Qterp^uPr 



jele 



2 V- dWl 

^ ^edtQje ^ 'IfedtQ' 



j€le 



dt 



dt 



^edtQjeP^ + MtQiePr- (9.3.2.4) 



ieXe 



The data are arbitrary save for a regularity requirement. 

The iteration (9.3.2.2)-(9.3.2.4) is consistent with the transmission conditions 
(9.3.2. 1). Indeed, if we formally pass to the limit in (9.3.2.2)-(9.3.2.4) and then 
sum each equation in (9. 3. 2. 2) over the index i we immediately obtain (9.3.2. 1 ) 2 , 
and therefore (9.3.2.2)-(9.3.2.4) reduce to 



PeQ^ 



dW^ 
' dt 



+ %QieP = xY 7 



jele 



jele 



jdedtQiePi P ^edfQi 



dWi 



dp 



^ ^ PedtQjePj P I ^ ^ 'JedtQj^ 



dWi 



dt de ^ Qt 

jele jele 

(9.3.2.5) 

Since M{dt) = {0} we may drop the operator dt in (9.3. 2.5). If we solve the 
resulting linear system for QiePi and Qi^dWi/dt we obtain 



Qi 



dWt 



dt 



-tYQ^ 



dWi 



d, ^ dt 

jele 



QieP i 



QjePj 



3 Is. 



jeXe 
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and therefore 



QieWi — QjeWj Oli 6 X (0, T) when Tie — J- je- 



QieF^i ~ QjePj-) Qie ~ Qje ^ ^ (^ 5 ^) when F^e — ^je- 

Since W{0) eV we have QieWi{0)\^ = QjeWj{0)\^ , hence 

r . 

-i- je- 

For reference we write down the iteratively decoupled optimality system. 

dt^ dXa^ " ^ )\ 

+ {Bf)*Af{W^-^^ + sf + CiPV”+i = Fi in Qu (9.3.2.6) 



Qlpn+\ Q 






dt"^ dXi^a 

+ {BfyAf{Pl‘+^ + + CiF”+i = 0 in (9.3.2.7) 

^n+l ^ pn+l ^ Q g 

nieW"”+' = +' = 0 on Sie, 6 G A/"*"*, 












+ f’"+^ = 0, 



on Sje, e G 



+ 7eQieC+' = A”, 

(Q+)*D,,,P"+1 - MtQ^ePP+^ + = III 

on Sie, e G Ny\ 

where are given by (9. 3. 2. 3), (9. 3. 2. 4); 

Wp+\0) = Woi, -^^{0) = Voi 

, flW”+l 

7>n+l(T) = K(_^(T)-ZH), 



^^n+1 



(T) = -«A(W^r^'(T)-Zoi). 



(9.3.2.8) 

(9.3.2.9) 



(9.3.2.10) 



(9.3.2.11) 



Of course, it has to be demonstrated that the iterative system (9. 3.2.6)- 
(9.3.2.11) is well posed for n = 0, 1, . . ., provided the global data satisfy (9. 2. 1.7) 
and the local data A^g, /i°g are suitably regular. As usual, this is done by showing 
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that (9.3.2.6)-(9.3.2.11) is itself an optimality system concentrated on Qi. Suppose 
that for a fixed n, and have regularity 

A” G Mre = dtpl where pi G 

Consider the LQR problem 



(9.3.2.12) 



(f '"feZY 

\fi i9i ) 



where 



jnf,9) = l E / 



- ^ * rint, ' ^ 






dWi 






\ViXHi 



subject to 



- tI- + Bfw,)] + (m,s + Bfw,) 



dt^ dXa 



Z^i^ie "b 0!ie - 



Wi on Sjei e G P; 






(Q+)*P,,^m+/3eQ. 



UieWi = 0 on Sie, e G 



dt 



+ CiWi = Fi in Qi (9.3.2.13) 

fie on Sie, e G 
\”e + 5ie on Eie, e G A/)’"* 



(9.3.2.14) 






Wi{0) = Wo^, -^{0) = Voi. 



(9.3.2.15) 



This optimal problem is well posed. The unique optimal controls {f,g) are the 
solutions of the variational equation 



^ L 



fie • fie dTi + 



g^^ext 



E - / 



9ie * 9ie dE 



c Kfirit ^ie 



e€AT/ 



dt 



+ zc[(^,(lT,(T) - Zoi),tFi(T)>^^ + = 0’ 



dt 

y{k,gi)eUi, (9.3.2.16) 
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where W{ is the solution of 

^-^[Af{W,,p + BfWi)]+{BrrAf{W ,,0 + B^Wi)+Cm = O in 

Wi = 0 on Sie, eeVi 
— 8W 

on ® 

HieWi = 0 on Sie, e e 



iQte)*D.,M + 0eQ^e-^ = 9ie OU Eie, e £ 



3W 

W^,(0) = ^(0) = 0. 



Let Pi be the solution of 



d'^Pj d 
dt'^ dxi , 



• [Af{p^p + 5f P,)] + (Pf )Mf (P,^ + Pf P) 



+ CiP = 0inQi, (9.3.2.17) 



P = 0 on Sje, e £ Pi 
Dui^Pi - aiedfPi = 0 on Sie, e £ 7V)®^‘ 

IlieP = 0 on Sie, e £ 

(Q+)*P.,,P - MtQiePi = -ledtQie^ + OH Sie, e £ 



(9.3.2.18) 



dW 8 P 

Pi{T) = K{-^{T)-Zu), -^{T) = -KA^{Wi{T)-Zo^). (9.3.2.19) 

According to the definition of the solution of this problem, Pi satisfies (9.3.1.11) 
with 

P) = - Zu), Ro = KAi{Wi{T) - Zo^) 

hie ~ fi? hie ~ 'yeQie "h Pie 

If in (9.3.1.11) we replace Vi by Wi we obtain 

/ Pi • fie dZi + f QiePi ' Qie dZi 



e€A/T‘ ' 



= K[{A{Wi{T) - Zoi)MT%^ + (^(T) - Zii,^(T))„J 



dt ^ 



Y. / (-7eQie-^+pre)-(Qie-^)rfS, ^{hugf) &Ui- (9.3.2.20) 

. ^ » /"int 
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It follows from (9.3.2.16) and (9.3.2.20) that the optimal controls are given by 



9ie — 'TeQie-PzIv. 5 ^ C A/^ 



(9.3.2.21) 



Upon inserting the optimal controls into the system (9.3.2.13)-(9.3.2.15), it is seen 
that the optimality system consisting of (9.3.2.13)-(9.3.2.15), (9.3.2.17)-(9.3.2.19), 
and (9.3.2.21), coincides with the system (9.3.2.6)-(9.3.2.11). Thus the latter is 
well posed if (9.3.2.12) is satisfied. 

Let us once again observe that the adjoint variable in (9. 3.2.6)- 

(9.3.2.11) may be expressed as 

* dt ’ 



dP[^ 

dt 






(9.3.2.22) 



where Ri is the solution of 

Q2j^n+l ^ Q + sf + Bf 



dxi^a 



+CiR^+^ =0 in Si, 



= 0 on Sie, e E Vi 



O on+1 

- aie—^ = 0 on Sie, e e 
UieR"+^ = 0 on Eie, e e V'"* 



(9.3.2.23) 



(Q+)*D.,,i?r' - |3eQ^e^— + leQ^e^— = on e S 



dt 



dt 



oon+1 o^n+1 

R^+\T) = - Zoi), -^{T) = - Zu). 

From (9.3.2.22) and (9.3.2.23)s we have, for each j £ le, 



dR 



n+1 



dWl 



n+1 






= - f (AQiP-^ y.Q,P-^+pl)-^dS 

JT>je 



r aw ^ 

= / {MtQjePf^^ - ledtQje 
J Sje 

= (((?+ v#e/fi(o,T;i2(r,,)). 



Therefore 
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where is given by (9. 3. 2. 4) and where 



j€le 

+ 4 7eQ*e 

® jeie 

- 7 E l3eQje^^ + ^Q^e—^ £ i'(Sie). (9.3.2.24) 

ieXe 

It follows that the iterative scheme (9.3.2.6)-(9.3.2.11) is well posed forn = 0, 1, . . . 
provided that the global data satisfy (9. 2. 1.7) and the local data A^g, /i^g satisfy 
(9.3.2.12) for n = 0. 

Let us summarize the above discussion in the following theorem. 



Theorem 9.3.2. 1 Let f3e, 7e be positive constants for each e G Assume that 

the global data satisfy (9. 2. 1.7) and that the local data satisfy A^g G L^(Eie), /i^g = 
dtp^^ for some p^g G L^(Eie) and each z G X and e G Then the iterative 

scheme (9.3.2.6)-(9.3.2.11) is well posed for n == 0, 1, Its solution has regularity 






’ dt 
dW[^ 
dt 



6 L\Eie), P" 



{pr\-^)^c{[0,T]-,nixv*) 

ep2(Sie), Ve e 



The adjoint variable P"”*”^ may be expressed in terms of a more regular variable 
according to (9.3.2.22), where is the solution of (9.3.2.23) and /o”g is 
given by (9.3.2.24) for n> 1. 



9.3.3 Convergence of the Algorithm 

As usual we first relax the iteration step (9. 3. 2. 2) by introducing the relaxation 
parameter e G [0, 1) and replacing (9. 3. 2. 2) by 



+ PeQie-^— + leQiePr^^ = (1 - «)A" 



dt 



dwr 



+e{{QtrD,,^Wf^ + PeQie-^ + leQieP^ 

{QteTD^iePl'^' - MtQieP?^^ + ledtQie^^ = (1 - ^)pI 



dwr 



+€((g+)*P.,,f’" - MtQiePr + ledtQie-^) 



(9.3.3.1) 



(9.3.3.2) 
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where are given by (9. 3. 2. 3), (9. 3. 2. 4). We then introduce the local errors 

^n+l ^ ^rn+l _ pn+1 ^ pn+1 _ p,^ 

where {{Wi^ Pi)}i^x is the solution of the global optimality system (9. 2. 1.2), 
(9.2. 1.3), (9.2.1.11)-(9.2.1.15). The local errors satisfy the system (9. 3.2.6)- 
(9.3.2.11) with homogeneous data 

Fi = 0, Woi - Foi = ^o^ = =0, Vi G J (9.3.3.3) 

and with Afg, /z^g replaced by 

X^, = {l-e)Xie{W^,P^) 

~ - 

+ e{{Q+yD,,^Wl^ + deQie-^ + leQiePy) (9.3.3.4) 



+ e{{Q+yD,,^Py - MtQiePy + ledtQie-^). (9.3.3.5) 

The above are valid for n > 1, while 

A°e = >He - ^ie{W, P), A?e = mL “ t^ie{W, P). (9.3.3.6) 

As above, we may express in terms of a more regular variable according 

to (9.3.2.22), where satisfies the system (9.3.2.23) with homogeneous data 

Zoi = Zii = 0^ and with replaced by 

^, = {l-e)p,,{W\Rn 

+ e{{QtyD.,^R^-(3eQie^+leQie-^) (9.3.3.7) 

for n > 1, while 

pl=pi-Pie{W,R). 

For reference, we write down the complete system satisfied by R^^^- 



^2^n+l 



^[Af{wyf + B^wy+^)] 

+ {BfyAf{wy+^ + B'^wy+^) + CiWy+^ = O in Qi, (9.3.3.8) 



n+1 



d^R^i 

dfi 



dxi,. 






a/3 



iKP 



+1 






+ {BfyAf{Ry+^ + + CiRJl+^ = 0 in Q,; (9.3.3.9) 
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Wji+I ^ J^n+I = 0 on Eie, e G 



UieW^+^ = Uiem+^ = 0 on Eie, 6 G Af^ , 



(9.3.3.10) 



D W-»+a + 

^ ” _ai ^ 81 

- c^ie—^ = 0 on Eie, e G A/(-‘; 



(9.3.3.11) 



+ PeQie^^ +leQie^^ = K 
(g+)*ii,.^i?^i - = pi 

on Sie, e G A/)“‘; 



(9.3.3.12) 



— PW"+1 

w^r+'(o) = ^^(o)=o, 

_ Qon-hl o^n+1 

/?"+1(t) = kW^"+1(t), ^^(T) = K^^(r). 



(9.3.3.13) 



We have the following convergence result. 



Theorem 9.3.3.1 Assume that /?e, 7e = /?, 7 are independent of e e Assume 
further that 



ao :- inflate : i el, ee > 2 ^ ^ ^ ^ 



7 - 1 

/? ^ 2/^ ’ 



(9.3.3.14) 



(i) For any e G [0, 1) we have 



\\{wnn-^{T)) 



Ql ^^nwvixHi 



dt 



iO 

ll(flr(o),Tf(o)) 



Qf ^''nWViXHi 

II 

II dt 



0 , iK^r(r),^(T)) 



g^ '■-//iiVjxWj 



0, yiel,e£ 
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(ii) In addition, if e> we have 



opr/n _ o on 

inC{[Q,T\,VixHi),yieT, 



d_^ 

dt 



. ^ dR? 

^0, Qi 



0 , 



\\J2(QtrD..M 



dt Ij,. 

» llL=(Se) 



0, 

• 0 weakly in L^(Eie), Vi G Xg, e G 

0, 



0, \\^{QlrD,,^R 

i^Xe 

o on 

^0, ||Qie^-Q, 



llL 2 (Se) 



Ql llL2(Ee) 

it;/iere Eg := S^g for any i G Jg (recall that E^g = Ejg for all i,j G XgJ 



dt dt 

yij ele,^eeAf^^\ 



0 , 



Remark 9.3.3.1_The conclusions of Theorem 9.3.3. 1 mayj)e stated in term^s of the 
dual variables , Pf', and Pp by recalling that Pf' = dRf /dt, dPJ^/dt = 
-AiRf, and Pf^ = dR^/dt, dP^/dt = -AiEIf. 

Proof The first step is to write the iteration step (9.3.3.12), where and are 
given by (9. 3. 3. 4) and (9.3.3. 7) respectively, as the relaxed fixed point iteration of 
a mapping T that is defined in the following way. Set 

‘^ = n n X X2(S,e). 

i^X eeAfp^ 



For X = {{Xie.pie) ’ i El, e e G X set 

11^11^ = E E (lAiel' + IPieO^S. 

e67V|''‘ 

Let Wi, Ri be the solution of 



d‘^Wi 

dfi 



-^[Af(W,.s + BfWi)] 

+ {BfYAf{Wi,p + Bfw,) + CiW, = 0 in Qi, (9.3.3.15) 



0‘^Ri 

dt^ 



dxi a 



[Af{Ri,p + BfRi)] 



+ {BfY Af {Ri^f} + Sfi?i) + CiRi = 0 in Q,; (9.3.3.16) 
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Wi = Ri = 0 on Eie, e e Vi, 
IlieWi = UieRi = 0 on Sie, e e A/J"*, 

( ^ dWi dRi ^ 

' dR 

D^^^Ri - otie^ =0 on Die, e G 

{QlYD,,^W, + |ieQ^e^ + leQie^ = \e, 

\Qie) PeQie 'JeQie — pie 

on Eie, e G A/J"*; 

8W 

m(0) = ^(0)=0, 

i?,(r) = Acm(T), ^(T) = k^{T). 



We then define T : A' i— > A' by setting 

TX = {(Aie,p*e): iex, 6GA/;“} 
where (cf. (9. 3. 2. 3) and (9.3.2.24)) 

8R 2 

Aie = Xie{W, ) = ^ (QleTD.^^Wj + {QD* 



(9.3.3.17) 



(9.3.3.18) 



(9.3.3.19) 



(9.3.3.20) 



(9.3.3.21) 



, ^ ^ or. dWj ^ ^ dWi 

+ E deQ.e 

® j€le 

+ ;r E 'TeQje^ - leQie^ , (9.3.3.22) 



= Pie{W,R) = -- XI + (QteYD.^eRi 

j€le 

+ -V 7 Q ^-7Q ^ 

j€le 

- 7 - E + PeQie^ • (9.3.3.23) 



With these definitions, we see that X is a fixed point of T if and only if {{Wi,Pi) : 
i G J}, where Pi = dRi/dt, is the solution of the global optimality system corre- 
sponding to the homogeneous data (9. 3. 3. 3). It follows that the only fixed point 
of r is X = 0. 
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For n > 1 let 



:= * e I, e 6 e A” 

and let Rf be the solution of (9.3.3.8)-(9.3.3.13) with n replaced by n — 1. 
Then we may write 



X- = {{{Q+rD,,^Wt + PeQ^e^+%Q ^ 



dt 



dt ’ 



- ^3eQ^e^^- + leQ 



dt 



dt ^ 

: (9.3.3.24) 



so that the iteration step defined by (9.3.3.12), (9. 3. 3.4) and (9. 3. 3. 7) is expressible 
as the relaxed fixed point iteration 



J^n+l ^ (9.3.3.25) 



We shall need the following Lemma. 

Lemma 9.3.3.1 Assume that /3g, 7 e = /S, 7 are independent of e e For X = 

{{Ke^Pie) • i e ^ E X we may write 

\\X\\% = £ + X, \\TX\\% = £~X (9.3.3.26) 



where 



^ = E E / {lz{\^QterD.M^ 

*€X eeA/',’”‘ ^ 

^2 + 72 5 HX 2 , .dHi ,2 






f=T. E {('‘+^a-»’))IIW(n^(r)|| 






2 

ViXHi 






Qt 

+ X j(i + 7 ) I r + + 7 1 ^ n «'s}. (9.3.3.28) 



In particular, T is a nonexpansive mapping. 
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Proof of Lemma 9.3.3. 1. We have 

ii^fA^ = E E / HiQterD.. 



Wi+^eQie^+leQie^\^ 



+ \{QteyD.,^t^ - f^eQie^ + %Qie^f}d^ 



= E E / {^{\iQteyD..Mf + \iQterD.,.R^ 



^ ^ Js '27e 



fil + llnr. dR,, 



dt I ' dt 

+ ^{{Q+XD.,M ■ Qie^ - (QteyD.^^Ri ■ Qie^) 



+ {{QteyD.^M -Qie^ + {QteyD.,.^ • 



^+E E / {^{iQteyD.,eW^■Q^, 



iex 



-{Q+YD,,^Ri-Q,e-^) 

+ {{QteyD.^eWi -Qie^ + {QteyD.,.Ri ' Qie^)}d^- 

The function Wi satisfies the variational problem (9.3. 1.2), (9. 3. 1.3) with Fi — 0, 
Woi = Voi = 0, and 

f - 

dt y ’ 

^ie 

9ie = Xie - leQie ^ = (<5+)*^-.. + f^eQie ^ • 

We formally set = dWi/dt in (9. 3. 1.2) and integrate over (0,T). (This may be 
justified by approximating dWi/dt by functions G (^([O, T]; V^) such that 
dWi/dt in C{[0,T]-Hi) and -> in ^^(E,,), Ve G 

We obtain 



e€ATi"‘ 



^ f (r. \9W^,2^^W^ dRi. .Qooon^ 

eeA/"?** *' 
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Similarly, Ri satisfies the variational problem 






dt 



/ BR 
{{Q+)*D.,^R, - PeQie-^) ■ 

eeM'"" 

e Vi, 0 < i < T, (9.3.3.31) 



Ri(T) = K\Vi{T), -^(T) = k-^(T). (9.3.3.32) 

If we formally replace in (9.3.3.31) by dRi/dt and integrate over (0, T) we 
obtain 




{Q+rD^,^R,-Q, 



dRi 

dt 




\\{Wi{T), 



dWi 

dt 



m)ll 



2 

ViXHi 



-^IK^iCo), 



m 

dt 



(0))|| 



2 

ViXHi 



(9.3.3.33) 



Since j3e, 7 e = /3, 7 are independent of e, it follows from (9.3.3.30) and (9.3.3.33) 
that 



E / ^meTD.^eWi-Q, 

7e 



(n+\*n Ti n 

2 \Qie) ’ Q^e ) dYi 



{1 - «^)|| (IV.(T), ^(T)) ^ 1 (A(0), ^(0)) f„. 



27 



/? f r f\ dRj |2 

+ T. I Kd^l + 



aiVi ,2^ aiv, 



at 



at at 



Q^ ^''^nWiXHi 

] dE. (9.3.3.34) 



We next utilize the variational equation (9. 3. 1.2) with = dRi/dt and 
integrate over (0, T). (Again, this may be justified by working with suitable smooth 
approximations of dRi/dt and dWi/dt.) The formal calculation yields 



{^iT),^{T))^^+{W,{nRi{T))v, 



-( 



Hi 

d^R^ dWi 



dt 

E i E i mro.. 

g^_yext '' ^le 



dt 



(T? dRi. .dWi dRi. 

aiVi 



Wi+ deQv 



\ n 

dt at 
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and, therefore, 






eeAfl 



m 

dt 



+ 



E / E / 

eeA/'f’" eeW'"* 



^^dWi dRi 

PeWie ■ Wie 



,3‘Ri BW,^ BRi, , ^,BW, aft, 

By utilizing (9.3.3.31) with = dWi/dt it is seen that the last four terms on the 
right side of (9.3.3.35) combine to equal 



- s i « 

A /*int ^le 



+ \ * 
ie) 






eeAfp^ ' 

It then follows from (9.3.3.35) that 



dWi 
' dt 



Cl'S. 



f [{Q+yD.,^Wi-Q,e^ + {Qt)*D.,^R,-Qie^]dJ: 






aw, 



= 4mT)r-^{T))\\ 



iViXH, 



+ 



s L 



“ dt 

I dRi ,2 



e€A/;?’'‘ 



dt 



dT,. (9.3.3.36) 



Prom (9.3.3.34) and (9.3.3.36) we thus obtain 

aw 

I 'v^ 



i(=T ^/'int "'Sie '® 



at 



+ • Q^e^ + {QterD...Ri ■ Qie^)}dS = ^ (9.3.3.37) 



and then, from (9.3.3.29), 



||X||^ = £: + ^ 



with S, T defined by (9.3.3.27) and (9.3.3.28), respectively. 

The calculation of ||TX||^ is lengthy but elementary and we will not show 
all of the details. One has 

\\TX\\% = Y^ E ^ / {\U^ + \M")d^, 

ieT 

where A^e, pie are given by (9.3.3.22) and (9.3.3.23), respectively. Since 

and 



E E = E E 

eeAf^^^ eGA/'i’^^ ieXe 



Efe — ^jie • — 
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for all j C Xe, we may write 

11 ^^ 11 ^= + ( 9 . 3 . 3 . 38 ) 






One has 



+ liQteYD^M^ 






dV^ 

jeXg 





4 

de 






1 2 ^0 1 ^ 


9Wi,2 


J 

dt 


1 


“ « 1 - 


dRj. 


1 2 01 ^ 


SR,., 


dt 


1 +7e1C»/ie^| - 



ieXe 



jeXg 



+ I E 5 / I + 9'e i<3ie I £ Qi. 

j eXe 

+ 2 (-|- + 



leQje' 



jeXe 



dt 



jeXe 






ieXe 



+ 2(-;r E W,- + 



(4 E 7 eQie 

j€le 



+ 2(zE/^eQ.e^-/3eQ.e^) 



ieXe 



dt 

2 ^ dRj 

ieXg 



ORi 



7 eQie 



After some algebra, one finds that 



El^-l'=E{K^^r^‘'.eM^*l"+/3elQie^P+7elQie^n 

ieXe ieXe 






- 2 E • 7e<3ie^ 



ieXg 
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Similarly 



+7el<3ie-^| } 









2 E {iQteYD.,.Ri • 7eQ^e^ - {QteY ‘ YeQ, 

iele 



dt 



IfeQie ' PeQi 



It follows that 

y~l ^{|A*e|^ + \ke?) 

i6le 



Y.{-^[\^^teYD.,M? + mteYD.M^] 



ieie 






ai 



• Qie^ - {QlYD.,^Ri ■ Q^e^) 

ieTe 



+ {{QteYD.,^Wi ■ + {QlrD.,^R, ■ Q^e^)}■ 

Prom (9.3.3.34), (9.3.3.36), (9.3.3.38) and (9.3.3.39) we obtain 

\\TX\\% = £-T. 

This concludes the proof of Lemma 9.3.3. 1. 

Continuing with the proof of Theorem 9.3.3. 1, we set 



^” = E E / {^{\(QieYD.,.w:^\^ + \iQteYD.,M\^) 

i/rn- ^ K /-int ^ie ' 

/?2+72 aw?n 2 , ,5^”|2 









27 



(I- 



dt 



+ 



dt 






^=E E (('‘+^(i-«'))ll(M'r(n^(T)ii 






+ |^IIW( 0 ),^( 0 )|lE«. 



2 

ViXWi 



+ 



is* ^ 7 Si ' 7 at 7 ' dt 



f] dS}. 



dRj ■) 
dt >' 



(9.3.3.39) 

(9.3.3.40) 

(9.3.3.41) 



(9.3.3.42) 
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From Lemma 9.3.3. 1 we have 

||X"||^ = + ||TX"||^ = (9.3.3.43) 

where X'^ is given by (9.3.3.24). From (9.3.3.25) and (9.3.3.43) we obtain in the 
usual way the fundamental recursive inequality 

^n+l jrn+l < f n _ 



which, by iteration, leads to 



n+l 

5"+i Cp{€)J^P (9.3.3.44) 

p=l 

where 

ci(e) = 1 - 2e, Cn+i{e) = 1, Cp(e) = 2(1 - e), p = 2, . . .,n. 

The assumption (9.3.3.14) guarantees that the quadratic integrand in (9.3.3.42) 
is positive definite and that k + /3(1 — K?)f2^ > 0. It then follows from (9.3.3.44) 
that for any e G [0, 1) 



oo 

converges and is a bounded sequence. 

p=i 



In particular 



and, therefore 



^0 as n — > (X), Ve G [0, 1) 



^ o on 

||(^«(o),^(o))ii^.^„. --0, 

dm 



\ dwm . 

I Qt 



0 , 



dt 



IViXHi 

0 , 'ii€l,e^ 



(9.3.3.45) 

(9.3.3.46) 



From (9.3.3.45) and (9.3.3.13)2 we obtain 



— O on 

This proves part (i) of Theorem 9.3.3. 1. 

Now suppose that e > 0. Since X = 0 is the sole fixed point of T, by 
Proposition 2. 3. 7. 3 we may conclude that 



X’" 0, TX^ 



0 weakly in X. 
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Thus 



O on 

{QterD.,^WP + ^Qie-^ + 7 ^ - 0 , 

(Q+)*D.,i?r - + 7-^ - 0, 



(9.3.3.47) 

(9.3.3.48) 



d. 



2 . ~ I ~ 2d x-^ dW^ 

^(Q+)*i).,,W7 + {QtYD^^^Wt + -r E — 



jeie 



Cje 






dt 



® jeie 



2 \ ^ , ~ , -27 dW^ 

E (QleTD.^^R] + {QterD..M + ;r E 



j€Xe 



iJje' 



^ j€Xe 



dt 



-jQ, 



^.Vyo ^ + 00 
■■at 4 2 ^*^'" at +«' 

j€Je 



= at 



0 (9.3.3.50) 



weakly in L^(Sje)) Vi € Xg, e G A/”'"*. We sum (9.3.3.49) and (9.3.3.50) over i G Ig 
and obtain 



opp'n 3R^ 

Y.{QteTD.t.Wl^ + /? E + V E < 5 -^ - 0 - ( 9 - 3 - 3 . 51 ) 

2€Xe ^GXe iGXe 



BR^ 

- Y,{QtrDtt,^R^ + 7 E ^ E 9 (9.3.3.52) 

z€Xe iGXe iEXe 



weakly in L^(Eg), Ve G If we now sum (9.3.3.47) and (9.3.3.48) over i G Je 
and add the results to (9.3.3.51) and (9.3.3.52), respectively, we obtain 






zGXe 



ieie 



dt 






ieXe 



ieXe 



dt 



hence 



dW^ dR^ 

E <3--^ -"9, E ^ 9 weakly in L^{E,). (9.3.3.53) 

iGXe i^Xe 
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From (9.3.3.51), (9.3.3.52) we then conclude that 

weakly in (9.3.3.54) 



It now follows from (9.3.3.49), (9.3.3.50), (9.3.3.53) and (9.3.3.54) that 



<9 7?^ 

{QteYD.uWt - ^3Q^e-^ - 7^ - 0, (9.3.3.55) 

~ O on 

+ YQie-^ - 7^ - 0 (9.3.3.56) 



weakly in L^(Sje). Prom (9.3.3.47), (9.3.3.48), (9.3.3.55) and (9.3.3.56) we may 
conclude that 



{QteTD.,^wp^o, (g+)*D,,^i?r-o, Q 



dWl' 
' dt 



0, Q, 



= dt 



weakly in L'^iTue), Vi e Ze> e € .A/"'"*. 
We next show that 






iele 



lL 2 (Ee 



0, IE(Q+)*i)...i?; 



i^Xe 






dt 



llL 2 (Ee) 



O D71 

0 > \\Qie^-Q. 



» llL 2 (Ee) 

dm.. 



dt dt 

Vi,i€ Je, VeeA7i"‘. 



0, 

^0, 

(9.3.3.57) 



The conclusions in (9.3.3.57) are a consequence of Proposition 2. 3. 7.1, which tells 
us that 

wmx^ - rm^X^Wx = (1 - e)||TX" - X^x 0. 

Prom (9.3.3.43) we have 

\\TX'^ -X'^Wx = 2(£" - (TX”,X”);f). 

To obtain the value of the right-hand side we nse the following resnlt. 

Lemma 9.S.3.2 For any X = {{\ie,Pie) ■ e G ^ ^ y;g jjiay 



s-{Tx,x)x= E :^/ {\J2iQterD.,.wr\" + \J2iQirD,,^R: 

eeM^nt I e JEe ieXe 






dRf ^ dR,,2 



iJ^Xe 



dt 



+ \Qv 



dt 



dt 



]}dS, 



where W^, Ri is the solution of (9.3.3. 15) -(9.3.3.20) and £ is given by (9.3.3.27). 
Lemma 9. 3. 3. 2 is proved below. 
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We apply Lemma 9.3.3. 2 with X = given by (9.3.3.24) and conclude that 



\Y.^QteyD.,^w, 






i llL2(Se) 



0, IE (Q+ 






dt 



Qi llL2(Ee) 



iel, 

0, llQ 



■i llL2(Ee) 



0 , 



dRf OR] 

dt dt 



0, 



Vi,je Je,VeeV"‘. 

The conclusions in (9.3.3.57) follow immediately since 



iele iele 



Qi 



dWi 
' dt 






je 



d\^ 

dt ’ 



dRi_ dRj 

Qie - Qje on Se 



where {Wi, Pi}i^x is the solution of the global optimality system (9. 2. 1.2), 
(9.2. 1.3), (9.2.1.11)-(9.2.1.15), and where Pi = dRi/dt, dPijdt = —AiRi. 

To complete the proof of Theorem 9.3.3. 1 it remains to show that 



^ o TDn 

inC([0,T];VixW,)- 

To do so we employ the following result, analogous to Proposition 6. 4. 2.1. 

Proposition 9.3.3.1 For i let satisfy 



Q2^n 

~W 






+ + 5f$") + = 0 in Qi; 



$"=0 onSie, e€A, nie$?=0 on e € 
Du,, ^ on S,e , e G 

where 

/"eL2(S,e). 

Assume that 



{QterD,.,^ 



Qie 









are hounded in L^{Eie), Ve G (9.3.3.58) 
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0z5 ^li)\\ViXHi 






0, ll/j"||L2(Sie) ^ 0, 



L2(S,) ^ 11*5“ qI IIl2(s, 



(9.3.3.59) 



for all i^j G Te CL'^d e G ^/len 

0 strongly in L^{0,T;V^ x Hi), Vz G J. 

The proof of this proposition is given below. 

We apply Proposition 9.3.3. 1 with = Wf'. In this case, 

f)T)n 

$O, = $H = 0, fZ = —^ • 

^ie 

Condition (9.3.3.58) is satisfied by virtue of the boundedness of and (9.3.3.59) 
has already been established. Thus we may conclude that 

~ dW^ X 

(Wr, -^) - 0 strongly in L-(0, T; x Hi), Vi £ 1. 

Similarly, after the change of variable t T — we may apply Proposition 9.3.3. 1 
to i?r. In this case 



^o^ = Rnn ^u = -^{T), fz = o. 

Again, condition (9.3.3.58) is satisfied by virtue of the boundedness of and 
(9.3.3.59) is satisfied by virtue of what has already been proved. This completes 
the proof of Theorem 9.3.3. 1. 

Proof of Lemma 9. 3. 3. 2. We have 

(TA, X)x = — ( {\e ' Pie ' Pie) dTi 

iei ^ 

^ (9.3.3.60) 

~ ^ ^ ^ ^ {^ie ’ ^ie T Pie * Pie) d^ 



where A^g and pie are given by (9.3.3.22) and (9.3.3.23), respectively. We may 
write 

Aie = {QtYD,,M+PQie^ +lQie^ 



Pie = {QteYD.uWi - dQie^ + iQie^ 

'^ie 
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The calculation of (9.3.3.60) is elementary but tedious. One finds after some com- 
putation that 

E ^1. ^ = - j-IE 






i^Te iele 

4/37^ dW, dRi _ dWi dRi 

ieXe 

Similarly, 



Pie ' Pie — 






i^le 






+ ?2!|y-g.^ 



iele 



/ . *3ie ^ <3ee + 2/?7 Qje • Qie ■ (9.3.3.62) 



dt ^ dt 

i^Xe 



It follows from (9.3.3.61), (9.3.3.62) and the definition (9.3.3.27) of £ that 

s-{Tx,xu= J2 I [ {j-[\T.iQterD.,M\"+\^{QterD...R^ 



( o 2 2\rV^I/^ dWi ^2 1 I 

+ (/? +7)[El<5ie^| 



ieXe 

dWia 



ieXe i^Xe 



We obtain the conclusion of Lemma 9. 3. 3. 2 by noting that 



=ei“.i’4iE' 



Proof of Proposition 9.3.3. 1. Set 



C = (Q+)*^-.e^r+^egie^ , e 

^ie 



eMr\ 
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where > 0 is constant. Then satisfies the abstract equation (cf. (9. 3. 1.6)) 

+ = inV*. 

By using a standard multiplier method, one easily obtains the a priori identity (cf. 
(9.3.1.7)) 






ViXH, 






E // 

- A Text *^0 dVi 



g^^ext 



1 1^ _|2 |a$^|2' 

I I +Oie| ^ I 



dVdt 



= IIW*.^ii)llv,x«.+ E r/ p\f^efdrdt 

eejv-«‘ 

{Q+)*D,^^^f-Qie-^drdt, 0<t<T. (9.3.3.63) 



eeJ^-^ 



We sum this identity over z G X. After summation, the last term on the right may 
be written 

'£{QlrD.,^^^-Qie-^drdt. 

efcyv- - -'=i€Ze 

We have 



J2{QterD.^M-Qie 



dt 



1 g^n 

ijeTe 

1 

+ ^ ■ E (9-3-3-64) 



It follows from assumptions (9.3.3.58) and (9.3.3.59) that the right side of 
(9.3.3.64) converges to zero in L^(Eg) as n ^ oo. We may then conclude from 
(9.3.3.63) and (9.3.3.59) that 



sup 

0<t<T 






EllK"w.^w)ll 



- iei 



IViXHi 



0. 



This completes the proof. 

We close this chapter with some numerical experiment on optimal null- 
controllability by the way of so-called instantaneous controls explained at the end 
of Chapter 5. Here we concentrate on a very simple example of three square shaped 
domains coupled in order to form an L-shaped domain. For the sake of simplicity 
we consider a scalar out-of-the-plane wave equation. The boundary conditions are 
given by uncontrolled (Figures 9.1 to 9.3) and controlled Neumann conditions Fig- 
ures 9.4 to 9.6) along the L-shaped boundary on the Tight side’ (the one opposite to 
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the re-entrant corner). Along the remaining boundary (the one including the edges 
forming the re-entrant corner and the two corresponding adjacent edges) we im- 
pose Dirichlet conditions. This setup represents an exactly controllable situation. 
The numerical simulation is based on the standard relaxed domain decomposition 
technique discussed in this chapter and throughout this monograph. The time 
discretization is performed using the (conservative) Newmark method. The first 
set of figures (Fig. 9.1, 9.2, 9.3) show the free evolution of the waves. The total 
energy is conserved. The second set of figures (Fig. 9.4, 9.5, 9.6) show the effect of 
the boundary controls. It is evident from the pictures, and can be demonstrated 
also by error plots, that the controls completely absorb the energy and steer the 
system to rest. As mentioned above, the technique employed here is a suboptimal 
one based on the concept of instantaneous (or receding horizon and, in particular, 
rolling horizon) controls. Such a control strategy is real-time capable. See Hund- 
hammer and Leugering [47] and Hundhammer [46], and the references therein, for 
further information. We note that we have also performed numerical simulations 
of scalar wave equations on 2-D networks in three-space. The results are, however, 
more difficult to visualize in the format of this monograph. The result displayed 
below, and many more, can be seen in [47] and [46]. 
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(c) t = 0.2 



(d) t = 0.3 



Figure 9.1: Simulation of a vibrating membrane on an L-shaped domain using 
domain decomposition: t = 0.0 .. . t = 0.3 
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Figure 9.2: Simulation of a vibrating membrane on an L-shaped domain using 
domain decomposition: t = 0.75 ... t = 1.5 
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(c) t = 0.2 



(d) t = 0.275 



Figure 9.4: Instantaneous control with domain decomposition: t = 0.0 . . . t = 0.275 
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(c) t = 1.15 



(d) t = 1.475 



Figure 9.5: Instantaneous control with domain decomposition: t = 0.35 . . . t = 
1.475 
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Figure 9.6: Instantaneous control with domain decomposition: t = 1.65 . . . t = 12.0 
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